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In the past years, we have been developing a novel technique, called Four-Dimensional Unsubtraction (FDU) which aims to obtain purely four-dimensional representations of the matrix
elements contributing to physical observables. In this talk, we describe the application of the
loop-tree duality (LTD) theorem to represent loop amplitudes in terms of tree-level like objects,
focusing on the origin of possible singularities of scattering amplitudes. In particular, we analyze
the regions responsible of infrared and threshold singularities. With this information, we aim to
extend the FDU formalism to NNLO and beyond.
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1. Introduction

2. Basics of the LTD theorem
It is a well-known fact that virtual amplitudes can be decomposed by performing cuts on internal lines. In the early sixties, the Feynman Tree theorem (FTT) established that any loop integral
can be expressed as the sum of all possible l-cuts, with l running over all the available internal
lines. This idea lead to several developments in the following years, such as the unitarity based
methods. Within the FTT, all the cut contributions preserve the original prescriptions. However,
the number of possible cuts rapidly increases with the number of loops and external legs. An alternative approach consists in applying the Cauchy’s residue theorem on the energy component of the
loop momenta, thus imposing only one on-shell condition for each independent loop momenta: this
is the Loop-Tree Duality (LTD) theorem. From a practical point of view, it can be stated that the
number of simultaneous cuts is equal to the number of loops. Apart from that, the prescription of
the dual components within LTD has to be modified in order to capture the information contained
inside the multiple-cut contributions given by the FTT.
Explicitly, at one-loop, a generic N-particle scalar integral is written as
L(1) (p1 , . . . , pN ) =

N

Z N

∏ GF (qi ) ≡ ∑

Z

i=1 ℓ

ℓ i=1

1

N

δ̃ (qi )

∏

j=1, j6=i

GD (qi ; q j ) ,

(2.1)
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When dealing with scattering amplitudes in the context of perturbative Quantum Field Theories (pQFT), it is usual to find ill-defined mathematical expressions. In particular, tree-level amplitudes are rational functions of the external momenta whose poles indicate the presence of infrared
(IR) or threshold singularities. On the other hand, loop amplitudes also posses ultraviolet (UV)
divergences and thresholds that originate branch-cuts. The important observation is that scattering amplitudes can be reconstructed from their singular structure, which indicates that most of the
physical information of these objects is contained within the problematic regions.
In this talk, we propose to study the structure of loop amplitudes through the application of the
Loop-Tree Duality (LTD) theorem [1, 2]. This method has several advantages compared to other
approaches because the integration domain is transformed into an Euclidean space, thus reducing
the treatment of loop amplitudes to tree-level-like objects defined over an extended phase-space. In
this way, the analysis of singularities is more transparent and allows a direct physical interpretation
in terms of real particles.
The outline of this article is the following. In Sec. 2, we very briefly review the main notation
required for implementing the LTD approach, as well as some basic formulae. Then, we directly
jump to the analysis of IR singularities for loop amplitudes, through an explicit example. This is
discussed in Sec. 3, where we focus on the location of the problematic regions within the integration
domain. After that, we enter into the analysis of threshold singularities in Sec. 4. We summarize
the conclusions of a very recent paper [3], emphasizing the advantages of the LTD approach to
deal with generic multi-loop multi-leg processes. Finally, we present the conclusions and future
research directions in Sec. 5.
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where the so-called dual propagator is defined according to
GD (qi ; q j ) =

1
q2j − m2j − ı0 η (q j − qi )

,

(2.2)

L (2) (p1 , . . . , pN ) =
≡

Z Z

ℓ1 ℓ2

Z Z

∏ GF (qi )

ℓ1 ℓ2 i∈α

[GD (α1 ) GD (α2 ∪ α3 ) + GD (−α2 ∪ α1 )GD (α3 ) − GD (α1 ) GF (α2 ) GD (α3 )] , (2.3)

where the internal momenta qi = ℓ1 + ki , q j = ℓ2 + k j and qk = ℓ1 + ℓ2 + kk , are classified into three
different sets, i ∈ α1 , j ∈ α2 and k ∈ α3 , with α = α1 ∪ α2 ∪ α3 . More details about the momenta
assignation is available in Ref. [6].

