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1. Introduction

Tremendous progress has been made in the study of scattering amplitudes in the last decades.
One main driven force is the existence of surprising simplicity of amplitudes. The most famous
example is the Parke-Taylor formula for maximally helicity violating (MHV) tree amplitudes [1].
Another example is that the six-point two-loop MHV amplitude in the planar N = 4 Yang-Mills
theory (SYM) can be simplified in a few lines of classical polylogarithms [2], based on the compu-
tation in [3]. Such kind of simplicity is totally unexpected from the traditional Feynman diagram
point of view. They strongly suggest that there should be some alternative way to understand
quantum field theory, both conceptually and methodologically.

As a close cousin of quantum chromodynamics (QCD), the maximally supersymmetric N = 4
SYM theory has been an important testing ground and at the center of many of these developments.
For example, the on-shell unitarity method [4, 5] and BCFW recursion relation [6], initiated in the
study of N = 4, have now important applications in computing multijet processes at the Large
Hadron Collider (LHC), see e.g. [7, 8]. There are also a few direct connections between N = 4
SYM theory and QCD. First, at tree-level, the gluons amplitudes are equivalent in the two theories.
Furthermore, through supersymmetric decomposition [9], one-loop N = 4 amplitudes are useful
building blocks in one-loop QCD amplitudes.

More intriguingly, a direct connection between N = 4 SYM and QCD also exists at high
loop orders. This is known as the maximal transcendentality principle, which is a (conjectured)
correspondence that the maximally transcendental parts are equal for certain quantities in the two
theories. This was first observed in the seminal work [10, 11] that the N = 4 twist-2 anoma-
lous dimensions can be obtained from the QCD anomalous dimensions [12]. Later the correspon-
dence was found in [13] between that two-loop form factor in N = 4 and QCD Higgs amplitudes
with operator tr(F2) involved [14], which generalizes the correspondence from pure numbers to
kinematics-dependent functions. Other evidence of the correspondence was known for Wilson
lines [15, 16]. Our recent work [17, 18, 19], on which the present article is based on, generalized
the maximal transcendentality principle to Higgs plus three-parton amplitudes with high dimension
operators and with quark external states. Related studies can be found in [20, 21, 22, 23, 24].

2. Setup: Higgs effective theory

The physical quantities we will focus are the QCD corrections of Higgs to three-parton ampli-
tudes. They have phenomenological relevance to the LHC and future collider experiments, where
for probing potential new physics beyond the Standard Model as well as understanding the details
of Higgs physics, the high precision computation of Higgs process is mandatory. The dominant
Higgs production at the LHC is the gluon fusion through a top quark loop [25, 26]. With full top
mass dependence, the NNLO QCD correction will require a three-loop computation. A very useful
approximation is that, when the top mass mt is much larger than Higgs mass mH, the computation
can be greatly simplified using an effective field theory (EFT) where the top quark is integrated out
[27, 28, 29, 30, 31]. The Higgs effective Lagrangian can be given as

Leff = Ĉ0HO0 +
1

m2
t

4

∑
i=1

ĈiHOi +O

(
1

m4
t

)
, (2.1)
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where H is the Higgs field, O0 = tr(F2), and the subleading terms contain dimension-6 operators
[32, 33, 34, 35, 36]

O1 = tr(F ν
µ F ρ

ν F µ

ρ ) , (2.2)

O2 = tr(DρFµνDρFµν) , (2.3)

O3 = tr(DρFρµDσ Fσ µ) , (2.4)

O4 = tr(FµρDρDσ Fσ µ) . (2.5)

The two-loop Higgs plus three-parton amplitudes with leading O0 operator were computed in [14].
When the Higgs transverse momentum is comparable to the top mass, the contribution of higher
dimension operators in the Higgs EFT will be important. This has been taken into account so far
only at NLO QCD accuracy, including the finite top mass effect [37, 38, 39]. We will obtain the
new two-loop QCD corrections for Higgs plus 3-parton amplitudes with dimension-7 operators.

