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acterized as a continuous blocking transformation. In this work, we draw a connection between
gradient flow and functional renormalization group by describing how FRG can be represented by
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1. Introduction

In the past decade, a new tool known as “gradient flow” (GF) has become popular in lattice
simulations as a means of setting the scale [1, 2]. Because GF consists in a diffusion process on
the degrees of freedom of the theory, which involves a local smoothing of the field, there have
arisen attempts to characterize GF as a renormalization group transformation [3–9]. Since GF does
not automatically involve a field rescaling, however, it is clear that it cannot in itself constitute an
RG transformation (for non-compact fields, at least). By supplementing GF with such a rescaling,
methods have been devised to extract quantities such as critical exponents and beta functions in
lattice systems [5, 6, 9]. The method provides an alternative to typical methods like Monte Carlo
RG or Dirac eigenmode analyses, and has been put to use in various lattice theories such as 12-
flavor SU(3) gauge theory and 2-flavor QCD [5, 9].

The fact that GF is a continuous transformation suggests that there is a relation to the enter-
prise of functional RG [10], wherein continuous, nonperturbative RG transformations are defined,
taking the form of diffusions on the space of actions. As described in [8], it can be demonstrated
that the FRG equations are equivalent to Fokker-Planck equations, and may therefore be repre-
sented by stochastic processes. The stochastic observables, in turn, may be shown to approach
GF observables, at least in the limit of large separations among the operators in the expectation
values. Furthermore, one may derive RG scaling relations in this formalism which parallel those
of standard spin-blocking techniques, and these relations may be numerically computed in lattice
simulations, as we describe below.

2. GF and FRG

For scalar fields ϕ , the gradient flow (GF) transformation is defined by a diffusion equation [2]

∂tφt(x) =−
δ Ŝ(φ)
δφ(x)

(φt), (2.1)

where Ŝ may be called the “flow action,” and the initial condition is φ0(x) = ϕ(x). In the simplest
case of “free” GF, Ŝ is a massless, free-field action, so the GF equation is a heat equation

∂tφt(x) = ∆φt(x). (2.2)

Solutions are given by integration of the initial field against the heat kernel,

φt(x) = ( ftϕ)(x) =
∫
Rd

ddz
e−z2/4t

(4πt)d/2 ϕ(x+ z), (2.3)

which bears a resemblance to the usual definition of a spin blocking transformation [6],

ϕb(n/b) =
b∆φ

bd ∑
ε

ϕ(n+ ε), (2.4)

when one identifies b ∝
√

t, except the scaling dimension of φ is not present in the GF solution.1

Since t is a continuous parmeter, the GF solution is suggestive of a “continuous” blocking transfor-
mation. We will see below, however, that GF is more naturally identified with a different kind of
RG transformation.

1This could be implemented in the GF equation, if ∆φ were known ahead of time.
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Continuous RG transformations have been defined in continuum field theory in the framework
of functional RG (FRG) [10, 11]. The original approach of Wilson and Kogut was to define a
low-mode Boltzmann factor by integration against a so-called “constraint functional” Pt(φ ,ϕ) as

e−St(φ) =
∫
[dϕ]Pt(φ ,ϕ)e−S0(ϕ), (2.5)

where S0(ϕ) is the bare action of the theory of interest. Pt should have the property of setting the
low-mode effective field φ equal to a smoothed-out ϕ within some variation, for example, via

Pt(φ ,ϕ) = Nt exp

(
−
∫

p
p2K−1

0 (p)
[φ(p)− ft(p)ϕ(p)]2

1− f 2
t (p)

)
, (2.6)

where ft(p) is the momentum space heat kernel (which damps high-modes), and K0(p) is a cutoff
function, e.g. e−p2a2

0 . One can show that Pt is the Green function(al) solution of the Fokker-Planck
equation

∂Pt(φ)

∂ t
=
∫

p

(
1
2

K0(p)
δ 2Pt(φ)

δφ(p)δφ(−p)
+ p2

φ(p)
δPt(φ)

δφ(p)

)
, (2.7)

with initial condition P0(φ) = δ (φ −ϕ). From the theory of stochastic processes, however, we
may determine that Pt viewed as a transition probability is generated by the Langevin equation (in
particular, an Ornstein-Uhlenbeck process) on the momentum modes given by

φt(p) =−p2
φt(p)+ηt(p), (2.8)

where ηt(p) is a regularized gaussian noise. This is similar to the free GF equation except that it is
modified by a noise term.

