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We studied the temporal correlation function of mesons in the pseudo-scalar channel in (2+1)-
flavor QCD in the presence of external magnetic fields at zero temperature. The simulations
were performed on 323×96 lattices using the Highly Improved Staggered Quarks (HISQ) action
with mπ ≈ 230 MeV. The strength of magnetic fields |eB| ranges from 0 to around 3.3 GeV2

(∼ 60m2
π ). We found that the masses of neutral pseudo-scalar particles, e.g. neutral pion and

kaon, monotonouslly decrease as the magnetic field grows and then saturate at a nonzero value.
It is observed that heavier neutral pseudo-scalars are less affected by magnetic fields. Moreover,
we found a non-monotonous behavior of charged pion and kaon mass in magnetic field for the
first time. In the case of small magnetic field (0≤ |eB|. 0.3 GeV2 ∼ 6m2

π ) the mass of charged
pseudo-scalar grows with magnetic field and can be well described by the Lowest Landau Level
approximation, while for |eB| larger than 0.3 GeV2 the mass starts to decrease. The possible
connection between |eB| dependences of neutral pion mass and the decreasing behavior of pseudo-
critical temperature in magnetic field is discussed. Due to the nonzero value of neutral pion mass
our simulation indicates that the superconducting phase of QCD does not exist in the current
window of magnetic field.
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1. Introduction

Strong magnetic fields have significant impacts on the dynamics of strong interaction. Such
strong magnetic can be produced in heavy-ion collision [1, 2, 3], early Universe [4] and magnetars
[5]. Many interesting effects of QCD in external magnetic field have been found in recent studies,
and one of them is the so-called inverse magnetic catalysis (IMC) [6], which is a non-monotonous
behavior of the condensate as a function of magnetic field |eB| near transition temperature Tpc ob-
served by performing a full QCD simulation. The IMC accompanies with a decreasing of transition
temperature Tpc with increasing magnetic field [7]. These two phenomena are not expected from
early studies by effective models. Investigating meson spectrum of QCD, in particular neutral pion
in external magnetic field may thus be helpful to understand the behavior of Tpc assuming that
neutral pion is still a Goldstone boson in the nonzero magnetic field.

The |eB| dependence of meson masses is also relevant in the study of phase structure of QCD
in presence of background magnetic field. Extended Nambu-Jona-Lasinio (NJL) model calculation
suggests that a sufficiently strong magnetic field may turn QCD vacuum into a superconducting
state [8, 9]. This is signaled by the charged ρ meson condensation. QCD inequalities [10] imply
that the vector channel meson correlation function is bounded by the connected neutral pion corre-
lation function, therefore their masses are also bounded. This indicates that neutral pion mass must
vanish if ρ meson condensates.

Most of studies on meson spectrum in external magnetic fields have been performed in quenched
QCD, e.g. quenched two color QCD with overlap fermions as valence quarks [11], quenched QCD
with Wilson fermions [12, 10] and overlap fermions [13] as valence quarks. Early studies found
that the masses of neutral light pseudo scalars firstly decrease and then increase as magnetic field
grows [10] while the mass of charged light pseudo scalar (π±) increases as magnetic field in-
creases. Later it was pointed out in Ref.[12] that the |eB|-dependence of hopping parameter κ has
to be taken into consideration. Corrected with addictive mass renormalization to determine κ , a
monotonous reduction of neutral pion mass and a monotonous increasing of charged pion mass as
magnetic field grows are finally observed[12]. On the other hand, investigations in full QCD are
restrained for light pseudo scalar particles (π0,π

±) [7, 12]. It is shown in Ref. [7, 12] that behavior
of masses of π0 and π± in external magnetic fields obtained from (2+1)-flavor QCD using stout
fermions have similar trends as those from quenched QCD.

In this proceedings we will report our studies on light and strange pseudo scalar mesons in
N f = 2 + 1 QCD using HISQ (Highly Improved Staggered Quark) action with the strength of
magnetic field up to around 60m2

π . We will give simulation details in Section 2, and present results
in Section 3 and summarize in Section 4.

