Lensing function relation in Hadrons
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Models provide useful insights in the partonic structure of hadrons. However, one has to use
great care in the interpretation of the results when the models induce non-trivial relations between
parton distributions that are independent functions in QCD. One example is the model-dependent
relation between transverse distortions in the distribution of quarks in impact-parameter space and
analogous distortions in transverse-momentum space due T-odd effects. We discuss the origin of
such relation, pointing out the very specific conditions under which it is realised. These conditions
are typically verified only in relatively simple models that describe hadrons as two-body bound
systems and involve a helicity-conserving coupling between the gauge boson and the spectator
system.
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Introduction

1. Lensing relation
The quark TMD correlator is defined as
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where p = (p+ , p− , p ⊥ = 0 ⊥ ) and S are, respectively, the hadron-target momentum and spin, ψ
+
is the quark field operator, Γ is a generic matrix in the Dirac space and x = kp+ is the light-cone
momentum fraction of the quark. The TMD correlator depends on x and on the quark transverse
momentum k ⊥ . The correlator from which the IPDs are defined reads:
F [Γ ] (x, b ⊥ , S) =

1
2

Z
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e
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(1.2)
−

where the quark fields are evaluated at z1,2 = (0+ , ∓ z2 , b ⊥ ) and the hadron is in a state with longitudinal momentum p+ and transverse center of momentum (the infinite-momentum frame equivalent
of the center of mass position) R ⊥ = 0 ⊥ . The operator W , known as Wilson line or gauge link,
ensures color gauge invariance of the matrix element and is defined as follows:


Z
W (a, b) = Pexp −igs dζ · A(ζ ) ,
γ
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In QCD, we can access a three-dimensional picture of hadrons from two types of parton distributions. The first ones are impact-parameter dependent parton distributions (IPDs), which contribute to observable asymmetries in exclusive processes involving hadrons. Secondly, there are
transverse-momentum dependent parton distributions (TMDs) that give rise to observable asymmetries in semi-inclusive deep inelastic (SIDIS) processes. Both distributions depend on the longitudinal momentum fraction of the partons. The additional two-dimensional information is given
by the transverse parton position (or impact parameter) b⊥ in the case of IPDs, whereas it is given
by the transverse parton momentum k ⊥ for TMDs.
At leading twist, the IPDs quark correlator has, formally, the same structure as the quark
correlator for TMDs, with b ⊥ taking the role of k ⊥ . However, it is not possible to establish modelindependent relations between IPDs and TMDs because b⊥ and k ⊥ are not conjugate variables.
Non-trivial relations between the two types of distributions show up only in some model calculations [1, 2, 3]. The most prominent case is the translation of the T-even transverse-position space
asymmetry, described by certain IPDs, into a T-odd transverse-momentum space asymmetry observed in SIDIS processes. This relation is established via the factorisation of the final state interactions (FSIs) in the average transverse momentum of the active quark, as described in a so-called
“chromodynamics lensing function” [4, 5, 6].
In this contribution, we summarise the very stringent conditions for the validity of the lensing
relation that have been discussed more extensively in Ref. [7].
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√
where gs = 4παs and γ is a path from a to b. The explicit form of the path is determined by
the physical process under consideration. In the following, we will consider the gauge-link for a
SIDIS process. Once the integration over z ⊥ in Eq. (1.1) is performed, the analogy between the
TMD correlator and the IPD correlator (under the exchange k ⊥ ↔ b⊥ ) becomes evident. This
suggests a relation between T-odd TMDs and T-even IPDs for unpolarized (transversely) polarized
quarks in a transversely polarized (unpolarized) target.
We consider the following average quark transverse momenta
Z
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where the first and second subscripts indicate the quark and hadron polarisation, respectively. We
i (x)i j )
can rewrite the UT average transverse momentum as (analogous results hold for hk⊥
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Z

The FSIs are encoded into the operator I i (z):
I i (z) =

gs
2

Z
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with G+i being the gluon-field strength tensor. In the light-cone gauge A+ = 0 with advanced
boundary condition A ⊥ (−∞− ) = 0, one has I i (z) = g2s Ai⊥ (∞− , z+ , z ⊥ ) and W (z1 ; z2 ) = 1. Therefore the effect of FSIs in Eq. (1.2) becomes trivial and Eq. (1.4) simplifies as
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One notices from Eq. (1.6) that the FSIs for the average transverse momentum in the light-cone
gauge A+ = 0 reduce to the exchange of a single transverse gluon at light-cone infinity between the
active quark and the spectator system (the same result holds regardless of the boundary conditions
for A).
The first line of Eq. (1.4) can be rewritten via the insertion of two completeness relation:
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where {. . . } indicates the Lorentz invariant integration measure and φ 2z = ψ̄ − 2z W − 2z ; 2z .
In Eq. (1.7), the indices β and β 0 label the parton, color and the helicity content of the intermediate
2
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states. The matrix elements of the lensing operator I i (l) in Eq. (1.8) represent the interaction
between the active parton and the spectator system mediated by the Wilson gluons and correspond
to the FSIs. To recover the IPD definition in Eq. (1.7) and, therefore, to have the factorisation of
the FSIs, the operator I i (l) has to satisfy the following relation1 :
0 i
+
h{q+
i , q ⊥,i }n , β |I (l)|{wi , w ⊥,i }m , β i
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(1.8)

1. the FSIs should connect Fock states with the same number of constituents and the same
parton, helicity and color content;
2. the FSIs should transfer the total transverse momentum l ⊥ /(1 − x) to the whole spectator
system;
3. the FSIs can not transfer momentum in the light-cone direction to the spectator system;
+
4. the FSIs should transfer a fraction xi = w+
i /p of the total transverse momentum to each
constituent of the spectator system.

The last condition is the most stringent. It is crucial to obtain the correct transverse light-front boost
that gives the non-diagonal matrix element in momentum space and then the transverse distortion
in impact parameter space described by the IPDs. In the light-cone gauge with advanced boundary
conditions, one can easily deduce that the condition (4) can be realised via a single particle coupling
(e.g. perturbative coupling) between the gauge boson and the spectator system only if the latter is
composed by a single constituent, i.e. the hadron target is a two-body bound system. In this case,
the light-cone momentum fraction of the spectator is equal to (1 − x) and the constraint on the
transverse momentum transferred by the Wilson gluon to the spectator system follows trivially
from the conservation of the total momentum of the hadron target. Otherwise, the condition (4)
imposes to share the transverse momentum carried by the Wilson gluon with each spectator parton
in a proportion equal to the longitudinal momentum fraction xi . This cannot be realised in systems
composed by more than two constituents by assuming an interaction vertex between the gauge
boson and a single parton in the remnant.
We conclude that if, and only if, the above conditions are fulfilled we can write


Z
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One can check that the conditions ((1))-((4)) are verified in models that describe hadrons as a
two-body system in which the remnant is either massive with spin ≤ 1/2 or massless with arbitrary
1 x is the light-cone momentum fraction of each constituent
i
+
xi = w+
i /p , and should satisfy the relation ∑i xi = 1 − x.
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w.r.t. the hadron target light-cone momentum, i.e.
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Eq. (1.8) holds under the following conditions for the FSIs:
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