The FRG transformation above must be supplemented with a field rescaling b∆φ

t , which can

be done passively after integrating over the bare field ϕ: set φ(p) = b∆̃φ

t Φ(p̄), where p̄ = bt p,
and bt is the continuum analog of a blocking factor, bt = at/a0.2 For free field theory, one can
explicitly compute bt =

√
1+2t under Schwinger regularization. After this rescaling, the effective

action St may generally possess an infrared fixed point S∗. In the case of φ 4 in 3 dimensions, it was
demonstrated that indeed an IRFP exists in perturbation theory [8]. Using the definition of noise
expectation values E, one can then show that the rescaled effective observables can be written as
double averages

〈O(Φ)〉St =
〈
E
[
O
(
b∆φ

t φt(p)
)]〉

S0
. (2.9)

The right-hand side is numerically computable with Monte Carlo methods, and therefore consti-
tutes a stochastic version of MCRG [12], if one knows the form of the rescaling factor bt . Generally,
bt should satisfy b0 = 1, bt ∝

√
t, for sufficiently large t.

3. Scaling Formulae

The connected n−point functions of the effective theory may be written in terms of solutions
φt of the GF equation using an identity found by Wilson and Kogut [11], and recently related to GF

2∆̃φ is the scaling dimension of the momentum space field ϕ(p).
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in [7]. For 2-point functions it reads

〈φ(x)φ(y)〉conn
St

= 〈φt(x)φt(y)〉conn
S0

+At(x− y), (3.1)

where At(z) is a function which decays as a gaussian for z� at [8]. A similar formula also holds
for correlators of other local operators, such as φ 2(x). The key feature is that, at large separations,
one can therefore approximate the effective correlators by GF correlators, thereby avoiding the
necessity of a full Langevin simulation.

By including the field rescaling b∆φ

t and using the Markov property of the effective theory,
one can derive scaling relations analogous to those of typical spin-blocking transformations [8,13].
Applied to correlators of arbitrary scaling operators O(x), the scaling formula reads, for small time
steps ε ,

〈O(x̄1)O(x̄2)〉St+ε
≈ bε(t)2∆O〈O(ȳ1)O(ȳ2)〉St , (3.2)

where ∆O is the scaling dimension of O, bε(t) = bt+ε/bt , and x̄ = x/at . The operators O above
are understood to be built out of rescaled fields Φ(x̄) = b∆φ

t φ(x), where φ is the effective field at
time t. We then use the MCRG principle to relate the expectations on either side to the stochastic
observables, and if we take large spatial separations, we arrive at the ratio formula

RO(t,x2− x1) =
〈Ot+ε(x1)Ot+ε(x2)〉S0

〈Ot(x1)Ot(x2)〉S0

≈ bε(t)2(∆O−m∆φ ), (3.3)

where m is the number of factors of φ appearing in O, and Ot is evaluated on GF fields φt . The
scaling dimensions can be written as ∆O = mdφ + γO, so ∆O−m∆φ = γO−mγφ , and the formula
above may be used to find anomalous dimension differences relative to the fundamental field φ .

4. Simulation

We simulated φ 4
3 on a cube Z3

L of linear sizes L = 24,36,48,56, with the lattice action

S(ϕ) = ∑
n

[
−β

3

∑
µ=1

ϕ(n)ϕ(n+µ)+ϕ
2(n)+λ (ϕ2(n)−1)2

]
(4.1)

using a mixed update algorithm for which one sweep consisted of one Wolff clutser update and five
Metropolis updates of the radial size of ϕ , with maximum update length drad = 2.00 (see [14] for
details about the radial update). The radial update acceptance was ≈ 0.65. The thermalization cut
was 104 sweeps. Autocorrelations in the ϕ2 observable were in the range τint ≈ 4.19− 5.34, and
errors on binned data plateau around bin size 100. Flow measurements were made every 5 sweeps.
With 1 million total sweeps, we therefore have ≈ 104 independent samples of flowed data. We
simulated very close to criticality at λ = 1.1 using the precisely known value βc ≈ 0.3750966 [14].

By measuring correlation functions of the gradient-flowed operators {φ ,φ 3} and {φ 2,φ 4} in
the odd (even) subspaces, we tested the ratio formula, eq. (3.3), under small steps ε = 0.01.3 In
the case of φ −φ correlators, the formula actually predicts that the exponent of bε(t) should be 0,

3Because we utilized the long-distance equivalence of gradient-flowed and effective correlators, there was no
stochastic element in the simulation. A full Langevin simulation will be pursued in future work.