2. Lattice Setup and Methodology

We employed N f = 2+ 1 HISQ action and tree-level improved Symanzik gauge action on
323× 96 lattice with mπ around 230 MeV at zero temperature. The external magnetic field is
applied along z-direction B = (0,0,B), and quantized in the following way

qB =
2πNb

NxNy
a−2. (2.1)
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Here a is the lattice spacing with a−1 = 1.6852 GeV. Taking into account that the difference be-
tween u,d,s quark’s charge ( 2

3 e,−1
3 e,−1

3 e), a common divisor 1
3 has been chosen in the quantization

eB = 6πNb
NxNy

a−2. Nb ∈ Z is the number of magnetic flux through unit area in the x-y plane which is

limited by the boundary condition (0 < Nb <
NxNy

4 ). In our simulations Nb is chosen to be 0, 1,
2, 3, 4, 6, 8, 10, 12, 16, 20, 24, 32, 48, 64 whose corresponding magnetic strength ranges from
0 to around 3 GeV2. All configurations have been produced using Rational Hybrid Monte Carlo
(RHMC) algorithm and are saved by every 5 time units, statistic for each Nb is about O(∼ 103).

|eB|(GeV2) 0 0.052 0.104 0.157 0.209 0.314 0.418 0.523
Nb 0 1 2 3 4 6 8 10

# of conf. 2548 2651 3135 2444 2224 3142 2935 3302
|eB|(GeV2) 0.627 0.836 1.045 1.255 1.673 2.510 3.345

Nb 12 16 20 24 32 48 64
# of conf. 3432 1993 3160 1994 2174 995 356

Table 1: The statistics of measured correlators at different values of Nb

We measured temporal correlation function of staggered bilinear according to the formula
below1

G(τ) =−∑
n

ζ (~n)Tr
[
M−1†(n,τ)M−1(n,0)

]
, (2.2)

where ζ (~n) is the phase factor characterizing Dirac and flavor indices of staggered fermions. In this
work, we focuse on the correlators in pseudo-scalar channel. Take π+(dγ5u) as an example, com-
bining γ5 with staggered fermion Dirac structure and γ5-hermiticity gives the phase factor ζ (~n) = 1
for charged pion correlation function G(τ)π+ . As shown in the left plot of Fig. 1, the correlators
increase with increasing Nb values, which means that the decreasing of corresponding particle mass
is expected.
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Figure 1: Left: An example of correlation function G(τ)π0
u
: at different Nb values calculated with point

source. Right: Comparison of the signal to noise ratio (error/mean values) obtained using different sources.

The multiple corner wall sources were used to improve the signal of ground state. As shown
in the right plot of Fig. 1, the signal to noice ratio δG(τ)/〈G(τ)〉 obtained using the corner wall

1The disconnected part in the neutral pion correlation function is neglected. And π0
u (π0

d ) labels quantities obtained
from the up(down) quark component of the correlation function.
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source is reduced by a factor of 6 compared to the results obtained using point source. We put
12 corner wall sources at (0,0,0,0), (0,0,0,8),...,(0,0,0,88) to further improve the signal. The signal
to noise ratio obtained using multiple corner wall source is found

√
# of sources times better than

using single corner wall sources.

The effective mass can be obtained by solving the cosh equation. But for the case of charged
pseudo-scalar particles, the signals are too noisy to extract effective mass in this way. In our study,
meson masses are obtained by fitting the correlators according to the following ansatz,

Gfit (nτ) =
Ns,no

∑
i=1

Ano,i exp(−mno,inτ)− (−1)nτ

Ns,osc

∑
i=0

Aosc,i exp(−mosc,inτ) , (2.3)

where Ns,no ( Ns,osc) is the number of non-oscillating (oscillating) states we chose to fit to the
correlators. Non-oscillating states are the physical states we need, but oscillating states are also
necessary in fitting correlators of charged particles . Fit modes (Ns,no , Ns,osc) have been set to (1,0),
(1,1) and (2,1).

Figure 2: Mass of π0
u at Nb = 16 (|eB| = 0.84 GeV2) with there different fit modes: (# of non-oscillating

states, # of oscillating states) = (1,0), (1,1), (2,1) . Black points at each τ are the best final state chosen by
AICc.

