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We investigate the pure gauge sector of Super-QCD, i.e. Super-Yang-Mills (SYM) theory, with
focus on the bound states. To improve chiral symmetry as well as supersymmetry at finite lattice
spacing, we use a deformed SYM lattice action. It contains a twist term, similar to the lattice
formulation of twisted mass QCD. We present the status of our theoretical and numerical investigation.

37th International Symposium on Lattice Field Theory - Lattice2019
16-22 June 2019
Wuhan, China
∗ Speaker.

c Copyright owned by the author(s) under the terms of the Creative Commons
⃝
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

https://pos.sissa.it/

PoS(LATTICE2019)201

Marc Steinhauser∗

N = 1 Supersymmetric SU(3) Gauge Theory with a Twist

Marc Steinhauser

1. Introduction

looks similar to QCD but with a single flavor. Tough, there are more differences: The fermionic
gluino is described by a Majorana field λ (x) which transforms in the adjoint representation like
the gauge potential Aµ (x). Supersymmetry dictates these properties to guarantee the same number
of bosonic and fermionic degrees of freedom. On the lattice, we use Wilson fermions for λ . The
mass term in eq. (1.1) breaks supersymmetry softly, but is used to fine-tune the action to vanishing
gluino mass. The supersymmetry transformation

δε λ = iΣµν F µν ε

δε Aµ = iε̄γµ λ ,

(1.2)

transforms the fermionic and bosonic fields into each other. In the previous equation, ε is an
[
]
infinitesimal Majorana spinor and Σµν ≡ 4i γµ , γν .
The low-lying bound states of the SYM
model were first predicted by Veneziano
and Yankielowicz in the framework of
effective field theory and based on the
symmetries and anomalies of the theory
[4]. This multiplet contains two mesonic
states a-η ′ & a- f0 , named after their QCDcounterparts, and a gluino-glueball gg.
When supersymmetry is unbroken (mg = 0
in eq. (1.1)) all states within a supermultiplet
are mass-degenerated. If the gluino mass
is switched on, the masses of the states are
shifted, cf. Figure 1.

mass
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Figure 1:
Sketch of the VenezianoYankielowicz multiplet for unbroken (mg = 0)
and softly broken (mg ̸= 0) supersymmetry.

The massless SU(3) SYM action is invariant under λ 7→ exp(iαγ5 )λ . This global chiral U(1)A
symmetry is anomalous and only a Z6 symmetry remains,

λ 7→ exp(iαγ5 )λ with α = 2π n/6, n ∈ {1, . . . , 6} .

(1.3)

Furthermore, a non-vanishing gluino condensate ⟨λ̄ λ ⟩ ̸= 0 spontaneously breaks this down to a Z2
symmetry [5].
1
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Although the standard model of particle physics is very successful in predicting a broad range
of observables, there are open questions which it can not explain. A popular extension of the
standard model includes supersymmetry. A supersymmetric extension could solve, for example,
the hierarchy problem of the Higgs mass and the lightest supersymmetric particle (LSP) provides
a candidate for dark matter [1, 2, 3].
For a better understanding of the non-perturbative low-energy regime of this model, we investigate the gauge part which just contains the gluons and their superpartners, the gluinos. This
supersymmetric extension of Yang-Mills theory (YM) is called N = 1 Super-Yang-Mills theory
(SYM) and its on-shell Lagrange density
(
)
m
1
i
/ λ − g λ̄ λ
LSYM = tr − Fµν F µν + λ̄ D
(1.1)
4
2
2
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2. Lattice formulation with a twist
Curci and Veneziano proposed for the N = 1 SYM theory a lattice formulation with Wilson
fermions [6]. At finite lattice spacing, supersymmetry is broken but a fine-tuning of the gluino
mass assures its restoration in the continuum limit. In analogy to twisted-mass QCD we add a
parity breaking-mass iµγ5 δx,y to the Dirac operator1 :
Dmtw
W (x, y) = (4 + m + i µγ5 )δx,y −

)
1 ±4 (
1 − γµ Vµ (x) δx+µ̂ ,y .
∑
2 µ =±1

(2.1)

Our initial motivation for this formulation was a feature of SYM. Particular directions of the Z6
symmetry (cf. eq. (1.3)) are favored by the gluino condensate. The mass m = M cos(α ) breaks the
chiral symmetry explicitly and generates a condensate ∼ ⟨λ̄ λ ⟩. Additionally µ = M sin(α ) leads
to a condensate ∼ ⟨λ̄ γ5 λ ⟩, connected to the former by a U(1)-symmetry.
In contrast to QCD, where the twisted basis is rotated back to the physical basis for the observables, we keep the deformation of the µ -term. This deformation of the lattice action vanishes in
the chiral limit m → mcrit , µ → 0. The chiral point is approached along a specific “direction” in the
(m, µ )-plane. This may be beneficial for the continuum extrapolation because there are indications
we are closer to chiral symmetry and supersymmetry at finite lattice spacing.
Independent lattice calculations of the N =1 SYM theory with an untwisted lattice action are
performed by the DESY-Münster collaboration. Their investigations cover the spectrum for gauge
group SU(3) [7, 8], variational analysis of the SU(2) spectrum [9, 10] and the chiral symmetry in
thermal SU(2) N = 1 SYM theory using the gradient flow [11, 12].