Let us mention a few properties of the operators. First, the operators satisfy the linear relation:

O2 =
1
2

∂
2O0−4gYM O1 +2O4 , (2.6)

which can be proved using Bianchi identity (see e.g. [33]). Second, with the equation of motion
DµFµν ∼ g(ψ̄γνT aψ), one has

O3 ∼O ′3 = (ψ̄γ
µT a

ψ)(ψ̄γµT a
ψ) , O4 ∼ O ′4 = Fa

µνDµ(ψ̄γ
νT a

ψ) . (2.7)

Note that in the pure YM sector, since DµFµν = 0, the operators O3 and O4 will give zero am-
plitudes. For the later discussion, it is convenient to classify operators according to their color
structure and length. We introduce a diagrammatic notation: the blob Ai

 represents an adjoint
field and F i

a fundamental field. By contracting color indices they form a color-singlet operator.
The number of blobs is called the length of the operator. For example:

Length-2 : A A : O0 = tr(F2) ,O2 ; F F : ψ̄ψ ; (2.8)

Length-3 : A

A

A : O1 = tr(F3) ; F FA : FµνDµ(ψ̄γ
ν
ψ)∼ O4 . (2.9)

Note that O3 is a length-4 operator, and its minimal non-zero tree form factor requires four external
quarks O3→ qqq̄q̄.

For terminology, we note that the Higgs amplitudes with n partons is equivalent to the form
factor with an operator Oi in the EFT (2.1):

FOi,n =
∫

d4xe−iq·x〈p1, . . . , pn|Oi(x)|0〉 , q2 = m2
H . (2.10)

Therefore, we will also refer Higgs amplitudes as form factors. The operator relation (2.6) implies
a relation for the form factors:

FO2 =
1
2

q2 FO0−4gYM FO1 +2FO4 . (2.11)
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3. Computation: Unitarity-IBP

Our computation is based on a new strategy of combining the generalized unitarity method
[4, 9, 5] and integration by parts (IBP) reduction [40, 41] in an unconventional way.

Unitarity method provides a powerful tool to construct loop integrand from their physical sin-
gularities. This is usually used to construct loop amplitudes or form factors at integrand level,
where by applying cuts (i.e. setting internal propagators to be on-shell), the loop integrand fac-
torizes into a product of tree results. Using simple tree building blocks, one can reconstruct the
loop integrand more efficiently comparing to the traditional Feynman diagram method. After the
full integrand is obtained, it can be further reduced to a small set of master integrals via IBP. This
procedure can be summarized as:

F (l)
∣∣∣
cut

reconstruction−−−−−−−−→F (l) = ∑
a

Ia
IBP−−−→∑

i
ciMi , (3.1)

where Mi are IBP master integrals.
An improved strategy that we use is to apply IBP directly on the cut integrand. Integrals which

are not permitted by the cut are set to zero during IBP reduction. In this way, one computes the
coefficients of IBP master integrals that contribute in certain cut channel separately. It is important
to note that although we apply cuts in the IBP, the coefficients of the cut-permitted master integrals
are the final complete coefficients, since the integrals set to zero during cut-IBP never reduce to the
cut-permitted integrals. Then by collecting all possible cuts, one obtain the full amplitudes or form
factors. This strategy can be summarized as:

F (l)
∣∣∣
cut

cut-IBP−−−−−→ ∑
cut permitted Mi

ciMi
collect all cuts−−−−−−−−→∑

i
ciMi . (3.2)

We would like to stress several advantages of the new strategy. First, unlike the common
unitarity construction, it avoids reconstructing the full integrand, which is usually a non-trivial task
in particular when non-planar topologies are involved. Second, it simplifies significantly the IBP
reduction, not only because the cut integrand is much simpler than the full integrand, but also that
one can apply on-shell condition for cut propagators during IBP. Last but not least, it provides
strong self-consistency checks for the computation, since the same master integrals can appear in
different cuts and the identification of their coefficients provides cross checks.

A more detailed explanation of the above unitarity-IBP construction can be found in [19].
See also [42, 43, 44, 45, 46, 47, 48, 17, 18]. Similar strategy has been recently used in obtaining
three-loop four-gluon amplitudes in pure YM [49].

