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The current experimental uncertainty on the CKM unitarity triangle angle φ3 is significantly larger
than that on the standard model prediction. A more precise measurement of φ3 is crucial for test-
ing the SM description of CP violation and probing for new physics effects. The precision can be
improved by exploring new B and D decay modes. The first model-independent measurement of
the CKM angle φ3 using B±→D(K0

Sπ+π−π0)K± decays is presented here. The GGSZ method is
used by binning the five-dimensional phase space of the D decay. This analysis uses the measure-
ment of the average strong-phase differences across the phase space in D→ K0

Sπ+π−π0 decays
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luminosity of 711 fb−1 collected at the ϒ(4S) resonance.
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1. Introduction

The current best measurement of the Cabibbo-Kobayashi-Maskawa [1] unitarity triangle angle
φ3, combining all the results from different experiments, is (73.5+4.2

−5.1)◦ [2]. This large uncertainty
compared to φ1 [2] is due to the small branching fractions of the decays sensitive to φ3. The
value of φ3 estimated indirectly from other parameters of the unitarity triangle is (65.3+1.0

−2.5)◦ [2].
Any discrepancy between these results would imply that there are new physics effects beyond
the standard model (SM). The associated uncertainties have to be comparable for a meaningful
comparison. So, improving the precision on φ3 measurement is crucial to test the CP violation
mechanism in the SM.

The angle φ3 is measured from the interference between the amplitudes of the color-favored
B−→ D0K− decay and color-suppressed B−→ D0K− decay. The corresponding amplitudes can
be written as Afav = A and Asup = ArBei(δB−φ3), where δB is the strong phase difference between the
decay processes, and

rB =
| Asup |
| Afav |

. (1.1)

The statistical uncertainty on φ3 scales as 1/rB. The value of rB is approximately equal to 0.1 for
B± → DK± decays and 0.005 for B± → Dπ± decays, which means the latter decay is not very
sensitive to φ3. However, B± → Dπ± decays serve as an excellent calibration sample due to the
similar topology as B±→ DK± decays and larger sample size. The simultaneous analysis of these
two decay modes allows the extraction of the cross-feed background from the misidentification of a
pion as a kaon, and vice versa, from data. The results presented here are a summary of the analysis
given in Ref. [3]

2. Formalism

There are different methods to determine φ3 depending on the D final state of interest. Here,
we study the four-body self-conjugate state D→ K0

Sπ+π−π0, which has a branching fraction of
5.2% [4]. The intermediate resonances like K0

Sω and K∗ρ allow for a model-independent determi-
nation of φ3 from this single channel by analysing the D phase space regions [5, 6]. In this method,
the CP violation sensitive parameters are measured in independent regions of D phase space called
“bins”.

The decay rates of B±→ DK± candidates in each bin is given as

Γ
±
i ∝ Ki + r2

BKi +2
√

KiKi(cix±∓ siy±), (2.1)

where x± = rB cos(δB±φ3) and y± = rB sin(δB±φ3). Here, Ki and Ki are the fraction of flavour-
tagged D0 and D0 events in the ith bin, respectively. The parameters ci and si are the amplitude-
weighted average of the cosine and sine of the strong-phase difference between D0 and D0 over
the ith bin. The φ3-sensitive parameters x± and y± can be determined with the total number of bins
N ≥3, provided the parameters Ki, Ki, ci and si are measured from elsewhere. The values of Ki

and Ki are determined from from D∗+→D0π+ decays with good precision due to the large sample
size available. The ci and si parameters are estimated from CLEO-c, where quantum-entangled
D0D0 pairs are produced via e+e−→ ψ(3770)→ D0D0.
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3. ci and si measurements from CLEO-c

The ci and si parameters are measured from a data sample corresponding to an integrated lu-
minosity of 0.8 fb−1 collected by the CLEO-c detector. The D phase space is divided into nine
independent bins around different intermediate resonances. The binning is implemented sequen-
tially. The rates of decays of the quantum-correlated D0D0 pairs are proportional to the ci and si

parameters. So the measurements of the decay rates of events, in which one D meson is recon-
structed in the signal mode K0

Sπ+π−π0 and the other D meson in a variety of tag modes, give
sensitivity to ci and si parameters. The results [7] are given in Table 1.