3



P
o
S
(
L
A
T
T
I
C
E
2
0
1
9
)
2
8
7

Stochastic RG and Gradient Flow in Scalar Field Theory Andrea Carosso

Figure 1: Rφ2 as a function of separation.

meaning that correlations of φ operators cannot be used to determine γφ . The correlator ratio should
plateau at 1 at large distances z� at , and this was verified (see [6]). For the observable O = φ 2,
we expect to measure the difference δ2 = 2(γφ 2 −2γφ )≈ 0.752 [14]. To extract δ2 from the ratios
RO, we parametrized the scale factor by bt =

√
1+ ct, which implies a relative scale factor

bε(t) =
(

1+
ε

c−1 + t

)1/2
. (4.2)

On any given volume, we fit the ratios to bε(t;c)2δ2 over a range of t-values to obtain estimates
for the parameters c,δ2. To obtain errors we performed a jackknife analysis, wherein the fit results
c,δ2 were computed for every member of a jackknifed ensemble [15], and the jackknife mean and
variances were then obtained; these are the blue points in Fig. 2. To extrapolate to infinite volume,
we fit to the ansatz,

δ2(L;a,ω,δ2) = δ2 +bL−ω , (4.3)

where ω in principle should be the leading correction-to-scaling exponent, namely ≈ 0.845. Re-
sults for these quantities are in Table 1; the infinite volume estimate for δ2 was 0.715(62), and ω

was consistent with the true value, albeit with large error.

δ2 b ω

0.715(62) 1.3(2.3) 0.86(77)

Table 1: Fit results for the infinite volume extrapolation determined by eq. (4.3).

We note, however, that the ratio formula, strictly speaking, applies only to scaling operators,
and it is known that the scaling operators are generally polynomials in φ , rather than monomials.
The analysis for φ 2 above suggests therefore that φ 2 is close to a scaling operator, an observation
justified by noting that φ 2 is the leading relevant operator in the even subspace. In fact, correlators
of φ 4 operators displayed almost the same power law behavior as those of φ 2, consistent with
the fact above, suggesting that φ 4 is not a good approximation to a scaling operator. To extract
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Figure 2: Infinite volume extrapolation of the difference δ2(L) related to γφ2 .

dimensions of less-relevant operators, then, a more sophisticated method is required. To that end,
we attempted a diagonalization procedure in the spirit of [16]. Generally, a scaling operator Oa

takes the form
Oa(Φ) = ∑

i
ci

aSi(Φ), (4.4)

where the Si are familiar (monomial) operators in the action. Conformal symmetry at a fixed point
implies an orthogonality of mixed correlators [13],

〈OaOb〉= δab. (4.5)

By choosing a basis of action operators B = {Si} and measuring the mixed correlators of its ele-
ments, 〈SiS j〉, one may numerically diagonalize the matrix thereby obtained to produce estimates
for correlators of scaling operators 〈OaOa〉.

A preliminary attempt at doing so for the truncated basis Bo = {φ ,φ 3} was performed. Since
φ dominates this subspace, we found a very poor signal for the φ 3 contribution. Nonetheless,
once the estimate for 〈O3O3〉 was obtained, we followed the strategy outlined above to find δ3 =

2(γφ 3 − 3γφ ). The data was insufficient to perform an infinite volume extrapolation, but better
signals were found on the largest two lattices. For example, δ3(48) = 2.09(37) was a typical
estimate on L = 48. This value is consistent (though crude) with the prediction δ3 ≈ 1.928 [17].

5. Discussion

In this contribution, the connection between gradient flow and renormalization group has been
outlined, and the idea of stochastic RG as a type of functional RG was described. The relation to
GF observables was found to be a property of long-distance correlations of the system, and this was
used to arrive at correlator scaling relations similar to those of traditional spin-blocking MCRG.
It was described how one may use these relations to measure anomalous dimension differences
numerically. Preliminary results for the differences γ2−2γ1 and γ3−3γ1 were reported. The former

5



P
o
S
(
L
A
T
T
I
C
E
2
0
1
9
)
2
8
7

Stochastic RG and Gradient Flow in Scalar Field Theory Andrea Carosso

was found with reasonable precision in the infinite volume limit, but such a limit was not obtained
for the latter due to a poor signal. Moving forward, we will work to improve statistics and pin
down the diagonalization method described above in order to compute the differences δ3, δ4, and
we are exploring possible strategies for the computation of the fundamental anomalous dimension
γφ , which would require correlations of operators that do not scale anomalously.

Acknowledgements - This work was supported by the U.S. Department of Energy under grant
DE-SC0010005.
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