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We provide the evidence for the existence of partially deconfined phase in large-N gauge theory.
In this phase, the SU(M) subgroup of SU(N) gauge group deconfines, where M
N changes continuously from zero (confined phase) to one (deconfined phase). The partially deconfined phase may
exist in real QCD with N = 3.
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1. Introduction

2. Explicit demonstration for weakly-coupled 4D SU(N) Yang-Mills theories on S3
Let us consider weakly-coupled 4D SU(N) Yang-Mills theories on S3 [7, 8, 5] as a concrete
and solvable example. In the weak-coupling limit, the partition function of the whole theory can
be described by the unitary matrix model [7, 8]. The extension adding the contribution from finite
coupling has been also argued [9]. Despite its simplicity, this setup has rich properties resembling
the large-volume, strongly-coupled theory. In the weak-coupling limit, the Polyakov loop behaves
like the center panel of Fig. 1. The vertical orange line is naturally identified with the partially
deconfined phase. Very importantly, there are two transitions: one from confinement to partial
deconfinement (P = 0), and the other from partial deconfinement to complete deconfinement (P =
1
2 ). These transitions are the Hagedorn transition [10] and Gross-Witten-Wadia (GWW) transition
[11, 12], respectively [7, 8].
1 Strictly speaking, this counting holds when all the fields are in the adjoint representation.

the counting changes slightly, but the argument does not change essentially.

1

With fundamental quarks,
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The mechanism of deconfinement transition in QCD is one of the profound problems extensively studied among lattice community. In this talk, we consider the large-N gauge theory, which
is often a good approximation to finite N, including N = 3. We provide the evidence for the existence of a new phase between confined and deconfined phases, which we call “partially deconfined
phase”, and discuss the implication to real QCD with N = 3.
Let us start the discussion with the most basic feature of the large-N gauge theory: the ’t Hooft
counting [1]. In the ’t Hooft large-N limit (i.e. λ = g2YM N and the energy scales under consideration
are fixed), the energy E and entropy S scales as N 2 in the deconfined phase, while they are of order
N 0 in the confined phase.1 Physically, it simply counts the number of degrees of freedom; namely,
in order to excite N 2 color degrees of freedom, the energy of order N 2 is needed.
This simple argument raises a question: what happens if the energy is somewhere between N 0
N2
N2
and N 2 , say E ∼ 100
or 10000000000
? Because the energy is not small enough, the system cannot
be in the confined phase; at the same time, because the energy is not large enough, it cannot be
in the deconfined phase; hence something in between has to be realized. We propose that partial
N
N
) or SU( 100000
) subgroup of SU(N) deconfines
deconfinement takes place then. Namely, SU( 10
√
2
[2, 3, 4, 5]. More generally, when E ∼ εN , we expect that SU(M)-subgroup, with M ∼ εN,
deconfines. For a heuristic argument that partial deconfinement is a plausible scenario, see [6].
Partial deconfinement is not as exotic as it may appear at the first glance. Simply, confined
and deconfined phases are coexisting in the space of color degrees of freedom, or internal space.
Similar coexistence of two phases is very common in usual space, which we denote as physical
space. For example, at 1-atm and zero-celsius, liquid water and ice coexist. It is nothing special,
we can see it in a freezer; then why don’t we expect the same in the internal space?
In the internal space, the interaction is nonlocal, in that all components of the fields interact
with each other via the nonlinear interaction. On the other hand, in the physical space, interactions
are usually sufficiently local. This causes big differences, as we will see.
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We can find nontrivial evidence of this picture as follows. Suppose we had two theories with
different gauge group SU(N) and SU(N 0 ), where N 0 < N. We assume both of them are sufficiently
large such that 1/N and 1/N 0 corrections are negligible. As the energy is pumped up to the system,
the size of the deconfined sector can increase up to M = N and M = N 0 , respectively (the left panel
of Fig. 2). At M ≤ N 0 , the deconfined sectors in two theories behave in exactly the same manner; in
other words, the SU(N 0 )-deconfined sector in the SU(N) theory corresponds to the GWW-transition
point of the SU(N 0 ) theory. Because the energy E and entropy S are dominated by the deconfined
sector, we obtain simple relations which hold in the SU(M)-partially-deconfined phase [2, 3, 5]:
E = EGWW (M),

S = SGWW (M).

