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When designing a high-energy, circular accelerator, like the upcoming High-Luminosity LHC or
the future FCC, it is essential to have a reliable estimate of the expected beam losses and beam
lifetime. A good prediction of the beam losses is essential to anticipate potential issues leading to
quenches of the superconducting magnets or damage to the collimation system, while the beam
lifetime is in direct relation to luminosity and, hence, to the overall performance of the accelerator.
It is customary to make these estimations by means of the so-called dynamic aperture, which gives
the extent of phase space in which the beam motion remains bounded for a given amount of time.
The computational time for the evaluation of dynamic aperture has reached challenging levels, and
as result the dynamic aperture can only be computed over a lapse of time that is too short with
respect to the actual physical time scales. In this framework, intense efforts have been devoted to
finding means of extrapolating the results of numerical simulations to more realistic time scales.
The proposed approach is based on the Nekhoroshev theorem and Kolmogorov-Arnold-Moser
theory of dynamical systems. This approach has provided the solid ground of well-established
mathematical results to tackle a long-standing problem in accelerator physics. The technique has
since been studied and tested in detail, both in numerical simulations and in experiments at the
CERN Large Hadron collider with very encouraging results.
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1. Introduction

One of the main concepts in the domain of single-particle beam dynamics is that of Dynamic
Aperture (DA), representing the size of the connected phase-space volume exhibiting bounded
motion for a given amount of time. DA is the key observable to guide the design of several past
(see, e.g. [1 – 3]), present (see, e.g. [4]), and future (see e.g. [5 – 7]) circular hadron accelerators.

The DA is estimated using numerical simulations by tracking a set of initial conditions over a
given number of turns around the ring. By flagging a particle as lost once its amplitude becomes
too large, and by registering the time it took for the particle to get lost, an accurate approximation
of the DA and its time evolution is recreated. Estimates of the magnetic field imperfections and
misalignment errors of the machine are known within a certain uncertainty. To get a more robust
estimate of the DA, several different machine realisations (so-called seeds), each with different
errors sampled from the expected distributions, are used.

One of the main challenges when performing DA studies is their very CPU-intensive character,
putting a strong limit on the time span that can be simulated. For the case of the CERN Large
Hadron Collider (LHC), a typical upper limit is to track up to 106 turns (representing only about
89 s of revolutions around the ring), whereas a typical fill time is of the order of several hours.
A reliable model for the time evolution of the DA would allow to overcome the computational
limitations in terms of CPU-time, opening the possibility to study observables that are more directly
linked with the machine’s performance, such as beam losses and lifetime [8].

Several attempts were made in earlier work [9, 10] to create models for the time evolu-
tion of DA. These were driven by fundamental results of dynamical system theory, such as the
Kolmogorov–Arnold–Moser (KAM) [11 – 14] theory and the Nekhoroshev [15 – 18] theorem. Al-
though very successful, this approach revealed two issues: the risk of obtaining nonphysical model
parameters [8, 10] and the presence of internal dependencies among them [19 – 21].

An in-depth review has been carried out [22], the outcome of which is that it is indeed pos-
sible to overcome these two limitations. This is achieved by proposing a scaling law that is only
based on Nekhoroshev theorem, and by using the parameters’ dependencies obtained from a closer
inspection of the form of the estimate of the stability time.

2. Nekhoroshev theorem and different models of DA evolution

The Nekhoroshev theorem provides an estimate for the number of turns N(r) for which the
orbit of an initial condition of amplitude r remains bounded [16 – 18], namely

N(r)
N0

=

√
r
r∗

exp
{(r∗

r

) 1
κ

}
, (2.1)

where r∗, N0, and κ are positive quantities. As r is the amplitude in which the phase space-orbits
remain bounded, it is a literal representation of the DA. In earlier work [9, 10] a model was created
by neglecting the square root, which is valid for large r, and by inverting Eq. (2.1)

DA(N) =
b

lnκ N
+D∞ , Model 1 (2.2)
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where D∞ is an asymptotic limit inspired by KAM theory, N0 is set to 1, and b is just another
notation for r∗. This model has been applied to data and thoroughly tested and generally has
provided good results, but as mentioned above, also has a few issues. One can vary the way
Eq. (2.1) is inverted, leading to different models as detailed in [22]. A first logical step to make, is
to still neglect the square root, but to keep N0 as a variable and remove D∞, hence constructing a
model that is solely inspired on Nekhoroshev theorem, i.e.

DA(N) =
b

lnκ N
N0

. Model 2 (2.3)

Next, it is possible to invert Eq. (2.1) exactly using the exotic Lambert-W function W :1

DA(N) = b

[
−κ

2
W−1

(
− 2

κ

(
N
N0

)− 2
κ

)]−κ

. Model 4 (2.4)

It might be advantageous to use the first order of the asymptotic expansion of W :

DA(N) = b
[

ln
N
N0

+
κ

2

(
ln

κ

2
+ ln

(
ln

κ

2
+

2
κ

ln
N
N0

))]−κ

. Model 3 (2.5)

These models can be cast into different forms by using different definitions of the parameters to
avoid internal dependencies [22]. The different definitions are summarised here for later reference:

r∗ = b ρ = b
(

κ

2

)−κ

ρ∗ = ρ eκ
ρ̂∗ =

ρ∗
6

(2.6)

Furthermore, there exists an estimate for N0 from the original Nekhoroshev theorem:

N0 =
7
8

√
b
6
. (2.7)

This can be safely used for Model 4 and Model 3. For Model 2 the scaling in b disappears and only
a constant term remains; however it is not clear if this is correctly normalised. It is hence safer, in
the case of Model 2, to set N0 = 1 when not using it as a fit parameter.

