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The hadronic vacuum polarisation contributions to the muon magnetic anomaly and to the run-
ning of the electromagnetic coupling constant at the Z-boson mass are reevaluated. Newest
e+e− → hadrons cross-section data are included together with a phenomenological fit of the
π+π− threshold region in the evaluation of the dispersion integrals. The precision in the indi-
vidual datasets cannot be fully exploited due to discrepancies that lead to additional systematic
uncertainty in particular between BABAR and KLOE data in the dominant π+π− channel. For the
muon (g−2)/2, the lowest-order hadronic contribution obtained is (693.9±4.0) ·10−10. The full
Standard Model prediction differs by 3.3σ from the experimental value. The five-quark hadronic
contribution to α(m2

Z) is evaluated to be (276.1±1.0) ·10−4.
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A new evaluation of the lowest-order hadronic vacuum polarisation (HVP) contribution, ahad,LO
µ ,

to the muon magnetic anomaly, and the hadronic contribution, ∆αhad(m2
Z), to the running α(m2

Z)

at the Z-boson mass is presented. 1 The HVP contributions are currently the limiting factor on the
prediction side for testing the Standard Model (SM) at quantum level by comparing the SM pre-
diction of aµ and the corresponding measurement, where a discrepancy over 3 standard deviations
is observed [1]. With respect to our previous evaluation [2], the main new inputs and changes are
listed here:

• For the dominant π+π− channel, updated (new) cross-section measurements from KLOE [3]
(CLEO [4]) are included. In addition, a phenomenological fit to supplement less precise data
in the low-energy domain up to 0.6 GeV is performed.

• A new cross-section measurement from CMD-3 [14] of the K+K− channel, which provides
third most important contribution after that of π+π− and π+π−π0 channels, is included.

• There are a few other new measurements in the π−γ , π+π−2π0, π+π−3π0, ηπ+π−,
ηπ+π−π0, φη and KSKLπ0 channels. A complete list is given in Ref. [1].

• Another important change is the introduction of an additional systematic uncertainty to ac-
count for a global discrepancy between π+π− data from BABAR and KLOE, the two most
precise measurements in this channel.

The phenomenological fit is performed to all pion form factor data using the relation:

σ
(0)(e+e−→ π

+
π
−) =

πα2

3s
β

3
0 (s) · |F0

π (s)|2 ·FSR(s) , (1)

where σ (0) is the bare cross section, α the fine structure constant, β0(s) =
√

1−4m2
π/s is a thresh-

old kinematic factor and FSR(s) is the final state radiation contribution. The pion form factor
is an analytic function of s in the complex plane, except on the real axis above 4m2

π . It can be
parameterised as a product of two functions [6]

F0
π = G(s) · J(s) (2)

with
G(s) = 1+αV s+

κs
m2

ω − s− imωΓω

, (3)

and

J(s) = e1−δ1(s0)/π ·
(

1− s
s0

)[1− δ1(s0)
π

]
s0
s
(

1− s
s0

)−1

· exp
(

s
π

∫ s0

4m2
π

dt
δ1(t)

t(t− s)

)
, (4)

exploiting the unitarity constraint which identifies arg(F0
π ) with the P-wave π+π− phase shift δ1(s).

The last term in Eq. (3) accounts for the ω → π+π− contribution. The function J(s) is taken from
Refs. [7, 8]. Owing to ρ dominance, the phase shift δ1(s) can be parameterised by [9]

cotδ1(s) =
√

s
2k3(s)

(
m2

ρ − s
)( 2m3

π

m2
ρ

√
s
+B0 +B1ω(s)

)
(5)

1At the conference, preliminary results were presented. The final results are now available in [1] and briefly de-
scribed here.
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with

k(s) =

√
s−4m2

π

2
, ω(s) =

√
s−
√

s0− s√
s+
√

s0− s
.

