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1. Introduction

The matrix elements of the energy-momentum tensor (EMT) play an important role in many differ-
ent physical processes, from gravitational scattering [1, 2] to the internal properties of hadrons [3,
4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. These matrix elements can be decomposed into a series
of Lorentz invariant form factors1, which fully encode their non-perturbative structure. In recent
years, there has been a significant effort, particularly in the context of hadronic physics [6, 7, 10,
12, 13, 16, 17, 18, 19, 20], to try and classify these objects for states of different spin. Here we
report on recent progress in this direction [21, 22].

2. The gravitational form factors

In order to analyse the constraints imposed on the gravitational form factors one must first define
the physical on-shell states appearing in the EMT matrix elements. For massive states one defines:

|p,σ ;M〉= δ
(+)
M (p)|p,σ〉 ≡ 2π θ(p0)δ (p2−M2)|p,σ〉, (2.1)

where M is the mass of the state, σ is the canonical spin projection in the z-direction, and |p,σ〉
the unrestricted momentum eigenstate. This definition guarantees that the states are manifestly on-
shell, and enables the corresponding matrix elements to be analysed in a Lorentz covariant manner.
Taking the EMT operator T µν to be the symmetric version [23], it follows from the hermiticity and
conservation of this current that the matrix elements for arbitrary spin can be written2 [1]

〈p′,σ ′;M|T µν(0)|p,σ ;M〉= ησ ′(p′)
[

p̄{µ p̄ν}A(q2)+ ip̄{µSν}ρqρ G(q2)+ · · ·
]

ησ (p)δ
(+)
M (p′)δ

(+)
M (p),

(2.2)

where · · · indicates contributions with an explicitly higher-order dependence on the four-momentum
transfer q = p′− p, the curly brackets denote the symmetrisation of the indices, and p̄ = 1

2(p′+ p)
is the average four-momentum. ησ (p) is the Lorentz-index-carrying coefficient that appears in the
canonical decomposition of the free field with the same spin as the state. Collectively, we refer to
these coefficients as the generalised polarisation tensors (GPTs): for spin- 1

2 these are simply the
Dirac spinors uσ (p), and for spin-1 they are the polarisation vectors εσ (p). Sµν are the Lorentz
generators in the spin representation of the GPTs. Since the arbitrary spin GPTs appear in a purely
external manner in Eq. (2.2), this makes it clear that the complexity of this expression, and ul-
timately the total number of independent form factors, is completely determined by the possible
combinations of contracting the Lorentz generators Sµν with p̄, q, and the metric, whilst respecting
the conservation and symmetry of T µν .

In [24] it was demonstrated in the spin- 1
2 case that by expressing the matrix elements of the Poincaré

charges in two ways: using the form factor expansion, and the Poincaré transformation properties

1These form factors are often referred to as the gravitational form factors.
2This decomposition can also in principle be applied to massless states, where now σ is the helicity projection of

the state. However, non-trivial subtleties arise as the spin of the states is increased. These issues will be addressed in a
future work.
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of the states, one can equate these equivalent expressions and derive the following zero momentum-
transfer constraint on A(q2) and G(q2):

A(0) = G(0) = 1. (2.3)

At this point it remained an open question as to whether this constraint continued to hold for
massive states of arbitrary spin. Using Eq. (2.2) it was subsequently proven in [21] that this is in
fact true, and in [22] this proof was generalised to states defined using any spin-state convention.
In the remainder of these proceedings we will provide an overview of these results.

3. Constraints for massive states

As outlined in [24], a rigorous operator definition of the rotation Ji and boost Ki generators is
essential for correctly deriving the gravitational form factor constraints3. Using the expressions for
the corresponding currents, these charges are defined:

Ji =
1
2

ε
i jk lim

d→0
R→∞

∫
d4x fd,R(x)

[
x jT 0k(x)− xkT 0 j(x)

]
, (3.1)

Ki = lim
d→0
R→∞

∫
d4x fd,R(x)

[
x0T 0i(x)− xiT 00(x)

]
, (3.2)

where fd,R(x)≡αd(x0)FR(x), and the (test) functions αd and FR satisfy the conditions:
∫

dx0αd(x0)=

1, limd→0 αd(x0) = δ (x0), FR(0) = 1, and: limR→∞ FR(x) = 1. Combining these definitions with
the form factor decomposition in Eq. (2.2), one obtains:

〈p′,σ ′;M|Ji|p,σ ;M〉=−iε i jk p̄k(2π)4
δ
(+)
M (p̄)A(q2)

[
δσ ′σ ∂

j− ∂
j[

ησ ′(p′)ησ (p)
]∣∣

q=0

]
δ

4(q)

+
1
2

ε
i jk(2π)4

δ
(+)
M (p̄)G(q2)

[
ησ ′(p̄)S jk

ησ (p̄)
]

δ
4(q) (3.3)

〈p′,σ ′;M|Ki|p,σ ;M〉= i(2π)4
δ
(+)
M (p̄)A(q2)

[
δσ ′σ (p̄0

∂
i− p̄i

∂
0)− p̄0

∂
i[

ησ ′(p′)ησ (p)
]∣∣

q=0

]
δ

4(q)

+(2π)4
δ
(+)
M (p̄)G(q2)

[
ησ ′(p̄)S0i

ησ (p̄)
]

δ
4(q). (3.4)

One can also write an alternative representation of these matrix elements using the general Lorentz
transformation condition for massive (canonical spin) states of spin s [25]:

U(α)|p,σ ;M〉= ∑
σ ′

D
(s)
σ ′σ (α)|Λ(α)p,σ ′;M〉, (3.5)

where D (s)(α) is the (2s+ 1)-dimensional Wigner rotation matrix corresponding to the (proper
orthochronous) Lorentz transformation α , and Λ(α) is the four-vector representation of α . By sep-
arately expanding this expression for infinitesimal rotations and boosts, and using the distributional
characteristics of the states, the Ji and Ki matrix elements have the following general structure:

〈p′,σ ′;M|Ji|p,σ ;M〉= (2π)4
δ
(+)
M (p̄)

[
Σ

i
σ ′σ (k)−δσ ′σ iε i jk p̄k

∂
j
]

δ
4(q), (3.6)

〈p′,σ ′;M|Ki|p,σ ;M〉= (2π)4
δ
(+)
M (p̄)

[
− ε i jk p̄ j

p̄0 +M
Σ

k
σ ′σ (k)+δσ ′σ i

(
p̄0

∂
i− p̄i

∂
0)]

δ
4(q), (3.7)

3See [24] and references within for a discussion regarding the non-perturbative motivation for these definitions.

2



P
o
S
(
L
C
2
0
1
9
)
0
5
9
Peter Lowdon

where Σi
σ ′σ (k) = ησ ′(k)J

iησ (k) is the rest-frame spin of the state, and k = (M,0,0,0) the (canon-
ical) rest-frame vector. After explicitly performing the derivatives in the GPT terms in Eqs. (3.3)
and (3.4), and equating these expressions with Eqs. (3.6) and (3.7) respectively, this implies in both
cases that the form factors must satisfy the following constraints:

A(q2)δ
4(q) = δ

4(q), (3.8)

A(q2)∂
j
δ

4(q) = ∂
j
δ

4(q), (3.9)

G(q2)δ
4(q) = δ

4(q), (3.10)

which is simply the condition in Eq. (2.3). This proves that the zero-momentum transfer constraint
on the gravitational form factors is completely independent of the spin of the states appearing in
the EMT matrix elements. It turns out that one can also repeat the same procedure for the covari-
antised Lorentz generators, the Pauli-Lubanski operator: W µ = 1

2 ε
µ

ρσλ
Mρσ Pλ and the covariant

boost: Bµ = 1
2 [S

νµPν +PνSνµ ]. Doing so, one finds that the W µ and Bµ matrix elements separately
imply the constraints G(0) = 1 and A(0) = 1, respectively. In other words, using the covariantised
operator basis results in a diagonalisation of the constraints. Since the only dynamical condition
that enters these calculations is the transformation properties of the states [Eq. (3.5)], these results
imply that the Poincaré symmetry of the theory alone is responsible for determining the behaviour
of A(q2) and G(q2) as q→ 0.