The planar D-dimensional unitarity method is used in the computation of H → 3g amplitude.
The polarization vectors of cut internal gluons can be contracted using the following contraction
rule

ε
µ(p)◦ ε

ν(p)≡ ∑
helicities

ε
µ(p)εν(p) = η

µν − qµ pν +qν pµ

q · p
, (3.3)

where qµ is an arbitrary reference momenta. And similarly for cut integral quark states:

us(p)◦ ūs(p)≡∑
s

us(p)ūs(p) = 6 p . (3.4)

3



P
o
S
(
R
A
D
C
O
R
2
0
1
9
)
0
7
1

Hidden Analytic Structure of Higgs Amplitudes and Maximal Transcendentality Principle Gang Yang

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1: The cuts needed in the 2-loop 3-point form factor calculation.

l
p

Figure 2: The full set of master integrals of the two-loop 3-point form factor. The line with a dot represents
a double propagator.

In the presence of internal quark legs, the two-loop amplitudes contain subleading color contribu-
tions. However, these contributions are not intrinsically non-planar, and can still be computed using
planar unitarity cuts, if we assign proper color factors to different internal-state configurations [19].
A spanning set of cuts that are enough to determine full two-loop Higgs plus 3-gluon amplitudes
are given in Fig. 1.

The planar unitarity cut alone is not suffice to determine the H → qq̄g amplitudes, since they
contain contributions which are intrinsically non-planar. We compute these non-planar contribu-
tions with Feynman diagrams [50]. It should be possible to compute them by applying non-planar
unitarity cuts.

The tensor reduction of loop integrand is achieved by expanding the integrand in a set of gauge
invariant basis Bα (see e.g. [14, 48]):

F (εi, pi, la) = ∑
α

f α(pi, la)Bα(εi, pi) , (3.5)

which can be considered as a gauge invariant implementation of PV reduction. The polarization
vectors appear only in the gauge invariant basis, and the loop momenta are contained in the coeffi-
cients f α(pi, la) which are ready for the IBP reduction. After IBP, the results are given in terms of
master integrals which are list in Fig. 2. These masters have been known in terms of 2d Harmonic
polylogarithms [51, 52].
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4. Analytic results and hidden structures

Form factors contain UV and IR divergences, for which we apply dimensional regularization
(D = 4− 2ε) in the conventional dimension regularization (CDR) scheme. The UV divergences
come from both the coupling constant and the local operator. We use the modified minimal sub-
traction renormalization (MS) scheme [53]. After renormalization, the form factor contains only
IR divergences, which take a universal structure [54]:

F
(1)
O = I(1)(ε)F (0)

O +F
(1),fin
O +O(ε) , (4.1)

F
(2)
O = I(2)(ε)F (0)

O + I(1)(ε)F (1)
O +F

(2),fin
O +O(ε) , (4.2)

in which I(l) are known functions independent of operators.
To check the correctness of our results, we have performed several non-trivial checks. First,

as we mentioned before, the coefficients of masters are consistent from different unitarity cuts.
Second, the 1/εm,m = 4,3,2 pole terms at 2-loop are consistent with the universal IR and the 1-
loop UV divergences. Third, our results reproduce known results including the two-loop of Higgs
to three-parton amplitudes with the tr(F2) operator [14]. Finally, the form factors of different
operators satisfy precisely the linear relation (2.11).

Since the divergenct terms are well understood, the intrinsic information of the form fac-
tor is contained in the finite remainder F

(l),fin
O . We introduce the normalized remainder R(l)

O =

F
(l),fin
O /F

(0),fin
O . At two-loop, there are in general six color factors and the remainder can be ex-

panded as:

R(2)
O =N2

c R(2),N2
c

O +N0
c R(2),N0

c
O +

1
N2

c
R(2),N−2

c
O +

n f

Nc
R(2),n f /Nc

O +Nc n f R(2),Ncn f
O +n2

f R
(2),n2

f
O . (4.3)

We also decompose the remainder according to the transcendentality degree as

R(2)
O =

4

∑
d=0

R(2)
O;d , (4.4)

where R(2)
O;d has uniform transcendentality degree d. At two-loop, the maximal transcendentality

degree is 4. Mathematically, transcendental degree characterizes the algebraic complexity of func-
tions and numbers. For instance, the degree for algebraic numbers or rational functions is zero, π

or log(x) has degree 1, and the Riemann zeta value ζn or polylogrithm Lin(x) has degree n. We
recall the definition of the polylogrithm:

Lin(x) =
∞

∑
k=1

xk

kn =
∫ x

0

Lin−1(t)
t

dt , Li1(x) =− log(1− x) , (4.5)

and ζn = Lin(1).
We consider first the maximal transcendentality (i.e. degree 4) parts. The Higgs amplitudes we

consider satisfy the maximal transcendentality principle. The correspondence can be summarized
in Table 1, which is classified according to the length of operators as well as the type of external
particles. The two universal functions R(2)

len-2;4 and R(2)
len-3;4 take remarkably simply form:

5
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Table 1: The universal maximally transcendental properties for Higgs amplitudes or form factors with three
partons are summarized. The color-singlet operators are classified according to their lengths and representa-
tive examples are provided.

Length-2 Length-3

Operators A A F F
A

A

A
F FA

Examples tr(F2) ψ̄ψ tr(F3) FµνDµ(ψ̄γνψ)

External Partons (g,g,g),(q̄,q,g) (q̄,q,g) (g,g,g) (q̄,q,g)
Max. Trans.
Remainder

(with CF →CA)
Rlen-2;4(u,v,w) Rlen-3;4(u,v,w)

R(2)
len-2;4 =−2

[
J4

(
−uv

w

)
+ J4

(
−vw

u

)
+ J4

(
−wu

v

)]
−8

3

∑
i=1

[
Li4
(

1− 1
ui

)
+

log4 ui

4!

]

−2

[
3

∑
i=1

Li2
(

1− 1
ui

)]2

+
1
2

[
3

∑
i=1

log2 ui

]2

+2(J2
2 −ζ2J2)−

log4(uvw)
4!

−ζ3log(uvw)− 123
8

ζ4, (4.6)

with

J4(x) = Li4(x)− log(−x)Li3(x)+
log2(−x)

2!
Li2(x)−

log3(−x)
3!

Li1(x)−
log4(−x)

48
, (4.7)

J2 =
3

∑
i=1

(
Li2(1−ui)+

1
2

log(ui) log(ui+1)

)
, (4.8)

and

R(2)
len-3;4(u,v,w) :=− 3

2
Li4(u)+

3
4

Li4
(
−uv

w

)
− 3

4
log(w)

[
Li3
(
−u

v

)
+Li3

(
− v

u

)]
+

log2(u)
32

[
log2(u)+ log2(v)+ log2(w)−4log(v) log(w)

]
+

ζ2

8
[
5log2(u)−2log(v) log(w)

]
− 1

4
ζ4 +perms(u,v,w) , (4.9)

where

u = u1 =
s12

s123
, v = u2 =

s23

s123
, w = u3 =

s13

s123
. (4.10)

Let us explain the correspondence in more details. First of all, the n f terms in (4.3) do not

contain degree-4 parts. Furthermore, for the Higgs amplitudes with pure external gluons, the R(2),N0
c

O

and R(2),N−2
c

O are always zero, due to that full amplitudes can be computed using only planar cuts

[19]. Only R(2),N2
c

O contributes to the maximal transcendentality part. They satisfy correspondences:

R(2)
O0;4(1

−,2−,3±) = R(2),N =4
L2;4 = R(2)

len-2;4 , R(2)
O1;4(1

−,2−,3−) = R(2),N =4
L3;4 = R(2)

len-3;4 , (4.11)

6
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where L2 and L3 are the supermultiplet in N = 4 which contain tr(F2) and tr(F3) as a component
respectively [13, 20, 21]. The first relation for O0 = tr(F2) was observed in [13]. The same
R(2)

len-2;4 function was also obtained in Konishi form factor in N = 4 SYM [55]. The relation for
O1 = tr(F3) was recently shown in [20, 17].