The six free parameters αV , κ , mω , mρ , B0 and B1 are determined by the fit to the π+π− data
restricted to the region up to 1 GeV to stay below the threshold of significant inelastic channels.
The width of the ω resonance is fixed to 8.49 MeV [10], and

√
s0 = 1.05 GeV.

The result of the fit is compared in Fig. 1 (left) with the combined data obtained using the
program library HVPTools [11]. In case of a local discrepancy among datasets, the uncertainty of
each dataset is rescaled according to the local χ2 value and number of degrees of freedom following
the PDG prescription [10]. In the energy range between 0.3 and 0.6 GeV, the result of the fit yields
for ahad,LO

µ [ππ] a contribution of 109.8± 0.4± 0.4 2, where the first error is experimental and the
second the model uncertainty. The latter is obtained by adding linearly the absolute values of
following two variations: vary

√
s0 to 1.3 GeV and remove the linear term B1ω(s) from Eq.(5)

since the resulting value of B1 from the nominal fit is consistent with zero. The fit agrees with but
is more precise than the result from the direct data integration of 109.6±1.0.
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Figure 1: Left: The HVPTools combination (green band) relative to the result of the fit to all individual
π+π− data (blue band) versus centre-of-mass energy. The black and red curves show the results of two
alternative fits where the data from KLOE and BABAR, respectively, were excluded. Right: Comparison
of results for ahad,LO

µ [ππ], evaluated between 0.6 GeV and 0.9 GeV for the various experiments. In case of
CMD-2 and KLOE, all available measurements from these experiments have been combined using HVP-
Tools.

In Fig. 1 (left), two alternative fits are compared. They correspond to the cases where, re-
spectively, the BABAR and KLOE data are excluded from the fits. It clearly shows that these fit
results do not agree with each other nor with the default fit result when all the data are used. The
disagreement can also be seen in Fig. 1 (right) for ahad,LO

µ [ππ] based on data integration between
0.6 and 0.9 GeV. In light of this discrepancy, which is not fully captured by the local uncertainty
rescaling procedure, we add as an extra systematic uncertainty half of the full difference between
the complete integrals without BABAR and KLOE, respectively, and we place the central value
of the ahad,LO

µ [ππ] contribution half-way between the two results. This procedure results in a total

2If not stated otherwise, all numerical results for aµ are quoted in units of 10−10.
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π+π− contribution of ahad,LO
µ [ππ] = 507.8±0.8±3.2, where the first uncertainty is statistical and

the second systematic (dominated by the new uncertainty of 2.8).
Tensions among datasets are also present in the K+K− channel. Figure 2 (left) shows a com-

parison of available measurements on the φ (1020) resonance. Previously, a 5.1% difference be-
tween CMD-2 [12] at VEPP-2M and BABAR [13], with the CMD-2 data being lower, was ob-
served. New results from CMD-3 at VEPP-2000 [14] exhibit the opposite effect: they are 5.5%
higher than BABAR. The discrepancy of almost 11% between the two CMD-2/3 datasets, which
largely exceeds the quoted systematic uncertainty of 2.2%, of which only 1.2% accounts for un-
certainties in the detection efficiency, is claimed to originate from a better understanding of the
detection efficiency of low-energy kaons in the CMD-3 data.3 Given the yet unresolved situation,
both CMD-2 and CMD-3 datasets are kept, which, owing to the uncertainty rescaling procedure in
presence of discrepancies, leads to a deterioration of the precision (by about a factor of 2) of the
combined data (Fig. 2 (right)).
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Figure 2: Left: comparison between individual e+e− → K+K− cross-section measurements from CMD-
2 [12], BABAR [13], CMD-3 [14] and SND [15], and the HVPTools combination. Right: local scale
factor versus centre-of-mass energy applied to the combined K+K− cross-section uncertainty to account for
inconsistency in the individual measurements.