4. Arbitrary state generalisation

As with any relativistic spin states, the massive canonical spin states discussed in the previous
section are convention dependent, and defined via the action of a specific boost on a rest-frame
state. The specific form of this boost is encoded in the GPT derivative terms in Eqs. (3.3) and (3.4),
and plays an essential role in the form factor constraint calculations in [21]. It therefore remains
unclear from these results alone as to whether these constraints are actually dependent upon the
choice of spin-state convention. In general, spin states |p,σ〉 are defined [25]:

|p,σ〉=U(L(p))|k,σ〉, (4.1)

where L(p) is some choice of Lorentz transformation which maps a reference frame four-vector k
to an arbitrary (on-shell) four-momentum p

Λ(L(p))k = p. (4.2)

For massive states, σ labels the rest frame spin projection along some axis, whereas for massless
states σ corresponds to the helicity projection of the state along the direction of motion. Besides
canonical spin states, where k = (M,0,0,0) and Lc(p) is a pure boost along the direction p̂ = p

|p| ,
important spin state examples include [26, 27]: (i) Wick helicity states – LW(p) is a pure boost
along the z-direction followed by a rotation into p̂; (ii) Light-front spin states – LLF(p) is a pure
boost along the z-direction followed by a transverse light-front boost. Unlike canonical spin states,
Wick helicity and light-front spin also make sense for massless states, where instead k = (κ,0,0,κ)
with κ > 0. Since the EMT matrix elements are parametrised purely in terms of GPTs, in order

3



P
o
S
(
L
C
2
0
1
9
)
0
5
9
Peter Lowdon

to generalise the previous analysis to arbitrary choices of spin states, one must understand how the
GPTs themselves depend on the choice of L(p) and k. In general, one finds that [22]:

ησ (p) = D(L(p))ησ (k), (4.3)

where D is the finite-dimensional Lorentz representation of the (free) field of which ησ (p) is a
component4. Applying these definitions, one finds that the Ji matrix elements can be written:

〈p′,σ ′;M|Ji|p,σ ;M〉=− iε i jk p̄k
δσ ′σ (2π)4

δ
(+)
M (p̄)∂

j
δ

4(q)A(q2)

+ iε i jk p̄k(2π)4
δ
(+)
M (p̄)ησ ′(k)D̃

(
∂L−1(p̄)

∂ p̄ j
L(p̄)

)
ησ (k)δ

4(q)A(q2)

+(2π)4
δ
(+)
M (p̄)ησ ′(k)D̃

(
L−1(p̄)JiL(p̄)

)
ησ (k)δ

4(q)G(q2), (4.4)

where D̃ is the Lie algebra representation of D. Similarly, one can also re-write Eq. (3.6) explicitly
in terms of L(p), which upon comparison with Eq. (4.4) implies the conditions in Eqs. (3.8), (3.9)
and (3.10). The same is also true for the boost matrix elements. Since the form of L(p) is unspec-
ified in Eq. (4.4), this proves that the form factor constraint A(0) = G(0) = 1 is completely inde-
pendent of the internal characteristics of the states in the EMT matrix elements, and that Poincaré
symmetry alone is responsible for this condition.

5. Implications and outlook

Although the zero-momentum transfer limit of the gravitational form factors had been discussed
many times over the years for massive states of lower spin, until recently it remained an open ques-
tion as to whether this limit continued to hold for states with higher spin, or for different choices
of definition of the spin states themselves. As outlined in these proceedings, these questions were
addressed in [21] and [22], where it was proven that the constraint A(0) =G(0) = 1 is true for states
of both arbitrary spin and spin-state convention. These findings have many potential implications.
For example, in the context of hadronic physics this constraint implies that Ji’s sum rule, satisfied
by generalised parton distributions (GPDs) [5], is in fact completely independent of the choice of
states used in the definition of the GPDs, and is therefore not specific to composite spin- 1

2 states
such as the proton. From a gravitational perspective, it follows that any particle moving in an exter-
nal gravitational field must necessarily have a vanishing anomalous gravitomagnetic moment [28].
Overall, the general framework developed in [21] and [22] opens a new direction for exploring the
non-perturbative structure of EMT matrix elements, with the potential to provide new insights into
other interesting questions, such as determining the number of independent form factors that exist
for states of a given spin, or whether additional constraints arise in theories with more symmetries,
such as conformal field theories. The first of these questions has in fact been addressed in a recent
work [29].

4In other words, D is the finite-dimensional matrix appearing in the Lorentz transformation of the field ϕ associated
with the GPT: U(α)ϕi(x)U(α)−1 = ∑ j Di j(α

−1)ϕ j(Λ(α)x).
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