Particle-in-Cell Simulations of Relativistic
Weibel-Mediated Shocks Propagating into
Inhomogeneous Media

Department of Physics and Mathematics, Aoyama Gakuin University 5-10-1 Fuchinobe,
Sagamihara 252-5258, Japan
E-mail: tomisara@phys.aoyama.ac.jp

Yutaka Ohira
Department of Earth and Planetary Science, The University of Tokyo 7-3-1 Hongo, Bunkyo-ku,
Tokyo 113-0033, Japan
E-mail: y.ohira@eps.s.u-tokyo.ac.jp
The cosmic rays above the second knee energy ( 1017 eV) are expected to be accelerated by extragalactic sources, such as relativistic jets of gamma-ray bursts (GRBs) and active galactic nucleus.
The relativistic jets drive a relativistic Weibel mediated shock if the upstream magnetic field is
sufficiently weak. External shocks of GRBs can accelerate CRs to 1017 eV if the magnetic field
generated by the Weibel instability around the shock front do not decay in the far downstream
region. However, particle-in-cell (PIC) simulations show that the magnetic fields decay rapidly
for the Weibel mediated shocks in a uniform plasma. In reality, there are density fluctuations in
interstellar or circumstellar medium. In this study, we preformed two-dimensional PIC simulations of relativistic shocks propagating to inhomogeneous electron-positron plasma. We found
that the downstream magnetic field keeps a higher values and larger scales than those for the
uniform case. Furthermore, sound and entropy waves are excited by interaction of the upstream
density fluctuations with the shock, which would accelerate particles to a higher energy by the
second-order acceleration. Therefore, the upstream inhomogeneity plays a crucial role in the CR
acceleration and generation of the magnetic field in the far downstream region.
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1. Introduction

2. Simulation
2.1 Setting
We use the two-dimensional electromagnetic PIC code, pCANS [15]. The two-dimensional
simulation box is in the x-y plane where the periodic boundary condition is imposed in the ydirection. The simulation box size is Lx = 1.2 × 104 c/ωpe , and Ly = 86.4 × c/ωpe . The plasma
skin-depth of the upstream electron-positron plasma, c/ωpe , is given by
√
c
=
ωpe

Γme c2
,
4π n0 e2

(2.1)

where n0 and Γ are the upstream mean number density and bulk Lorentz factor, and the constants
c, e, me are speed of light, particle charge, particle mass, respectively. The cell size and time step are
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The energy range of cosmic rays is very wide, starting from 108 eV and reaching about 1020
eV. The origins of CRs less than 1017 eV are believed to be galactic sources, such as supernova
remnants and pulsar wind nebulae. On the other hand, CRs above 1017 eV are expected to be accelerated by extragalactic sources, such as relativistic jets of gamma-ray bursts (GRBs) and active
galactic nucleus. The relativistic jet interacts with the interstellar medium (ISM) or circumstellar medium(CSM), where the bulk flow of plasma is dissipated and heated by the magnetic field
generated by the Weibel instability. The Weibel instability is driven by anisotropic-temperature
plasmas [21], which is thought to be important for the generation of magnetic fields and particle
acceleration in relativistic collisionless shock [9, 18, 19, 16, 8].
The relativistic Weibel mediated shock propagating to a uniform plasma has been investigated
by many Particle-in-cell (PIC) simulations [3, 7]. It is shown that the magnetic field generated by
the Weibel instability around the shock front rapidly decays. In addition, the small-scale magnetic
fluctuation makes the particle acceleration inefficient. Even if the generated magnetic field does
not decay in the downstream region, the expected maximum energy of CR protons becomes about
1017 eV for GRB afterglows, which cannot explain the extragalactic high-energy CRs.
There are some density fluctuations in the ISM or CSM [1, 4, 17, 20], which is much larger
than the kinetic scale. In addition, smaller density fluctuations are also produced in a precursor
region of collisionless shocks propagating into homogeneous media [5, 12, 13, 14]. In magnetohydrodynamics (MHD) simulations, it is found that the downstream magnetic field is amplified by
the turbulent dynamo when the shock propagates into inhomogeneous media [6, 10].
Since the MHD simulation cannot solve any physics in the kinetic scale, in this study, by
performing PIC simulations, we investigate the relativistic collisionless shocks propagating into
inhomogeneous media. We found that, the downstream magnetic field keeps a higher amplitude
and larger scale than that for the uniform case. Furthermore, sound and entropy waves are excited
in the shock downstream region by an interaction of incident waves with shock waves. We could
expect that the upstream inhomogeneity is crucial role for the generation of magnetic field and
particle acceleration in relativistic collisionless shocks.
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−1 , respectively. Incoming unmagnetized plasma with Lorentz
∆x = ∆y = 0.1c/ωpe and ∆t = 0.1ωpe
factor γ = 10 and thermal velocity vth = 0.1c is reflected at the right boundary (x = 1.2×104 c/ωpe ).
We use 40 particles per cell per species. The initial spatial distribution of the electron-positron
plasma in the upstream region is set to be

n(x, y) = n0 [1 + 0.5 sin(2π x/λx )].

