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Flavour-exotic tetraquark mesons, by definition boundestaf two quarks and two antiquarks of
four mutually different quark flavours, are, for given Lotefeatures, subject to two incompatible
constraints: On the one hand, within quantum chromodynsafiermation of compact tetraquark
states is most easily envisaged by merging two colouryamtisetric two-quark clusters, a diquark
and an antidiquark. This path, however, leads to merelygestetraquark state of chosen Lorentz
characteristics. On the other hand, in the limit of the nunatbeolour degrees of freedom growing
beyond bounds, internal consistency at leading orderfalthe presence of (at least) two of such
tetraquark states adenticalquark-flavour composition. The failure of attempts to reglathese
two contradictory insights suggests the nonexistencempawxt flavour-exotic tetraquark mesons.
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1. Simplified Look at Tetraquarks by Quantum Chromodynamicsin Large-N; Limit

Quantum chromodynamics (QCD), the quantum field theory g the strong interactions,
supports as admissible bound states of its quark and glugeegof freedom not only conventional
hadrons (i.e., the quark—antiquark mesons and three-tpag@ykns) but also multiquark states (such
as tetraquarks, pentaquarks, hexaquarks) and hadroridikgtrby gluon excitations. The first and
foremost boundary condition to each variant of exotic catsion is: it has to form a colour singlet.
We are interested in tetraquark mesons exhibiting flavoantwum numbera, b, c,d € {u,d, s, c, b},

T = [0a00Tc Y] » (1.1)

compact states tightly binding two quaudgs qq and two antiquarkg,, g, of massesn,, My, M, My.
Our goal is to derive information on the main features ofigtiark mesons [1-6] by inspection
of their contributions, in form of poles, to the amplituddsh® scattering of two ordinary mesons of
momentgp; andp; into two ordinary mesons of momerpéaandp,. Supposing these four ordinary
mesons to be created from the vacuum by adequate intermptaierators or currents, we do this by
investigating Green functions of four quark-bilinear eunts, here generically symbolized pyFor
the mesomg, composed of an antiquat and a quarky, with associated field operatagg(x) and
gb(X), its coupling strengttiy,, to any appropriate quark-bilinear operajgs(x), upon notationally
suppressing immaterial reference to Lorentz nature ofmef@m jz,(x) =0,(X) gp(X), is given by

fmg, = (O] jan(0)|Map) -

The primary task in that undertaking is to formulate a cidtethat allows for the unambiguous
identification of those contributions to the above scaitpemplitudes that encapsulate information
about tetraquark mesons [1]. Feynman diagrams passingyitieison are labelletetraquark-phile

A Feynman diagram is tetraquark-phile [2,5] if, as functifthe Mandelstam variable

S= (pL+P2)® = (PL+ P2)?,
it dependson-polynomiallyonsand exhibits a branch cut starting at iranch point§
defined by the square of the sum of the masses of the involvatbbstate constituents,

8= (Ma+ My +me+mg)?,
possibly contributing to getraquark poleoy support of a four-quark intermediate state.

The (non-) existence of such a branch cut can be decided ligaigm of the Landau equations [7].
In the present context, considerable profit will be drawmfiadlowing the numbeN,. of colour
degrees of freedom of QCD to become arbitrarily large anddsting any finding of the formulated
theory, largeN: QCD [8,9], in both its limitN; — o and its expansion in powers of N thereabout.
Consistency calls for constancy of the produdilpfind the square of the strong couplipgd8], i.e.,

:g_g— -1
0s= ;2 =O(N;") 0.

Animmediate implication of this is the largé- behaviour of all ordinary-meson couplinfs,, [9],
fvg, = O(V/Ne) for Ng— .

Compared with its point of origin, largi: QCD is of a significantly lesser complexity; this enabled
(at least, qualitative) analyses of different featuresaaifrbns, notably, of multiquark states [10-14].
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2. Flavour-Exotic Tetraquark Poles in Correlators: Large-N; Leading Contributions

Evidently, our next move must be to define the tetraquarkgdflacontent we are interested in.
Table 1 of Ref. [4] compiles the conceivable quark-flavounbmations. From this list, particularly
tantalizing to us seems to be the case of flavour-exoticfetnks, where the flavouesb, ¢, d of the
two quarks and two antiquarks forming any such meson diftenfeach other. This case belongs to
those configurations that betray, beyond all doubtnttreconventionahature of some hadron state.

We study mere two-ordinary-meson scattering but (for the sdcompleteness) with either an
identical or a differing distribution of the four availali@ark flavours to the two ordinary mesons in
initial and final state. As a consequence, we have to takeatount two categoriésf correlators:

flavour-preserving Green functioas{(T(jgbjad L), (T(jajenily j;Lb)>}, (2.1)
flavour-reordering Green functions { (T(jaa e, jZ‘d>>} . (2.2)

Any potentialintermediate-state tetraquark satisfies: if it contributdothof the flavour-retaining
correlators (2.1), then it will contribute to the flavoushelffling correlator (2.2) too, andce versa

.+ - .
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Figure 1: Flavour-preserving Green functiofiB( jap jzd j;{bjl—d» of four quark-bilinear currents examples
of contributions by, at orde®(N2) = O(NS as) necessarilypon-tetraquark-phil&eynman diagrams (a,b) as
well astetraquark-phileeynman diagrams (c), of tiz-leading tetraquark-philerderO(N9) = O(N2 a2).