3. Location of IR singularities and FDU approach
Let us consider the dual representation of a generic one-loop scalar integral given in Eq. (2.1).
If we center in the i-th dual contribution, we can appreciate that it involves the product of dual
propagators GD (qi ; q j ) with j 6= i, integrated over the forward hyperboloid associated to the positive energy solution of GF (qi )−1 = 0. Inside this region, it is possible that one or more internal
momenta become on-shell, thus leading to the appearance of singularities at integrand level. These
singularities can be due to intersection of hyperbolodois or a complete overlap of them. The first
situation originates threshold singularities, whilst the second one can only take place when dealing
with massless states and is responsible of the infrared (IR) divergent structure of the integral [7, 8].
We will return to thresholds in the next section.
In Fig. 1 we show the previously mentioned situations for the particular case of a threepoint scalar function. In the left panel, internal states are massive, thus leading to non-overlapping
hyperboloids. In this case, they could partially intersects, and originate quasi-collinear singularities
(that manifest through logarithmically enhanced contributions). In the right panel, we consider the
massless triangle: we can appreciate that the forward light-cone of I1 overlaps with the backward
light-cone of I3 and the forward light-cone of I2 overlaps with the backward one of I1 . These
intersections lead to IR soft/collinear singularities, which are contained within a compact region of
the integration domain.
The last assertion is one of the main ingredients of the so-called Four-Dimensional Unsubtraction (FDU) framework. According to several well-known theorems, such as the Kinoshita-LeeNauenberg theorem for QCD, the sum over all degenerated configurations allows to define finite
IR-safe observables. From the practical point of view, this implies summing over virtual and real
contributions. The LTD theorem transforms the virtual into dual terms, but still it is necessary to
perform a proper integrand level combination with the real-emission part. In order to do that, we
2
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being η an arbitrary space-like vector. It is worth appreciating that δ̃ (qi ) = 2π ı δ (q2i − m2i )θ (qi,0 ),
which implies that the dual contributions are integrated over on-shell forward hyperboloids.
The formula can be generalized to the multi-loop case, and also allows to deal with Feynman
integrals involving higher-powers [4] of the propagators (for instance, those associated to selfenergy insertions beyond the two-loop level). For instance, at two-loop, we can write [5, 6]
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need to define proper kinematical mappings to generate the real phase-space. The fact that IR singularities are confined into a compact region for both the dual and the mapped-real contributions
guarantees the point-by-point cancellation of IR singularities: once the integrand-level expressions
are locally regularized, we can safely work in four spcae-time dimensions.
More details about this method are available in Refs. [8, 9, 10, 11, 12, 13, 14, 15, 16].

4. Thresholds and unphysical singularities
The LTD approach offers a very suitable framework to understand the origin of the singular
structure of virtual contributions, performing the whole analysis in four space-time dimensions.
This is mainly due to the fact that Minkowski integration domain is transformed into an Euclidean
one, which resembles a physical phase-space integral. So, let us apply this to analyze the singular
behaviour of one-loop amplitudes; a complete study at two-loops and beyond is presented in Ref.
[3].
The starting point consists in the definition of the integrand functions
(1)

Si j

= (2π ı)−1 GD (qi ; q j ) δ̃ (qi ) + (i ↔ j) ,

(4.1)

(1)
Si jk

= (2π ı)−1 GD (qi ; q j )GD (qi ; qk ) δ̃ (qi ) + perms. ,

(4.2)

which are associated to theqsum of all the possible single-cuts for bubble and triangle integrals,
(+)
respectively. Given ql,0 = q2l + m2l , with l ∈ {i, j}, we can introduce the set of variables
(+)

(+)

= ±qi,0 ± q j,0 + k ji,0 ,
λi±±
j
3

(4.3)
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Figure 1: Graphical representation of the on-shell hyperboloids associated to the integration region for the
different dual contributions. Their intersections determine the location of IR and threshold singularities
within the integration domain. In the left panel, internal masses prevent the overlap of hyperboloids and
there are not IR singularities, but threshold ones. In the right panel, hyperboloids degenerate to light-cones:
forward-backward intersections originate the IR singular structure.
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with k ji a combination of momenta[3]. Since the denominators of different dual propagators consist
±±
in products of different λi±±
j , the limits λi j → 0 indicate the location of the singular points of
the integrands. In consequence, without losing generality, we can focus on the solutions of the
equations
λi±±
(4.4)
j =0,

λ ++ → 0 and λ +− → 0 .