The first step to arrive at the final results is to choose the best fit from all different fit modes
through AICc (corrected Akaike Information criterion) [14, 15]

AICc = 2k− ln(L̂)+AIC+
2k2 +2k
n− k−1

, (2.4)

where k is the number of parameters, L̂ is the likelihood function, and the last term is needed to
correct over-fitting if the number of data points n is not much larger than k. Then we choose a
plateau in the AICc selected results and obtain the final mass and its uncertainty by using Gaussian
bootstrapping method from the plateau.
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3. Results

Here we present our study on the |eB| dependences of neutral pseudo-scalar particles (π0
u , π0

d ,
K, ηs) and charged pseudo-scalar particles (π− and K−).
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Figure 3: Left: Masses of π0
u , π0

d , K, η0
s normalized by their zero field masses v.s. magnetic fields. Right:

Comparison of Mπ0
u

v.s. |eB| obtained in this work by using dynamic HISQ fermion at mπ = 230 MeV (line)
and dynamic stout fermion at mπ = 135 MeV, quenched Wilson fermion at mπ = 415 MeV (bands) [12].

Firstly in the left plot of Fig. 3, we see that the normalized neutral pseudo-scalar particle
π0

u ,π
0
d masses (M/MB=0) decrease as the external magnetic field grows and then saturate at very

large values of |eB| around 3 GeV2. This is roughly consistent with previous studies [13, 12], i.e.
quenched result and dynamic stout result (see right plot of Fig. 3). Due to the 30 ∼ 40% mass
reduction we observed, neutral mesons thus cannot be considered as point particles anymore in
external magnetic field. Also the different magnitudes of the mass reduction between π0

u and π0
d

may come from the different electric charges of up and down quarks which again indicates that
the inner structure of meson should be taken into consideration. The magnetic field dependences
of K0, ηs showed in the left of Fig. 3 have similar behavior as π0. By comparing the normalized
masses of π0

u , π0
d , K0, ηs, it is obvious that the lighter hadrons are more affected by magnetic field.
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Next, we investigate the mass of charged pseudo-scalar particles. In small |eB| regime, the
energy of point-like meson can be described by mesonic Lowest Landau Level (LLL) through the
following equation:

E2
n = M2

π +(2n+1)|eB|+ p2
z . (3.1)

In the left plot of Fig. 4, we show the subtracted mass square (M2−M2(B = 0)) of π− , K−

as a function of |eB| in comparison with the LLL approximation. The dashed line is simply |eB|
as with the lowest level (n = 0) and zero momentum (pz = 0) in Eq.(3.1). Our results of Mπ−

, MK− perfectly match with the LLL approximation in the small |eB| regime (|eB| . 0.3 GeV).
Beyond this regime the behavior cannot be explained by LLL approximation, and most likely inner
structures of charged particles are probed by the magnetic field. More interestingly, we observe
that Mπ− , MK− first increases and then decreases as magnetic field grows. We emphasize that this
non-monotonous behavior is firstly observed and is different from previous quenched results. This
non-monotonic behavior is also not seen in previous full QCD simulation probably as where eB is
not sufficiently strong [7].

In the right plot of Fig. 4, we show |eB| dependence of (Mπ0
u
+M

π0
d
)/2. And the critical value

of magnetic field which equals the square of ρ± meson mass at |eB| = 0 locates on the yellow
vertical line i.e. |eB|c ≈ 0.77 GeV2. According to QCD inequality Mρ± ≥

(
Mπ0

u
+M

π0
d

)
/2, it is

obvious that even the lower limit of ρ± meson keeps nonzero at critical |eB| value. It thus indicates
that ρ± meson cannot condensate in the current window of external magnetic field.

4. Conclusion

We have investigated the mass of pseudo-scalar particles in presence of background magnetic
fields by performing a full QCD simulation at zero temperature using HISQ fermions with mπ ≈230
MeV on 323×96 lattices. We found that masses of neutral pseudo-scalar particles monotonously
decrease as magnetic field grows and heavier neutral pseudo-scalars are less affected by magnetic
fields. The decreasing behavior of Tpc in |eB| may be explained due to the decreasing of the
mass of the lightest Goldstone boson π0. In the case of charged pseudo-scalar particles, the non-
monotonous behavior of their masses in |eB| is firstly found. Mesonic LLL agrees quite well with
our results at |eB| . 0.3 GeV2 and does not work any more at larger eB where probably the inner
structure of charged mesons is probed by the magnetic field.

Though vector channel particles’ masses are hard to extract due to the mixing between pion
and ρ-meson induced by magnetic field, the charged ρ-meson condensation can be investigated
through neutral pion mass with the help of QCD inequalities. Since our neutral pion mass keeps
nonzero in whole range of magnetic field strength we simulated, the existence of a superconducting
phase is not favored.
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