3. Results
3.1 Fermionic Expectation Values
For any observable O the expectation value2
1
⟨O ⟩ = ⟨⟨O ⟩F ⟩G =
Z

∫

DU e−SG [U ] D λ e−SF [λ ,U ] O[λ , U ]

contains a field integration over the gauge field U and the Majorana field λ . Performing a twist,
the spinors are transformed λ 7→ eiαγ5 /2 λ and λ̄ 7→ λ̄ eiαγ5 /2 , which can be combined to
(

λ̄ λ
iλ̄ γ5 λ

1 Note

)

(
7→

)(
)
cos(α ) sin(α )
λ̄ λ
.
− sin(α ) cos(α )
iλ̄ γ5 λ

[
]
]
[
the adjoint representation Vµ (x) ab = 2 tr Uµ† (x)Ta Uµ (x)Tb of the gauge field.

fermionic measure does not contain D λ̄ . The Majorana condition relates λ = λ c = C λ̄ T with λ̄ through the
charge conjugation.
2 The

2
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= (4 + M eiαγ5 )δx,y −

)
1 ±4 (
1 − γµ Vµ (x) δx+µ̂ ,y
∑
2 µ =±1
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We parametrize a generic mesonic interpolator by Ogen (a, b) = a λ̄x λx + b λ̄x γ5 λx . Then, mesonic
interpolators of the Veneziano-Yankielowicz multiplet transform as
Oa- f0 (1, 0) = λ̄x λx

7→ Ogen (cos(α ), i sin(α ))

Oa-η ′ (0, 1) = λ̄x γ5 λx 7→ Ogen (i sin(α ), cos(α )) .
Consequently the mesonic correlators
⟨Oa- f0 (n)Ōa- f0 (m)⟩F (0◦ ) = ⟨Oa-η ′ (n)Ōa-η ′ (m)⟩F (90◦ ) and

change their roles when the angle α = 90◦ is chosen. In between (at α = 45◦ ) we find that the expectation values ⟨Oa-η ′ (n)Ōa-η ′ (m)⟩F (45◦ ) and ⟨Oa- f0 (n)Ōa- f0 (m)⟩F (45◦ ) are similar to each other.
In other words, the chiral part of our supermultiplet has the same mass. Furthermore, the chiral
rotation with the angle α can be interpreted as a deformation of our Dirac operator. We present in
section 3.4 numerical evidence that approaching the chiral point along the “direction” α = 45◦ is
beneficial. Although the supersymmetry is broken at finite lattice spacing, the mesonic states of the
multiplet are mass-degenerated within the measurement uncertainty.
3.2 Eigenvalues
To understand the consequences of the twist we analytically investigate the free Dirac operator
and its eigenvalues. Here, we introduce for generality a second twist φ to the Dirac operator3
iφγ5
+ M eiαγ5 )δx,y −
Ddtw
W (x, y) = (4 e

)
1 ±4 ( iφγ5
− γµ Vµ (x) δx+µ̂ ,y
e
∑
2 µ =±1

(3.1)

and quantify discretization errors in the lattice spacing a. Our results for several fermionic kernels
D are summarized in Table 1. The unimproved Dirac-operator D1 (as defined in Table 1) has
O(a) discretization effects, which can be avoided by a twist α = 90◦ in D2 (i.e. fully twisted
lattice QCD) or with a modified Wilson term in D3 . In the general case of D4 any combination
α − φ = 90◦ (mod 180◦ ) leads as well to O(a) improvement. To summarize, improvement of the
discretization effects is achieved if the mass term and Wilson term are orthogonal to each other.
Table 1: Analytic results for the eigenvalues λ † λ of several fermionic kernels Di . The results are
(
)2
2
expanded in the lattice spacing a and we defined κ = − 13 ∑µ p4µ + r2 ∑µ p2µ .
Fermionic Kernel

Eigenvalues λ † λ

D1 = γ µ ∂µ + m − 2r ∆

p2 + m2 + amrp2 + O(a2 )

D2 = γ µ ∂µ + M eiαγ5 − 2r ∆
D3 = γ µ ∂µ + m + ir2 γ5 ∆
D4

= γµ∂

µ

+ M eiαγ5

+

: 0 for α =90◦



2 cos(
p2 + M 2 +
aMrp
α ) + O(a2 )


p2 + m2 + κ a2 + O(a4 )
r iφγ5
∆
2e

◦
: 0 for α −φ =90 a4



2
2
2
3)
2
 α − φ ) + κ a + O(a
p + M + aMrp 
cos(




general action of this form was presented in [13]. In [14], this idea lead to O(a3 ) improvement in the twodimensional lattice formulation of the Wess-Zumino model.
3A