Bin no. Resonance ci si

1 ω −1.11±0.09+0.02
−0.01 0.00

2 K∗−ρ+ −0.30±0.05±0.01 −0.03±0.09+0.01
−0.02

3 K∗+ρ− −0.41±0.07+0.02
−0.01 0.04±0.12+0.01

−0.02

4 K∗− −0.79±0.09±0.05 −0.44±0.18±0.06

5 K∗+ −0.62±0.12+0.03
−0.02 0.42±0.20±0.06

6 K∗0 −0.19±0.11±0.02 0.00

7 ρ+ −0.82±0.11±0.03 −0.11±0.19+0.04
−0.03

8 ρ− −0.63±0.18±0.03 0.23±0.41+0.04
−0.03

9 Remainder −0.69±0.15+0.15
−0.12 0.00

Table 1: ci and si results in nine bins of D phase space measured in CLEO-c data [7].

4. Data samples and event selection

The data sample collected by the Belle [8, 9] detector, corresponding to an integrated lumi-
nosity of 711 fb−1, is used in this analysis. The e+e− collisions happen at a centre-of-mass energy
corresponding to the pole of the ϒ(4S) resonance. Monte Carlo (MC) samples are used to optimize
the selection criteria, determine the efficiencies and identify various sources of background.

The decays B+→ DK+ and B+→ Dπ+ are reconstructed, in which the D decays to the four-
body final state of K0

Sπ+π−π0. We also select D∗+ → Dπ+ decays produced via the e+e− →
cc̄ continuum process to measure the Ki and Ki parameters. The charged particle candidates are
required to come from within 0.5 cm and ± 3.0 cm of the interaction point in perpendicular and
parallel directions to the z-axis, respectively, where the z-axis is defined to be opposite to the e+

beam direction. These tracks are then identified as kaons or pions with the help of the particle
identification system at Belle [8]. The invariant masses of K0

S , π0 and D mesons are required to
be within 3σ of their nominal masses [4], where σ is the mass resolution. The background due
to random combinations of pions forming a K0

S is reduced with the help of a neural network [10]
based selection with 87% efficiency [11]. The energy threshold of the photons coming from the
π0 decays are optimized according to the region in which they are detected in the electromagnetic
calorimeter. Furthermore, kinematic constraints are applied to K0

S , π0 and D invariant masses and
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decay vertices. These constraints improve the energy and momentum resolution of the B candidates
and the invariant masses used to divide the D phase space into bins.

The accompanying pion in the D∗+→ Dπ+ decay carries a small fraction of the momentum
due to the limited phase space of the decay and hence is known as a slow pion. So, while recon-
structing D∗+→ Dπ+ decays, it is required that the accompanying pion has at least one hit in the
silicon vertex detector. The D meson momentum in the laboratory frame is chosen to be between
1–4 GeV/c so that the distribution matches that of the B+ → Dh+(h = K,π) sample as much as
possible. The signal candidates are identified by the kinematic variables MD, the invariant mass of
D candidate and ∆M, the difference in the invariant masses of D∗ and D candidates. The events that
satisfy the criteria, 1.80 < MD < 1.95 GeV/c2 and ∆M < 0.15 GeV/c2 are retained. A kinematic
constraint is applied so that the D and π candidates come from a common vertex position. When
there is more than one candidate in an event, the one with the smallest χ2 value from the D∗ vertex
fit is retained for further analysis. The overall selection efficiency is 3.7%.

The B+ meson candidates are reconstructed by combining a D candidate with a K+ or π+ track.
The D meson invariant mass is selected in the range 1.835–1.890 GeV/c2. We use the kinematic
variables energy difference, ∆E and beam-constrained mass, Mbc to identify the signal candidates,

which are defined as ∆E = EB−Ebeam and Mbc = c−2
√

E2
beam−|~pB|2c2. Here EB and~pB are the

energy and momentum of the B candidate and Ebeam is the beam energy in the centre-of-mass frame.
We select the candidates that satisfy the criteria Mbc > 5.27 GeV/c2 and −0.13 < ∆E < 0.30 GeV
for further analysis. In events with more than one candidate, the candidate with the smallest value