Among a total number of 32 exclusive channels considered for energies below 1.8 GeV, there
are a few other updates but the resulting changes are very small (see Ref. [1]). Owing to new
measurements, only very small contributions rely on estimates using isospin symmetry. The main
changes together with the total LO HVP contribution with respect to our previous evaluation are
shown in Table 1. The discrepancy between different datasets is now a limiting factor to further
improve the precision of the LO HVP evaluation.

Adding to ahad,LO
µ the contributions from higher order hadronic loops (see Ref. [1] for a full

list of references cited therein), −9.87± 0.09 (NLO) and 1.24± 0.01 (NNLO), hadronic light-
by-light scattering, 10.5± 2.6, as well as QED, 11658471.895± 0.008, and electroweak effects,
15.36±0.10, one obtains the complete SM prediction aSM

µ = 11659183.0±4.0±2.6±0.1 (4.8tot),
where the uncertainties account for lowest and higher order hadronic, and other contributions,
respectively. The SM prediction deviates from the experimental value, aexp

µ = 11659209.1±5.4±
3.3 [16, 17], by 26.1±7.9 (3.3σ ). A compilation of recent SM predictions for aµ compared with

3In comparison with the CMD-2/3 and SND measurements, the ISR method of BABAR benefits from higher-
momentum kaons with better detection efficiency owing to the boost of the final state.
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Channel ahad,LO
µ [10−10] 2019 ahad,LO

µ [10−10] 2017 δahad,LO
µ change

π+π− 507.80±0.83±3.19±0.60 507.14±1.13±2.20±0.75 +30%
K+K− 23.08±0.20±0.33±0.21 22.81±0.24±0.28±0.17 +8%
Missing (%) 0.016±0.016 0.09±0.02
Sum 693.9±1.0±3.4±1.6±0.1ψ ±0.7QCD 693.1±1.2±2.6±1.7±0.1ψ ±0.7QCD +16%

Table 1: Comparison of the new evaluation with our previous one and their relative uncertainty change.
Where three (or more) uncertainties are given, the first is statistical, the second channel-specific systematic,
and the third common systematic, which is correlated with at least one another channel. The uncertainty
in the Breit-Wigner integrals of the narrow resonances J/ψ and ψ(2S) is dominated by the the respective
electronic width measurements [10]. The QCD uncertainty includes effects from the αs uncertainty, the trun-
cation of the perturbative series at four loops, the FOPT vs. CIPT ambiguity, and quark mass uncertainties.

the experimental result is given in Fig. 3. To go beyond the current non-conclusive discrepancy
between the SM prediction and the measurement, much more precise cross-section measurements
on the prediction side are needed since there is a good perspective in the near future for a significant
uncertainty reduction on the measurement from the Fermilab experiment.
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Figure 3: Compilation of recent data-driven results for aSM
µ (in units of 10−10), subtracted by the central

value of the experimental average [16, 17]. The blue vertical band indicates the experimental uncertainty,
with the darker inlet representing the experimental systematic uncertainty. The representative SM predictions
are taken from KNT 2018 [18], J 2018 [19], and this work (DHMZ 2019).

The corresponding result for the hadronic contribution to the running of α(m2
Z) is ∆αhad(m2

Z)=

(275.4± 1.0) · 10−4, the uncertainty of which is dominated by data systematic effects (0.7 · 10−4)
and the uncertainty in the QCD prediction (0.6 ·10−4). The result without the new BABAR/KLOE
systematic uncertainty is 275.3 ± 0.9. Adding to this the four-loop leptonic contribution,
∆αlep(m2

Z) = (314.979± 0.002) · 10−4, one finds α−1(m2
Z) = 128.946± 0.013. The current un-

certainty on α(m2
Z) is sub-dominant in the SM prediction of the W -boson mass (the dominant

uncertainties are due to the top mass and of theoretical origin), but dominates the prediction of
sin2

θ `
eff, which, however, is about twice more accurate than the combination of all present mea-

surements.
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