@ -Nc (b) ~-NZos

Figure 2: Flavour-reordering Green functiofi(jzy jaoj;{bj;r—d» of four quark-bilinear currentg examples
of contributions by [at ordeD(N¢) = O(NZ as) exclusivelylnon-tetraquark-phil&eynman diagrams (a,b) as
well astetraquark-phileeynman diagrams (c) of ti-leading tetraquark-phile ord&(N; 1) = O(N; a2).

Lin order to prevent confusion, recall that in Ref. [1] thests gjot named “direct” and “recombination”, respectively.
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For the elements of the two disjoint sets (2.1) and (2.2) ee@rfunctions, the Laurent series of
the 1/N, expansions of their contributions start at or@N2) for the flavour-preserving (Fig. 1) set
(2.1) but at orde©(N;) for the flavour-reordering (Fig. 2) set (2.2), respectivdlige corresponding
decisive subsets tétraquark-philecontributions prove to be [1-4] of maximum ord@fN?) in the
flavour-retaining case (Fig. 3) but of maximum or@N; 1) in the flavour-reordering case (Fig. 4).
Imagining a tetraquark-phile Feynman diagram in the form oflinder (Fig. 3, bottom row; Fig. 4,
left) facilitates its inspection, in particular, the cralidlistinction of its planar and nonplanar gluons.
Disregarding (hardly justifiable) adjustments by hantlioflependencies leads us to the finding [1]:

TheNc-leadingmembers of the two classestefraquark-phileFeynman diagrams, the
flavour-preserving and the flavour-rearranging ones, éhitifferentN; dependence.

A consequence of this outcome is that the implied consgainthe largeN, limit of the Green
functions cannot be solved under the assumption of the pcesw only a single tetraquark. Rather,
for a selected quark flavour combination one nesdsasttwo tetraquarks, discriminable, however,
by the largeN,; dependence of their transitions to the two conceivablesgdiconventional mesons.

For any flavour-exotic quark content, let us focus to the matioption, i.e., two tetraquarkig
andTg of massesnr, andmy,, respectively. Their impact on the correlators (2.1) an#)(gields, in
terms of all tetraquark—two-ordinary-meson transitiorpimdesA( T «— M5, M) of interest,

e for the leading largeN; behaviour of thélavour-preservingetraquark-phile Green functions,

(T(jab jed J;bJérd» _ |A(Ta +— Machd)|2 4 |A(Tg +— Machd)|2

+---=0(N;?),
g 7, 7, e
(T (jad b ingitp))  [A(TA ¢— MagMp)[2 [A(Te «— Mag Map) |2 CAN-2
4 - 2 + 2 to= O(Nc ) >
i p?—mi, p?—m

o for the leading largeN; behaviour of thélavour-reorderingtetraquark-phile Green functions,

(T(jad job j;b Jgd)> A(Ta <— MapMeg) A(Ta <— MadMcp)

fi N p?—mg,
A(TB — Mgb Méd)A(TB — Mgd Méb)
p?—mi,
For a single tetraquark, the conflict is evident. In conirasttwo tetraquarks coupling unequally to
two ordinary mesons, one solution for the lafgebehaviour of the four transition amplitudes reads

A(Ta <— MapMgg) = O(Ng 1) > A(Ta <— MagMgy) = O(N:2)
= T(Ta)=0(Ng?).

4+ =0(N;3) .

A(Tg <— MapMeg) = O(N; 2) < A(Tg <— MagMgy) = O(N; 1)
=  [(Tg) =0(N;?).
if assuming both tetraquark masseg andmy, to retain their finite values in the limN; — «. The

N. dependence of the total decay widi{3) andr (Tg) of the two tetraquark$a andTg, governed
by theirN¢-leading two-meson channels, would be parametrically ledud@a) = I (Tg) = O(N; ?).
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Figure 3: Cylinder interpretation (with cylinder surfaces indiaatey dotted black lines) of typical examples
of the flavour-retaining tetraquark-phile Feynman diags & of (top)Nc-leading orde(a2 N2) = O(N?),
involving two planar gluons (pale blue dashed lines), andraandment of Feynman diagram (a) by (bottom)
one additional (a) planar gluon (pale blue dashed lined),a) onplanar gluon (dark-blue dot-dashed lines).

OE:N)

Figure 4: Generic example of flavour-reshuffling tetraquark-philgrirean diagrams [5] dfl.-leading order
O(a2Ng) = O(Ng 1), involving one planar gluon (pale blue dashed lines) anchemglanar gluon (dark-blue
dot-dashed lines), in cylinder (left, with the cylinder ¢ours indicated by dotted black lines) and in unfolded
(right) — therefore the inevitable nonplanarity of one af txchanged gluons emphasizing — interpretation.
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3. Bitter Pill to Swallow: Mismatch of Tetraquark Formation and Large-N; Insights

Finally, we turn to the formation path oftmmpactetraquark meson. From the group-theoretic
point of view, a state combining two quarks and two antigaaransforming according to either the
3-dimensional fundamental representat®wf the QCD gauge group SB) or that representation’s
complex conjugat8 forms a reducible 81-dimensional representation of§Whereas, according
to confinement, any hadron is an &) singletl: we must identify the singlets in the tensor product

0b0dT,0. ~3®3®3®3=81=101983808983 100104 27.