of
(

Mbc−MPDG
B

σMbc

)2
+
(

MD−MPDG
D

σMD

)2
+

(
M

π0−MPDG
π0

σM
π0

)2

is retained. Here, the masses MPDG
i are those

reported by the Particle Data Group in Ref. [4] and the resolutions σMbc , σMD and σM
π0 are obtained

from MC simulated samples of signal events.
The dominant background for any B meson decay is due to the e+e− → qq̄,q = u, d, s, c

continuum processes. Differences in the event topology between B meson pairs and continuum
events are used to suppress this background. The B meson pairs produced from the decay of the
ϒ(4S) are almost at rest in the centre-of-mass frame, because the available energy is just above the
threshold to form a BB pair. As B mesons have spin zero, there is no preferred direction in space
for the decay products. Thus the BB events follow a uniform spherical topology. But lighter-quark
pairs are produced with large initial momentum and hence two back-to-back jets are formed in
an event. These events types are separated with a NN [10] using event shape variables and other
discriminating variables including angular, vertex and flavour tag observables as input. The output
of the NN is required to be greater than −0.6, which reduces the continuum background by 67%
and signal efficiency by 5%. The overall selection efficiency is 4.7% and 5.3% for B+→DK+ and
B+→ Dπ+ modes, respectively.

5. Determination of Ki and Ki

The Ki and Ki parameters are measured from the D∗+ → Dπ+ sample by estimating the D0

and D0 signal yields in each bin. The charge of the pion determines the flavour of the D meson.
The signal yield is obtained from a two-dimensional extended maximum-likelihood fit to MD and
∆M distributions independently in each bin. Appropriate probability density functions (PDF) are
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Bin no. ND0 ND0 Ki Ki

1 51048±282 50254±280 0.2229±0.0008 0.2249±0.0008

2 137245±535 58222±382 0.4410±0.0009 0.1871±0.0007

3 31027±297 105147±476 0.0954±0.0005 0.3481±0.0009

4 24203±280 16718±246 0.0726±0.0005 0.0478±0.0004

5 13517±220 20023±255 0.0371±0.0003 0.0611±0.0004

6 21278±269 20721±267 0.0672±0.0005 0.0679±0.0005

7 15784±221 13839±209 0.0403±0.0004 0.0394±0.0004

8 6270±148 7744±164 0.0165±0.0002 0.0183±0.0002

9 6849±193 6698±192 0.0070±0.0002 0.0054±0.0001

Table 2: D0 and D0 yield in each bin of D phase space along with Ki and Ki values measured in D∗ tagged
data sample.

used to model the distributions. A quadratic correlation between MD and the width of the ∆M
distribution is taken into account for the signal component. The yields along with Ki and Ki values
are given in Table 2.

6. Estimation of x± and y±

The signal yield in each D phase space bin of B+→Dπ+ and B+→DK+ decays is determined
from a two-dimensional extended maximum-likelihood fit to ∆E and neural network output (CNN).
The latter is transformed as

C′NN = log
(

CNN−CNN,low

CNN,high−CNN

)
, (6.1)

where CNN,low = −0.6 and CNN,high = 0.9985 are the minimum and maximum values of CNN in the
sample, respectively. There are three types of background events: continuum background, combi-
natorial BB background due to final state particles from both the B mesons and cross-feed peaking
background due to the misidentification of a pion as a kaon and vice versa. The fit projections in
data sample for B+→DK+ decays are shown in Fig.1. These are signal-enhanced projections with
events in the signal region of the other variable, where the signal regions are defined as |∆E|< 0.05
GeV and C′NN > 0. The fit model is verified in MC samples and pseudo-experiments are performed
to check for any possible bias.

The fit is performed simultaneously to the nine bins and the φ3-sensitive parameters x± and
y± are determined directly from the fit by expressing the signal yield as in Eq. 2.1. The measured
values of Ki and Ki in Table 2 along with the ci and si measurements reported in Ref. [7] are used as
input parameters. Efficiency corrections are applied and the effect of migration of events between
the bins due to finite momentum resolution is also taken into account via a migration matrix. The
results obtained are given in Table 3. The statistical likelihood contours are shown in Fig. 2.