(4.5)

k2ji − (mi + m j )2 ≥ 0 ,

(4.6)

The solution λi++
j = 0 requires
which implies a time-like separation between the momenta, i.e. they are causally connected. This
region is responsible of physical threshold singularities that fix the imaginary part of the corre(1)
sponding Feynman integrals. By expanding Si j around λi++
j = 0, we find
(1)

Si j

=−

θ (−k ji,0 )θ (k2ji − (mi + m j )2 )
(+) (+)

4 qi,0 qi,0 (λi++
j + ı0k ji,0 )



0
,
+ O (λi++
)
j

(4.7)

where we can appreciate that the prescription is always −ı0 because k ji,0 < 0. This is equivalent to
fix the standard Feynman prescription, thus implying that LTD and FTT give the same contribution.
Another interpretation of the limit λi++
j → 0 is possible by using hyperboloids. In fact, this situation
corresponds to the intersection of a forward with a backward hyperboloid.
The other independent limit, namely λi+−
j → 0, requires
k2ji − (mi − m j )2 ≤ 0 ,

(4.8)

i.e. a non-causal or space-like separation of the momenta. In this case, it is possible to demonstrate
that an unphysical threshold is originated. However, the property
(+)

(+)

lim qi,0 GD (q j ; qi )
lim q j,0 GD (qi ; q j ) = − +−

λi+−
j →0

(4.9)

λi j →0

is valid because of the change of sign within the dual prescription. This implies that the potential
singular behavior is healed when adding the different dual contributions, thus canceling in the final
(1)
0
result. In other terms, Si j = O((λi+−
j ) ). At this point, we can appreciate that the result is completely consistent with the FTT decomposition, where the cancellation of unphysical singularities
occurs after adding all the possible cuts (even multiple cuts). The advantage of the LTD approach
is that such cancellation only requires to consider single cuts with the proper modified prescription.
As we did with physical thresholds, the LTD approach has the advantage of allowing a geometrical interpretation of the cancellation of unphysical or spurious singularities. They are originated
in the intersection of two forward (backward) hyperboloids. In this way, the same potential singularity manifest in two separated dual terms, but they contribute with an opposite sign.
4
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and explore the conditions allowing such kinematical configurations.
(1)
For the moment, let us consider the function Si j . Its singular structure depends on the
distance of the external momenta measured in the four-dimensional space-time. In this case, there
are only two independent limits:
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4.1 Anomalous thresholds
Finally, we would like to highlight the advantages of the LTD formalism to provide an alternative description of anomalous thresholds. These singular configurations were first studied in the
sixties, but a mathematically rigorous treatment is not offer within the most diffused literature. At
one-loop level, anomalous thresholds manifest when more than two propagators become simulta(1)
neously on-shell. Using the function Si jk introduced in Eq. (4.2), we can consider the double
limit
++
(4.10)
λi++
j → 0 and λik → 0 ,

5. Outlook and conclusions
In this article, we summarize some recent developments on the analysis of the singular structure of scattering amplitudes within the LTD approach. We focus on the advantages offered by
our technique, since all the analysis is performed at the level of dual integrals defined in Euclidean
spaces. This allowed us to locate the regions responsible of the physical IR singularities, and
achieve a fully local cancellation when adding the mapped-real corrections [11, 12]. In consequence, a natural four-dimensional representation of any IR-safe physical observables emerges
from our formalism.
Also, we have recently exploted our method to describe the origin of causal and anomalous
thresholds, at one-loop level and beyond [3]. We demonstrated that the dual prescription is crucial
to achieve a proper cancellation of unphysical and spurious singularities. Moreover, we paved the
way for a deeper understanding of the causal structure of scattering amplitudes and their singularities at higher-loop orders, by transforming Feynman integrals into phase-space ones through the
LTD theorem.
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