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1. Introduction

Figure 1: Optical ice anisotropy seen as azimuth dependent charge excess in flasher data.
Several parametrizations modifying the scattering function, absorption and/or scattering coefficients as a function of propagation angle have been explored in the past with some success.
However, none of them were able to fit charge and timing distributions simultaneously. Departing
from the paradigm that the optical properties are driven by particulate impurities [2], this report
studies an effective photon deflection and a direction-dependent diffusion caused by light birefringence in polycrystals of Antarctic ice. This might be a natural and well motivated mechanism
responsible for the large scale optical anisotropy as observed in the IceCube detector.

2. Birefringence
Birefringent crystals, such as calcite, are fascinating objects and light diffusion in birefringent,
polycrystalline materials has been discussed as early as 1955 [4]. While the literature agrees that
the combined effect of ray splitting on many crystal interfaces will lead to a continuous beam
diffusion, the resulting diffusion patterns remain largely unexplored.
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IceCube is a cubic-kilometer neutrino detector installed in the ice at the geographic South Pole
[1] instrumenting depths between 1450 m and 2450 m. Neutrino reconstruction relies on the optical
detection of Cherenkov radiation emitted by secondary particles produced in neutrino interactions
in the surrounding ice or the nearby bedrock. The optical properties of ice surrounding the detector
are described with a table of absorption and effective scattering coefficients approximating average
ice properties in 10 m-thick ice layers. These properties were determined with a dedicated calibration measurement as described in [2]. Nearly every optical sensor (digital optical module, or
DOM) of the detector was operated in “flasher” mode (one at a time) to emit light from on-board
LEDs in an approximately azimuthally-symmetric pattern. The emitted light was then observed by
the DOMs on the surrounding strings.
As previously reported [3], IceCube observes a strong anisotropy in the light propagation at
macroscopic scales. Measured at ∼125 m from an isotropic emitter (averaging over many flashers),
about twice as much light reaches DOMs on the flow axis then on the orthogonal tilt axis (see Figure
1). At the same time the arrival time distributions are nearly unchanged.
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In a homogeneous, transparent and non-magnetic medium the relation between the electric
field and the displacement field as well as the magnetic fields is given as [5]:
~B = H,
~ ~D = ε ~E

(2.1)

As the dielectric tensor ε is symmetric, one can always find a coordinate system where it is
diagonal ε = diag(n2x , n2y , n2z ), with ni being the refractive index along the given axis. Uniaxial
crystals, such as ice, have two distinct refractive indices: nx = ny ≡ no 6= nz ≡ ne . The axis of the
different refractive index ne defines the optical axis (and coincides with c-axis, see Sec. 2.1).

(b) Extraordinary ray

Figure 2: Orientation of all electromagnetic vectors for the ordinary and extraordinary ray with
respect to the crystal axis (c-axis). Adapted from [6].
Light propagating in a uniaxial crystal is split into an ordinary wave and an extraordinary
wave of orthogonal polarizations. The electric field vector ~E and the displacement vector ~D for
the ordinary wave are always collinear to each other and perpendicular to both the optical axis
of the crystal and the parallel propagation vectors ~k and ~S. However, the electric field ~E for the
extraordinary wave is not, in general, perpendicular to the propagation vector ~k. It lies in the plane
formed by the propagation vector and the displacement vector. The electric field vectors of these
c ~
~
waves are mutually orthogonal [7]. The energy flow is given by the Poynting vector ~S = 4π
E × H.
For the extraordinary wave, the Poynting vector S is not parallel to k.
While the ordinary ray always propagates with the ordinary refractive index no , the refractive
index of the extraordinary ray depends on the opening angle θ between the optical axis and the
wave vector ~k as given in equation 3.2.
2.1 Ice birefringence
Ice is the comprehensive term for all twelve known solid phases of water. For temperatures
and pressures naturally occurring on Earth only the hexagonal crystal form, called Ih, occurs. Each
monocrystal consists of a neat stack of layers and each layer can be thought of as a tessellation of
hexagonal rings, with oxygen atoms at each node [8]. The plane defined by these layers is called
the basal plane, with the normal vector referred to as the principal axis or c-axis, as it is the axis of
highest rotational symmetry. This c-axis is also the optical axis of the crystal [8].
The birefringence strength can be expressed as:

β=

ne
no

2
− 1.

For ice β is ≈ 2 · 10−3 across the entire visible wavelength spectrum [9].
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(a) Ordinary ray
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2.2 Glacial ice as a deforming polycrystal

2.3 Parameters for the South Pole ice
2.3.1 c-axis distributions
The samples from the SPICEcore ice core [11] in close vicinity to IceCube reach 1751 m
depth which corresponds to ice layer depths of ∼1820 m in the IceCube coordinate system. C-axis
distributions have been measured at all depths and show an exceptionally clean girdle fabric at
depths near the bottom of SPICEcore (see Figure 3), which overlap with the top third of IceCubeinstrumented depths [12].