3
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⟨Oa-η ′ (n)Ōa-η ′ (m)⟩F (0◦ ) = ⟨Oa- f0 (n)Ōa- f0 (m)⟩F (90◦ )
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One angle in the description (3.1) is redundant and can be transformed away. Thus we have to
decide which angle is best suited for numerical investigations. In our opinion, the improvement of
the mass-degeneracy in the supermultiplet at α = 45◦ together with a reduction of O(a) discretization effects by a factor cos(45◦ ) ≈ 0.7 is more beneficial than the complete O(a) improvement at
maximal twist α = 90◦ .
3.3 Connected Correlators
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Figure 2: Parameter scan in the (m, µ )-plane on the 83 × 16 lattice. The left plot shows the mass
of the a-π (connected part of the a-η ′ ), the middle plot depicts the mass of the a-a (connected part
of the a- f0 ) and the right plot combine those masses as ma-π /ma-a − 1. The colored lines in gray,
magenta and orange are discussed in the text.
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Figure 3: The same data as in Figure 2, but as cuts along the three directions depicted by the lines
in gray, magenta and orange. The three plots corresponds to twist angles α ∈ {0◦ , 45◦ , 90◦ } and
show a clear difference in their mass hierarchies.
the N = 1 SYM theory the pion is not part of the physical spectrum, but can defined in a partially-quenched
framework and corresponds to the connected part of a-η ′ ,
4 In
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To demonstrate the features of our twisted Dirac operator (eq. (2.1)) we performed a parameter
scan in the (m, µ )-parameter space. Confinement prevents direct measurement of the gluino mass
to find the chiral point, where in the continuum limit the chiral symmetry and the supersymmetry
are simultaneously restored. Instead the pion4 mass m2a-π ∼ mg is used for fine-tuning [4].
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3.4 Mesonic States
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Figure 4: The masses of a-η ′ and a- f0 for twist
angles α ∈ {0◦ , 45◦ } on the 83 × 16 lattice.

Figure 5: The masses of a-η ′ & a- f0 (left) and
gluino-glue (right) for twist angle α = 45◦ on
the 163 × 32 lattice.

The physical states of the Veneziano-Yankielowicz multiplet are numerically more demanding. The gluino-glue contains gauge fluctuations and the disconnected contributions of the mesonic
states a-η ′ & a- f0 fluctuate quiet largely. Thus high statistics runs combined with gauge field (stout)
and source (Jacobi) smearing are necessary. Figure 4 shows the mesonic states of the supermultiplet calculated on the 83 × 16 lattice. In comparison to Figure 3 the uncertainty is bigger, but
nevertheless the qualitative result is the same. Without a twist the a- f0 is lighter than the a-η ′ and
for 45◦ -twist both masses are degenerated within error bars.
To simulate a volume of approximately (1fm)3 we need at least a 163 × 32 lattice. Our results are depicted in Figure 5 and include the gluino-glue. The larger uncertainties are mainly a
consequence of the (so far) smaller ensemble size.

4. Summary
Putting Super-Yang-Mills theory on the lattice breaks supersymmetry and states belonging to
a supermultiplet have consequently different masses. The supersymmetry and its mass-degeneracy
can be restored in the continuum limit. In our simulations with Wilson fermions we include a
5
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In Figure 2 there are three directions towards the chiral limit, m → mcrit . Without a twist
(µ = 0), one approaches m → mcrit along the gray line. Further interesting “directions” are the
magenta line with α = 45◦ and the fully twisted orange line with α = 90◦ . For the broad parameter scan we used the connected part of the a-η ′ called a-π and the connected part of the a- f0
called a-a as observables approximating those states of the supermultiplet, which are expected to
be mass-degenerated in the continuum theory. The right panel of Figure 2 shows the subtracted
ratio ma-π /ma-a − 1 and reveals three different areas. The red/blue region indicates that the a-π is
heavier/lighter than the a-a. In between, in the green region, both states have comparable masses.
In Figure 3 the same data is depicted along the three “directions” α = {0◦ , 45◦ , 90◦ } corresponding
to the gray/magenta/orange line. This figure indicates, that for α = 45◦ improvement of the chiral
symmetry and supersymmetry at finite lattice spacing is realized.
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further parameter in the Dirac operator, which resembles the twisted mass formulation of lattice
QCD. We found evidence that this approach eliminates at twist angle α = 45◦ the mass split of the
chiral partners and thus improves the mass degeneracy of the supermultiplet at finite lattice spacing.
As a consequence we expect a better extrapolation to the continuum limit and a faster restoration
of supersymmetry. Our analytical considerations further support these numerical findings.
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