(2.1)

Another consistency condition can be found by looking at the phase distribution of Polyakov loop.
Because the SU(M)-deconfined sector corresponds to the GWW-transition point of the SU(M)
theory, M out of N phases should be distributed as the GWW-transition point of the SU(M) theory;
we denote this distribution as ρGWW,M (θ ). The other N − M phases should be distributed as the
confinement phase. In the confinement phase, the phases are distributed uniformly, so that Polyakov
1
loop becomes zero: ρconfine (θ ) = 2π
.
Hence, the partial deconfinement implies the following phase distribution [3]:
ρ(θ ) =

M
N −M 1
M
N −M
ρconfine (θ ) + ρGWW,M (θ ) =
·
+ ρGWW,M (θ ).
N
N
N
2π N

(2.2)

Note that (2.1) and (2.2) should be satisfied by the same M. We can check these consistency conditions by explicit calculations [3, 5]. Here, let us see how (2.2) can be confirmed. The distribution
of the phases of Polyakov loop is [7, 8]

1


(T ≤ T1 = T2 )


2π


1
(1 + A cos θ )
(T = T1 = T2 )
(2.3)
ρ(θ ) =
2π

r


√

A
θ 1
θ

 cos
− sin2
(T ≥ T1 = T2 , |θ | < 2 arcsin A−1 )
π
2 A
2
The Hagedorn transition [10] and Gross-Witten-Wadia (GWW) transition [11, 12] take place at
A = 0 and at A = 1, respectively. Between these transitions, the distribution is
ρp.d. (θ ) = (1 − A) ·

1
1
+A·
(1 + cos θ ) = (1 − A) ρconfine + A · ρGWW (θ ).
2π
2π
2

(2.4)
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Figure 1: Cartoon pictures of three basic types of the phase structure, with the Polyakov loop P as a function
of temperature T . The blue, orange and red lines represent the confined, partially deconfined and completely
deconfined phases. Similar graphs can be drawn even if changing the y-axis to the energy or entropy as well.
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Figure 2: [Left] The deconfined sector of SU(N) theory and SU(N 0 ) behave in the same way up to M =
N 0 . From this, it follows that the SU(M)-deconfined sector in the SU(N)-theory corresponds to the GWWtransition point of the SU(M) theory. [Right] The phase distribution of Polyakov loop in three phases. The
distribution in partially deconfined phase can be expressed as a sum of the distributions in confined phase and
at the GWW-transition point with an appropriate weight. The GWW transition corresponds to the formation
of a gap at θ = ±π.

Therefore, it is natural to assume
A=

M
.
N

(2.5)

It is easy to check that (2.1) is satisfied by the same identification.
The argument above is a consistency check. In order to demonstrate the partial deconfinement more explicitly, it is possible to construct the states in the Hilbert space which dominate the
thermodynamics [5]. The same argument can be repeated with the fundamental quarks [6].

3. Further test in matrix quantum mechanics
Next let us consider the bosonic part of the plane wave matrix model [13] as a toy model of
strongly-coupled gauge theory:

L = NTr

1 9
1 9
2
(D
X
)
+
∑ t I
∑ [XI , XJ ]2
2 I=1
4 I,J=1
!
3
µ2 9 2
µ2 3 2
i jk
− ∑ Xi −
∑ Xa − i ∑ µε Xi X j Xk .
2 i=1
8 a=4
i, j,k=1

(3.1)