Figure 3: Depth development of c-axis distributions (Lambert azimuthal equal-area projections)
measured in SPICEcore; depths (in meters) are indicated atop each diagram. They show a clean
girdle fabric at IceCube depths [12].
2.3.2 Grain size and elongation
The grain size distribution, that is the size distribution of ice mono-crystals, defines the distance between interface crossings. Grains are on average elongated, which introduces an additional
azimuth/zenith dependence on the effective grain size. Grain size and elongation distributions have
not yet been published by the SPICEcore collaoration, but are from other cores expected to be on
the mm-scale with elongations of at most a factor of two [10].
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The ice found in glaciers such as on the Antarctic plateau has been created through compactification of snow layers into firn and at a later stage ice. Thus it consists of a large number of
interlocked mono-crystals, also called grains. They are typically sub-millimeter to centimeter in
size. The surface where two grains meet are called grain boundaries [8].
Ice flows under its own weight, either as a bulk movement down a slope or through plastic
deformation. Plastic deformation is mediated through deformations of individual grains as well
as interactions between the grains. The viscosity of an individual crystal strongly depends on the
direction of the applied strain. A hexagonal crystal will most readily deform as shear is applied
orthogonal to the c-axis leading to slip of the individual basal planes. Therefore individual grains
elongate, with the direction of elongation being perpendicular to the c-axis [10].
The true three-dimensional c-axis orientation of individual grains can be measured using polarized light microscopy [8]. The generally observed evolution of the c-axis distribution versus
depths in glacial ice behaves as follows: In the top third of the glacier c-axis are distributed randomly. This slowly develops into a so called girdle fabric where most all c-axes are found in a
plane orthogonal to the flow. At 80% to 90% of the total depth a second rapid transition to a single
vertical cluster can be observed [10].
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3. Analytic calculation
Assuming an arbitrary ray incident on a plane interface, we first calculate the four possible
wave vectors, the ordinary and extraordinary refracted rays and the ordinary and extraordinary
reflected rays. Given the wave vectors, the four associated Poynting vectors are calculated from the
boundary conditions, yielding the energy flow and as such probable photon directions.
3.1 Wave vectors

Figure 4: Sketch of wave vectors for the incident, reflected and refracted rays. The surface component is always conserved.
Because of translational symmetry of the interface surface, the surface components of all wave
a vector ~n
vectors are identical [5]: kx = rx . As the wave number is given by k = 2π
λ , we can define
p
~
such that k = ω~n/c, whose magnitude n is the direction dependent refractive index n = ε(θ ). As
such the magnitude of the wave vector is proportional to the refractive index and we shall simplify
|~k| = n in the following.
3.1.1 Outgoing ordinary rays
Given the magnitude no and surface component kx of the wave vector the y-component is
simply calculated as:
q
ry = ± n2o − kx2
(3.1)
Given two media with different refractive indices, one obtains Snell’s law for refraction and
the usual law for reflection (ky = ry ). The outgoing ordinary ray of an inbound ordinary ray is not
deflected, as it does not see a change in refractive index.
5
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Figure 4 shows the situation at hand. An incoming wave vector~k intersects the interface and is
split into four outgoing wave vectors~r. The coordinate system can always be chosen such that the
surface normal ~n is along the y-axis and that the surface components of ~k and as such ~r are along
the x-axis. Here we implicitly assume, as an approximation, that the boundary surface is a perfect
plane infinite in its extension, and, without a loss of generality, that the incoming and outgoing
waves are all plane waves.
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3.1.2 Outgoing extraordinary ray
Determining ry for the extraordinary rays follows the same logic, only with a refractive index
which depends on the opening angles θ between the refracted wave vector ~r = (rx , ry ) and the
optical axis ~a = (ax , ay , az ):


1
1
1
1
= + 2 − 2 · cos2 θ
(3.2)
n2 n2e
n0 ne

Here n2 =~r2 = rx2 + ry2 . The solution is given as:
√
−β ax ay rx ± D
ry =
1 + β a2y

(3.4)

with:
D = (β ax ay rx )2 − (1 + β a2y )(rx2 (1 + β a2x ) − n2e ) = n2e · (1 + β a2y ) − rx2 · (1 + β · (a2x + a2y ))

(3.5)