The dominant source of systematic uncertainty is due to the uncertainty on ci and si input
values. The next largest source of systematic uncertainty is the statistics of the signal MC sample
used to calculate the efficiency and migration matrix. If the signal MC statistics is further increased,
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Figure 1: Signal-enhanced fit projections of ∆E (left) and C′NN (right) in data for B±→ DK± decays. The
black points with error bar are the data and the solid blue curve is the total fit. The dotted red, blue, magenta
and green curves represent the signal, continuum, random BB backgrounds and cross-feed peaking back-
ground components, respectively. The pull between the data and the fit are shown for both the projections.

B±→ Dπ± B±→ DK±

x+ 0.039 ± 0.024 +0.018 +0.014
−0.013 −0.012 −0.030 ± 0.121 +0.017 +0.019

−0.018 −0.018

y+ −0.196 +0.080 +0.038 +0.032
−0.059 −0.034 −0.030 0.220 +0.182

−0.541 ± 0.032 +0.072
−0.071

x− −0.014 ±0.021 +0.018 +0.019
−0.010 −0.010 0.095 ± 0.121 +0.017 +0.023

−0.016 −0.025

y− −0.033 ± 0.059+0.018 +0.019
−0.019 −0.010 0.354 +0.144 +0.015 +0.032

−0.197 −0.021 −0.049

Table 3: x±and y± parameters from a combined fit to B± → Dπ± and B± → DK± data samples. The
first uncertainty is statistical, the second is systematic, and the third is due to the uncertainty on the ci, si

measurements.

the data-MC resolution difference will be worse. As this measurement is statistically dominated,
any small improvements in systematic uncertainty will have negligible impact.

7. Determination of φ3, rB and δB

We use the frequentist treatment, which includes the Feldman-Cousins ordering [12], to obtain
the physical parameters (φ3,rB,δB) from the measured parameters (x+,y+,x−,y−) in B±→ DK±

sample; this is the same procedure as used in Ref. [13]. We obtain the parameters (φ3,rB,δB) as
given in Table 4. Figure 3 shows the statistical confidence level contours representing the one, two,
and three standard deviation in (φ3,rB) and (φ3,δB) planes.

We combine the results presented here with the model-independent measurements from the
decays B+→ D(K0

Sπ+π−)K+ [13] and B0 → D0(K0
Sπ+π−)K∗0 [14], which use the full dataset

collected by the Belle detector. Without our measurement, the combination leads to φ3 = (78+14
−15)

◦.
Including our measurement, the combination gives φ3 = (74+13

−14)
◦.
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Figure 2: One (solid line), two (dashed line), and three (dotted line) standard deviation likelihood contours
for the (x±,y±) parameters for B±→Dπ± (left) and B±→DK± (right) decays in data. The point marks the
best fit value and the cross marks the expected value from the world average values of φ3, rDK

B , and δ DK
B [2].

Parameter Results 2σ interval

φ3 (◦) 5.7 +10.2
−8.8 ± 3.5 ± 5.7 (−29.7 , 109.5)

δB (◦) 83.4 +18.3
−16.6 ± 3.1 ± 4.0 (35.7 , 175.0)

rB 0.323 ± 0.147 ± 0.023 ± 0.051 (0.031 , 0.616)

Table 4: (φ3,δB,rB) obtained from the B±→ DK± data sample. The first uncertainty is statistical, second
is systematic and, the third one is due to the uncertainty on ci, si measurements.
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Figure 3: Projection of the statistical confidence intervals in the φ3− rB (left) and φ3− δB (right) planes.
The black, red, and blue contours represent the one, two, and three standard deviation regions, respectively.
The crosses show the positions of the world-average values [2].

8. Summary

The precise measurement of the CKM angle φ3 is important to further test the CP violation
mechanism in the SM. We find that D→ K0

Sπ+π−π0 is a promising candidate to add to the D
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final states that determine φ3, due to its larger branching fraction and resonance substructures. We
have measured φ3 from B± → D(K0

Sπ+π−π0)K± decays for the first time. This decay mode is
expected to provide a sensitivity of 4.4◦ with 50 ab−1 data from Belle II. Further improvements
are possible once an amplitude model for D0→ K0

Sπ+π−π0 is available to guide the binning of the
phase space such that maximum sensitivity to φ3 is obtained. A more precise measurement of ci

and si parameters could be performed with a larger sample of e+e−→ ψ(3770) data that has been
collected by BESIII, thus reducing the systematic uncertainty.
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