(2.2)

2.2 Result
Figure 1 shows the shock structure for the case of homogeneous and inhomogeneous density
distributions. The shock font is located at x = xsh . The left and right sides are the upstream and
downstream regions, respectively. The panels (a) and (b) in Figure 1 show the shock structure
for the homogeneous case at t ωpe = 5000. The two panels show the two-dimensional structures
of electron-positron density, the energy fraction of the magnetic field εB = B2 /(32π Γn0 me c2 ).
For the uniform case, the Weibel filaments are generated in the shock transition region and the
magnetic field simply decays in the downstream region. The panels (c)-(f) in Figure 1 show the
shock structure when the shock front is passing through the highest- and lowest-density regions,
respectively. The panels (c) and (d) show that there are large-scale filaments in the downstream
region and the magnetic-field strength is comparable to that in the shock front. In the panels
(e) and (f), the transverse width of the upstream filaments is significantly larger than that for the
homogeneous case. In addition, the magnetic field is generated in the broad upstream region.
The large-scale magnetic field can be advected far downstream without dissipation because the
dissipation time becomes longer.
Figure 2 shows the spatial profiles of the transversely averaged εB in the larger downstream
region at t ωpe = 6100, where the panel (a) and (b) show εB for homogeneous and inhomogeneous
cases, respectively. The magnetic field simply decays near the shock front for the homogeneous
case. On the other hand, for inhomogeneous case, there are two peaks of εB in the downstream
region. The number of the peaks is same as that of the waves which transmitted through the
shock. The magnetic field in the peaks was generated when the shock propagated in the low-density
regions, converted toward downstream.
Finally, we show spatial profiles of the density and velocity in large downstream region for
inhomogeneous case. The blue and red curves in Figure 3 show the one-dimensional structures of
x component of the average velocity, ⟨vx ⟩/c, and density, n/n0 , at t ωpe = 6100. We can see that
the velocity profile almost correlates with the large-scale density fluctuation. Thus, the sinusoidal
variation can be interpreted as a sound wave propagating downstream. As shown in red curve in
Figure 3, we can see another intermediate-scale density fluctuation with a wavelength of about 400
c/ωpe at x − xsh ≈ 350, 850, 1250, 1650 c/ωpe . They are not associated with the velocity variation
and do not propagate. Therefore, we can interpret this intermediate-scale density fluctuation as an
entropy wave. The observed wavelengths of the entropy and sound waves are consistent with results
from hydrodynamic analysis of interaction between the shock front and the density fluctuation.
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Namely, the density fluctuation is given by a monochromatic wave with δ n/n0 = 0.5. The wavelength is set to be 1.2 × 103 c/ωpe .
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Figure 2: Spatial profiles of the transversely averaged εB = B2 /32π Γn0 me c2 in the larger downstream region
at t ωpe = 6100 for the homogeneous (a) and inhomogeneous (b) density distributions, respectively. Here,
the x − xsh is the distance from the shock which is located at xsh .

Figure 3: Spatial profiles of the x component of the average velocity, ⟨vx ⟩/c (blue), and density, n/n0 (red),
measured in the downstream rest frame at t ωpe = 6100 in the downstream region for the inhomogeneous
upstream case. Here, the x − xsh is the distance from the shock which is located at xsh .
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Figure 1: Structures of shocks for the homogeneous density distribution at t ωpe = 5000 (top panels), and
inhomogeneous case at t ωpe = 4800 (middle panels) and 5200 (bottom panels). At t ωpe = 4800 and 5200,
the shock front is passing through the highest- and lowest-density regions, respectively. Here, the x − xsh
is the distance from the shock which is located at xsh . Panels (a), (c), and (e) show the plasma density
normalized by the upstream mean plasma density, n/n0 . Panels (b), (d), and (f) show the magnetic energy
density normalized by the upstream mean kinetic energy density, εB = B2 /32π Γn0 me c2 .
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3. Discussion
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We performed the PIC simulation of unmagnetized relativistic collisionless shock propagating
into an inhomogeneous medium. Our simulation showed that the larger-scale magnetic field is
generated by the Weibel instability in the shock precursor region when the shock is passing through
the low-density region. The large-scale magnetic field can persist in the far downstream region
without damping. We could expect that the particle acceleration becomes more efficiently in the
relativistic Weibel-mediated shock for inhomogeneous upstream density because the larger-scale
of the magnetic field fluctuation makes the particle scattering efficient. Moreover, our simulation
showed that sound and entropy waves are generated in the downstream region of collisionless shock
as predicted by the hydrodynamic analysis of the interaction between a shock and an incident
density fluctuation. The sound wave could accelerate particles in the downstream region by the
second order acceleration or the turbulent acceleration [11, 2]. The finite amplitude sound wave
would eventually become shock like structures, so that the diffusive shock acceleration by the
low Mach number shock might work in the shock downstream region. To confirm such particle
acceleration in the downstream region, we need the larger and longer simulation.
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