Even more non-trivial correspondence are for the Higgs amplitudes with external quark states,
H → qq̄g. In such case, the maximal transcendentality terms come from not only the planar but
also non-planar components:

R(2)
O;4 = N2

c R(2),N2
c

O +N0
c R(2),N0

c
O +

1
N2

c
R(2),N−2

c
O =C2

A R(2),C2
A

O;4 +CACFR(2),CACF
O;4 +C2

FR(2),C2
F

O;4 , (4.12)

where in the second equation we have reorganized the results in terms of the quadratic Casimirs of
the adjoint and fundamental representations

CA = Nc , CF =
N2

c −1
2Nc

, (4.13)

respectively. Each component in (4.12) is a non-trivial function containing non-trivial multiple
polylogarithms, however notably, their combination satisfies [18]

R(2),C2
A

O0;4 (1q,2q̄,3±)+R(2),CACF
O0;4 (1q,2q̄,3±)+R(2),C2

F
O0;4 (1q,2q̄,3±) = R(2)

len-2;4 , (4.14)

R(2),C2
A

O4;4 (1q,2q̄,3±)+R(2),CACF
O4;4 (1q,2q̄,3±)+R(2),C2

F
O4;4 (1q,2q̄,3±) = R(2)

len-3;4 . (4.15)

The left hand side of the equations can be understood by setting CF →CA in the remainder. Similar
correspondence was known for the anomalous dimensions [10, 11]. As show in Table 1, the same
relation also holds if we replace the operator O0 to be ψ̄ψ , suggesting this is a property for more
general form factors beyond Higgs amplitudes. For pseudo-scalar Higgs amplitudes with quark
states, the universal maximally transcendental part was also noted in [23].

The Higgs amplitudes contain also non-trivial lower transcendentality parts. Intriguingly, uni-
versal structures also exist in the sub-transcendentality parts [17, 19]. For example, the degree-3
terms of O1→ 3g results is

R(2)
O1;3 =

(
1+

u
w

)
T3(u,v,w)+

143
72

ζ3−
11
24

ζ2 log(u)+perms(u,v,w) , (4.16)

while the corresponding N = 4 SYM result is given by

R(2),N =4
L3;3 =

(
1+

u
w

)
T3 +perms(u,v,w) , (4.17)

in which the function T3 is defined as:

T3(u,v,w) :=
[
−Li3

(
− u

w

)
+ log(u)Li2

(
v

1−u

)
− 1

2
log(1−u) log

(
w2

1−u

)
+

1
2

Li3
(
−uv

w

)
+

1
2

log(u) log(v) log(w)+
1
12

log3(w)+(u↔ u)
]

+Li3(1− v)−Li3(u)+
1
2

log2(v) log
(

1− v
u

)
−ζ2 log

(uv
w

)
. (4.18)

7
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It is interesting to mention that in all QCD results of length-3 operators, the polylogrithm functions,
such as Li3 and Li2, are all combined into T3 functions, what are left are simply ζ3 or (ζ2× log)
terms. The same T3 function also appeared as building blocks in the N = 4 form factors of more
general operators [56, 57, 20]. For transcendentality degree-2 part, a universal building block is:

T2(u,v) :=Li2(1−u)+Li2(1− v)+ log(u) log(v)−ζ2 . (4.19)

Explicit expressions for sub-transcendentality parts written in these building blocks can be found
in [19].

5. Conclusion

We compute Higgs amplitudes in Higgs effective theory and study the analytic properties
according to their transcendentality structure. For the maximal transcendentality part, we provide
further evidences for the maximal transcendentality principle, which applies not only to Higgs
amplitudes with high dimension operators but also for the amplitudes with fundamental external
quark states. The latter requires to convert the representation of quarks from the fundamental to the
adjoint representation:

Max. Tran. of (H→ qq̄g)|CF→CA

= Max. Tran. of (H→ 3g)

= Max. Tran. of N = 4 form factors .

The explicit correspondence are summarized in Table 1, and the universal degree-4 remainders are
given in (4.6) and (4.9). Moreover, simplicities are also observed in the lower transcendentality
parts, where the building blocks for degree 3 and 2 parts are given in (4.18) and (4.19). Similar
to the other examples mentioned in the introduction, such simplicities are not obvious at all using
standard Feynman diagram and reduction methods. They strongly suggest that there exist alterna-
tive ways which can lead to the final simple form more straightforwardly, for which we will report
in the future work.
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