The new models have been applied to a simple dynamical system like the 4D Hénon map, and
to realistic realisations of the LHC ring at top energy, in the most stringent conditions, i.e. N0 is not
fitted, but set to 1 for Model 2 and to Eq. (2.7) for Models 3 and 4.

3. Applying the different models to the Hénon map

The modulated 4D Hénon map is given by
x
px

y
py


(n+1)

=


cosωx(n) −sinωx(n) 0 0
sinωx(n) cosωx(n) 0 0

0 0 cosωy(n) −sinωy(n)
0 0 sinωy(n) cosωy(n)




x
px + x2 − y2

y
py −2xy


(n)

, (3.1)

1For the numbering of the models we use the same ordering as in [22], hence Model 4 coming before Model 3.
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where (x, px,y, py) are the phase-space co-ordinates after transformation to linear normalised co-
ordinates and after rescaling by the strength of the sextupole, ωx(n), ωy(n) read

ωx,y(n) = ω0x,y

(
1+ ε

m

∑
k=1

εk cos(Ωk n)

)
, ω0x = 0.168 , ω0y = 0.201 , (3.2)

and Ωk and εk are listed in [22].
Tracking has been performed up to 107 turns, and the results of the first two models are shown

in Fig. 1. Models 3 and 4 gave results that are indistinguishable by eye from Model 2 and are hence
not shown. Model 1 reproduces the data more accurately than the new models. However, Model 1

Figure 1: Markers: Evolution of DA as a function of turn number for different ε . The size of each marker
represents the error associated with the DA. Lines: results of the DA Models 1 and 2.

has one extra fit parameter compared to the new models. It is instructive to inspect the dependence
of the fit parameters on ε , as shown in Fig. 2. For Model 1, it is clearly visible that κ and b are

Figure 2: Dependence of the model parameters on ε for Model 1 (upper) and the other models (lower). The
figure of merit of the model quality, R2

adj, is also reported (lower right).

varying in sign, with rather larger changes of their absolute values. Such large variations are also
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visible in D∞. On the other hand, the three new models feature a rather smooth dependence on ε

and are very similar to each other.

4. Applying the different models to the LHC

DA simulations for the LHC are performed using the SixTrack code [23], by evolving initial
conditions through the LHC magnetic lattice in 6D. Several variations of the lattice configurations
have been investigated, and the performance of the various DA models is largely independent on
the specific configuration considered [22]. Therefore, the results from a single configuration are
reported here.

Fig. 3 shows both the simulated DA and the value returned by the models. Moreover, the
models have been used to extrapolate the DA up to 108 turns. The bars reported in the four plots

Figure 3: DA vs time for Models 1, 2, 3, and 4 (left to right). The various curves refer to the sixty realisations
used in the numerical simulations, which are differentiated by their colour and stop at 106 turns. Extrapolated
values up to 108 turns are also given, based on the models. The black bar indicates the DA from numerical
simulations and its related uncertainty, whereas the green bars indicate the DA from the models.

are centred around the weighted average of the DA. The data from SixTrack is averaged over the
different realisations, and the rms is used as the associated error. For the DA values obtained from
the models, for each of the sixty realisations a model is fitted and the errors on the corresponding
model parameters are used to evaluate the error associated with the DA estimate. Finally, all sixty
DA values are averaged using the corresponding errors as weights, and the rms is used as associated
error. These values are listed in Tab. 1. It is clear (both from Fig. 3 and Tab. 1) that the error bars
for Model 1 are larger than those of the other models, thus confirming a better precision of the
extrapolated DA values for Models 2, 3, and 4.

Table 1: DA values as obtained from simulations compared to DA as given by the four models.

Turns Model 1 Model 2 Model 3 Model 4

Data 106 7.52±0.06+1.50%
−1.53%

Models

106 7.50±0.05+1.94%
−1.60% 7.57±0.05+2.11%

−1.72% 7.57±0.05+2.79%
−2.24% 7.57±0.06+3.43%

−2.89%

107 7.03±0.09+3.51%
−2.78% 7.29±0.05+2.34%

−1.59% 7.29±0.05+3.02%
−2.12% 7.29±0.06+3.64%

−2.77%

108 6.6±0.2+5.77%
−6.37% 7.06±0.05+2.54%

−1.50% 7.05±0.05+3.21%
−2.02% 7.06±0.06+3.82%

−2.66%
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Similar to the case for the Hénon map, Model 1 provides parameters that are often negative and
vary significantly between the different realisations, unlike the new models, where all fit parameters
are positive and their distribution features a narrow spread around their average value.

5. Conclusions

An active field in the domain of non-linear beam dynamics, aimed at providing accurate mod-
els, based on on fundamental results of the theory of non-linear dynamical systems, of the time
variation of the extend of the DA has been discussed.

The very form of the original model, with the constant term D∞ that was inspired by KAM
theory, turned out to be responsible for the appearance of negative nonphysical model parameters,
and for having a larger variability of the model parameters. These issues are completely absent
in the new proposed models. We would like to underline that the heart of the new models is the
stability time estimate provided by the Nekhoroshev theorem, thus showing how mathematics is of
paramount important to provide efficient solutions to physical problems.

This is an important step forward for a reliable description of DA, and hence for the possibility
to extrapolate time-limited numerical computations to realistic time scales.
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