Tracking the tetraquark formation through the possiblermediate stages, $8) singlets can arise
along only two routes. Either the two quarks mergediaarkin the antisymmetric 3-dimensional
representatioB and the two antiquarks to amtidiquarkin the complex conjugate representati)n
which yields a tightly bound, compact tetraquark stateherstipposed tetraquark constituents form
two colour-singlefguark—antiquarkstates that may end up as a loosely bound, molecular-tyfee sta
As a matter of fact, this reasoning applies identically fbclaoicesN; > 2 of the number of colours.

4. Conclusion: Bad Hand for Tetraquark Mesons of Genuinely Favour-Exotic Type

So, largeN:. QCD causes, ilN¢-leading evaluatiorflavour-exotictetraquarks to exist pairwise
[1-4] but provides just oneompactetraquark structure. The possible resolution of thatahaght
explain the lack of any reliable experimental observatibitegour-exotic tetraquark candidates [5]:

LargeN; QCD does not support the existence of any naiftawour-exotictetraquarks.

Maybe, an eviderdide remarkis in order. For a pretty simple reason, our above consideisat
do not apply to any case @fenticalflavours of either the two quarks or the two antiquarks, and th
also not to any case of identical flavoursbofththe two quarks and the two antiquarks, in particular,
not to any case of four identical flavours, that is, to allggtrarks exhibiting the flavour composition

T =[0,00.9] (a carbitrary) or T =[0,00,01] (b,d arbitrary) : (4.2)

upon allowing for flavour identita=corb=d in Eq. (1.1), flavour-retaining Green functions (2.1)
and flavour-rearranging Green functions (2.2) becometingdisishable, whence a single tetraquark
suffices to satisfy thBl.-leading constraints. Tetraquarks of the kind (4.1) withudirk—antidiquark
binding have been explored since long, and may have beetedmtlattice QCD recently [15-17].

AcknowledgementsD. M. and H. S. express gratitude for support under joint CREEBR Grant No. PRC
Russia/19-52-15022. D. M. is grateful for support by thethiaa Science Fund (FWF), Project No. P29028.

References

[1] W. Lucha, D. Melikhov, and H. Sazdjian, Phys. RevdB(2017) 014022, arXiv:1706.06003 [hep-ph].
[2] W. Lucha, D. Melikhov, and H. Sazdjian, PoS (EPS-HEP 290, arXiv:1709.02132 [hep-ph].
[3] W. Lucha, D. Melikhov, and H. Sazdjian, Eur. Phys. J77(2017) 866, arXiv:1710.08316 [hep-ph].

[4] W. Lucha, D. Melikhov, and H. Sazdjian, EPJ Web Cdt#2(2018) 00044, arXiv:1808.05519
[hep-ph].
[5] W. Lucha, D. Melikhov, and H. Sazdjian, Phys. RevaB(2018) 094011, arXiv:1810.09986 [hep-ph].



Flavour-Exotic Tetraquarks in LargedJNQCD: Do They Exist? Dmitri Melikhov

[6] W. Lucha, D. Melikhov, and H. Sazdjian, Phys. Revl1D0(2019) 014010, arXiv:1901.03881
[hep-ph].
[7] L. D. Landau, Nucl. Physl3(1959) 181.
[8] G.'tHooft, Nucl. Phys. B72(1974) 461.
[9] E. Witten, Nucl. Phys. B60(1979) 57.
[10] S. Weinberg, Phys. Rev. Left10(2013) 261601, arXiv:1303.0342 [hep-ph].
[11] M. Knechtand S. Peris, Phys. Rev88 (2013) 036016, arXiv:1307.1273 [hep-ph].
[12] T.D. Cohen and R. F. Lebed, Phys. Revo®(2014) 016001, arXiv:1403.8090 [hep-ph].

[13] L. Maiani, A. D. Polosa, and V. Riquer, J. High Energy Bh@6 (2016) 160, arXiv:1605.04839
[hep-ph].

[14] L. Maiani, A. D. Polosa, and V. Riquer, Phys. RevoB(2018) 054023, arXiv:1803.06883 [hep-ph].

[15] A. Francis, R. J. Hudspith, R. Lewis, and K. Maltman, Bhiev. Lett118(2017) 142001,
arXiv:1607.05214 [hep-lat].

[16] P. Bicudo, J. Scheunert, and M. Wagner, Phys. Re35[2017) 034502, arXiv:1612.02758 [hep-lat].

[17] P. Junnarkar, N. Mathur, and M. Padmanath, Phys. R&8 (2019) 034507, arXiv:1810.12285
[hep-lat].