Here XI (I = 1, · · · , 9) are N × N Hermitian matrices and Dt XI = ∂t XI − i[At , XI ]. This model has
the hysteresis like the left panel of Fig.1. At a temperature slightly above T2 , we have plotted
the histogram of the Polyakov line phases given by our numerical simulation and fitted it by the
GWW ansatz (2.3). As shown in Fig.3, the non-uniformly, gapped distribution can be obtained
with the fit parameter A is near but larger than 1, which is consistent with partial deconfinement.
See Refs. [3, 14] for more analyses.
3
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4. Application to QCD
In QCD, neither center symmetry nor chiral symmetry is exact, due to the presence of the fundamental quarks with nonzero mass. Hence, it is widely believed that the deconfinement transition
cannot be characterized based on symmetry. Partial deconfinement challenges this folklore.
Let us consider QCD in the large-Nc limit, with N f fundamental quarks. At weak coupling and
with the compactification on S3 , the theory can be solved analytically, and the partial deconfinement can be demonstrated explicitly [6]. In the partially deconfined phase, SU(Nc ) gauge symmetry
breaks spontaneously to SU(Mc )×SU(Nc − Mc )×U(1) (for the precise meaning of the gauge symmetry breaking, see Ref. [5]). Therefore, deconfinement can be characterized by the breaking and
restoration of gauge symmetry, associated with the partially broken gauge symmetry in the partially
deconfined phase.
What happens at Nc = 3? Phase transitions can take place even at finite Nc , by sending volume
to infinity. In order to estimate the amount of the 1/Nc corrections, lattice simulation is needed. At
least, some numerical results [15, 16] for 4D SU(Nc ) pure Yang-Mills theory (Nc = 3 to 6) suggest
the value of Polyakov loop is close to 12 at T = T2 , which is consistent with the GWW ansatz
discussed above. (Note however that this ansatz is not a mandatory requirement. Indeed, different
phase distribution can also appear depending on the detail of the theory [5, 6].)
For actual QCD at small chemical potential, the thermal ‘transition’ is believed to be a rapid
crossover [17]. This region is a good candidate for the partially deconfined phase. Recent lattice
studies [18, 19, 20] which reported peculiar properties in this region may be explained as consequences of partial deconfinement.

5. Connection to superstring theory
Originally, partial deconfinement has been proposed in order to understand a peculiar feature
of black hole in the context of string theory [2]. AdS/CFT duality conjecture [21] relates type IIB
superstring on AdS5 ×S5 and 4D N = 4 SU(N) super Yang-Mills theory (SYM). Thermodynamic
property of 4D SYM compactified on S3 can be studied by using various solutions in the gravity
4
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Figure 3: The distribution of Polyakov line phase, N = 128 and µ = 5.0. The number of lattice point
is L = 16.
q Temperature is T = 1.54, which is slightly above T2 . We have used the fit function ρ(θ ) =
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side. In particular, deconfinement is interpreted as the formation of black hole [22]. The phase
structure of the gravity side is shown as Fig.4.
If the duality conjecture is correct, the 4D SYM has to explain the same phase structure. In
particular, the phase corresponding to the small black hole phase, which has negative specific heat
(E ∝ N 2 T −7 ), has to exist . But how can such a phase exist in a healthy quantum theory?
Intuitively, higher temperature means larger energy per degree of freedom. If the small black
hole is described by the completely deconfined phase, the energy per degree of freedom is NE2 . Here
0
N 2 is a fixed value, and hence, if E < E 0 then NE2 < NE2 and hence T < T 0 . However, if the small
black hole is described by the partially deconfined phase, the size of the deconfined sector M can
change nontrivially as a function of the energy, and hence, M2E(E) can increase or decrease with E
depending on the details of the theory [23, 2]. By using this idea, the negative specific heat can be
derived, modulo a few technical assumptions [2].

6. Summary and Discussion
We have proposed the existence of the intermediate phase between confined and deconfined
phases for generic large-N gauge theory, and provided the evidence for a few concrete examples.
Our proposal explains the actual physical meaning of Gross-Witten-Wadia transition. We have argued that the partially deconfined phase, and associated spontaneous breaking of gauge symmetry,
may exist in SU(3) QCD. Lattice simulation should be able to test this proposal, and if it is actually
happening, it would be interesting if we could draw the consequences in collider experiments or
cosmological observations.
Another interesting direction is to combine this idea with the lattice approach to quantum
gravity via holographic duality (see e.g. Refs.[24, 25]). By properly fixing the gauge configurationby-configuration, in a way that deconfined and confined sectors are separated, we might be able to
understand how the geometry emerges from the microscopic degrees of freedom in gauge theory.
5
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Figure 4: [Left] The phase structure of dual gravity on AdS5 ×S5 . At high energy, a “large black hole” in
which is proportional to T 4 is formed. At low energy, the system can be described by the gas of strings or
gravitons. In the middle region, it is known the “small black hole” and Hagedorn string is formed. The small
black hole has negative specific heat since E ∝ N 2 T −7 . [Right] The cartoon picture of the scalar fields in
the partially deconfined phase. M D-branes are forming a bound state, which is the counterpart of the small
black hole.
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