Of the two solutions the direction appropriate for the reflected/refracted ray is chosen and
the other discarded. In the case of no birefringence (β = 0) we again obtain the solution for the
ordinary ray.
3.2 Poynting vectors
Once the wave vector directions are determined, the boundary continuity conditions can be
~ If ~n is a
written for normal components of ~D and ~B, and for tangential components of ~E and H.
normal vector perpendicular to the interface surface, we have:
~ 1 =~n · D
~ 2 , ~n · B
~1 =~n · B
~2 , ~n × E
~1 =~n × E
~2 , ~n × H
~ 1 =~n × H
~2
~n · D

(3.6)

Here 1 indicates the total sum of fields for incident and reflected waves, and 2 indicates the
fields of the refracted waves propagating away from the boundary surface in the second medium.
~ two of the equations above simply imply that B
~1 = B
~2 and H
~1 = H
~ 2 . Together with
Since ~B = H
the boundary conditions for ~D and ~E, this is a system of 6 linear equations. These equations are
sufficient to determine the amplitudes of 4 outgoing waves: two reflected (ordinary and extraordinary), and two refracted (also, ordinary and extraordinary). Since we only have 4 unknowns, 2 of
these equations are necessarily co-linear to the rest, if the wave vectors were determined correctly.
Solving the linear equation system yields the Poynting vectors and as such the energy flux
directions / photon directions of the (up to) four outgoing rays. The relative intensity of these rays,
as usually denoted in Fresnel coefficients, is derived from the Poynting theorem, which for our case
(no moving charges, no temporal change in total energy) is given as
‹
~S · d~A = 0
(3.7)
∂V
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The optical axis is given by the optical axis of medium 1 for the reflected and of medium 2 for
the refracted ray. Rewriting cos(θ ) as scalar product between the wave vector and the optical axis
gives:


(ax rx + ay ry )2
1
1
1
1
+
−
·
− 2 = 0.
(3.3)
n2e
n2o n2e
n2
n
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where ∂V is the boundary of a volume V surrounding the interface. The choice of volume is
arbitrary. A simple choice is a box around the interface. In the limit of an infinitely thin but wide
box, it is evident that the sum of Poynting vector components normal to the interface plane is
conserved.

The outgoing photon is then chosen randomly, with probabilities proportional to the (up to)
four normal components of the non-evanescent Poynting vectors.
After implementing the solution presented here, we came across this paper [7] and found
the approach described there to be similar to ours. Based on the calculations above, a photon
propagation simulation for birefringent polycrystals was implemented in C++.
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Figure 5: Photon direction spread after propagating through 1000 grains with a perfect girdle
distribution of c-axis orientations. Left: Propagating along the flow. Right: Propagating along the
tilt direction. Observe the change in diffusion and the slight asymmetry for intermediate angles.
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Figure 6: Average deflection and width of the diffusion patterns for the case above. Initial photon
direction is along the z-axis.
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Evanescent waves, i.e. waves with a complex wave vector, which decay away from the boundary surface and arise when the discriminant in the wave vector equation (Eq. 3.5) is negative, will
necessarily yield vanishing contributions to such sum. As the photon interacts with a boundary
there is a brief flow of energy along the surface boundary within evanescent solutions (if any), but
no energy flows away from the boundary within such solutions. The evanescent waves need to be
considered when solving the boundary conditions as given in equation 3.6.
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4. Simulated diffusion patterns

5. Summary and Outlook
While light diffusion in birefringent polycrystals is a well established effect, this report presents
the first exact calculation and simulation of the resulting diffusion patterns.
In a girdle fabric, as present for most of the IceCube depths, the diffusion is largest for light
propagating along the flow axis and smallest for light propagating along the tilt axis. In addition a
small effective deflection towards the flow axis is experienced by photons not propagating on the
flow or the tilt axis.
The contribution of the diffusion to the bulk scattering in the ice, as well as a potential description of the optical anisotropy through the deflection remain to be studied in more detail.
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The resulting diffusion patterns depend on the assumed fabric and the orientation distribution
of grain boundary planes encountered by the photons. The average shape and thus also the surface
orientation density of ice crystals can be approximated by a triaxial ellipsoid.
For a generalized ellipsoid the diffusion patterns are thus not only a function of the opening
angle between the initial photon direction and the flow, but depend on the absolute zenith and
azimuth orientation of the propagation direction with respect to the flow.
Simulated diffusion patterns after 1000 boundary crossings for a variety of initial propagation
directions relative to the flow axis and assuming a spherical average grain as well as a perfect
girdle fabric are shown in Figure 5. The overall diffusion is largest when propagating along the
flow direction and gets continuously smaller towards the tilt direction. For intermediate angles the
distribution is slightly asymmetric, resulting in a mean deflection towards the ice flow axis. The
averages and standard deviations of the propagation direction components for the scenario in Figure
5 are shown in Figure 6. The maximum deflection is ∼ 0.1◦ . This is on the order of magnitude
which is required to describe the in-situ effect.

