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1. Introduction

Although the Bonneau identities [1, 2] are not widely used in the physical community, they
have several important applications. In combination with the action principles [3, 4, 5, 6] they lead
to a very convenient method for finding the finite counterterms in the framework of the axiomat-
ically consistent Breitenlohner-Maison-t’Hooft-Veltman (BMHV) scheme [5, 7], which may lead
to significant shortcut of calculations, usually performed in a conventional way using the Slavnov-
Taylor identities [8, 9, 10]. Second, using the algebraic renormalization techniques they lead to the
method for finding the renormalization group equations [1, 2, 6] which do use the renormalized
effective action only.

The intention of this proceedings is to give an introduction to the Bonneau identities and the back-
ground for it, namely the BMHV scheme approach to the dimensional renormalization. The idea
is to present the material in a consecutive way, and with lot of comments when argumenting the
steps, which are not always or not obviosly written in the original articles.

The structure of the article is as follows. In the second section we give the overview of terms
and notions for the BMHYV scheme and list all basic statements, lemmas and theorems from the
Breitenlohner-Maison (BM) paper which are used in derivation of the Bonneau identities. A spe-
cial emphasis is given to the BM Lemma 5 and Proposition 3 [5]. In the third section the basic
notions needed for deriving the Bonneau identities are listed. The basic Bonneau identity and the
Bonneau identity for the trace anomaly are rederived with special emphasis to the application of
the BM Proposition 3 and Lemma 5, as well as the notions used in the steps used to derive these
identities. In the third section we also shortly describe the application of the Bonneau identities for
restoring the BRST symmetry of a non-Abelian chiral gauge theory up to the essential anomalies
[6], and do express the final results for amplitudes in terms of the corresponding effective action.
The fourth section is the conclusion in which we stress the points which we emphasized to make
the notion and derivation of the Bonneau identities more tractable for phenomenologists.

2. Terms and Notions on Graphs and Amplitudes and Renormalization

The Bonneau identities are defined using the Breitenlohner-Maison-t’Hooft-Veltman (BMHV)
dimensional remormalization scheme [5, 7]. The basic notions, theorems and lemmas for the
BMHYV are given in this section.

2.1. The Breitenlohner-Maison (BM) definition of the amplitude which is defined in terms of
a set of graph-theory terms.

2.1.1. Graph notions: We list here the basic graph notions together with the references where they

are defined :
Definition of a (Feynman) graph [11, 5]: its vertices ¥ ¢ = {V;,i=1,...,M}, lines £ = {{;,{ =
1,...,L}, number of loops hg and incidence matrix e [11, 5]; Euler formula [12];

Types of graphs: empty graph [13], nonempty graph [5], trivial graph [13], nontrivial graph [5],
connected graph [5], subgraph [14, 13], proper subgraph [11, 5, 13], conectivity components (max-
imal connected components) of a graph, graph G with set of lines . removed G —.Z [11, 5],
one-particle irreducible (1PI, proper) (sub)graph [15, 5], maximal 1PI subgraph (1PI connectivity
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components) of a graph [12, 5], non-overlapping (sub)graphs [14, 15, 5], overlapping (sub)graphs
[14, 15, 5], reduced graph G/H [11, 5], tree [11, 12, 15, 5], chord [11], 2-tree [11, 12, 5], comple-
ment of 2-tree [11];

Forests of a graph G definition of forest [ 14, 16], normal forests, full forests [14, 15, 16], maximal
forests [14, 5], restricted forests [14].

2.1.2. Amplitude: The BM amplitude [5] in the D-dimensional space is initially defined in the
coordinate space, including the definitions of vertex operators X;(—id/dx;) and differential opera-
tors defining numerators for propagators Z,(—id /duy) having masses {m;} = m, where u = {u,}
are auxiliary variables of mass dimension —1, introduced to project out momenta of internal lines.
Propagators are written in the exponential form using Schwinger parameters o = {}, of mass
dimension —2. The amplitude is then Fourier-transformed. This leads to several effects. Namely,
the coordinate dependence of the exponent, its Gaussian structure and the structure of the incidence
matrix lead to:

i. the conservation of the total external momentum;

ii. the dependence of the amplitude: on the differences of external momenta (except in the vertex
factors), on the diagonal matrix of the Schwinger parameters o, on the reduced incidence ma-
trix ek = ({e}4)* (of the mass dimension 0) with a k — th column deleted in e, and the reduced
set of external momenta p%. = {pg}* with the k-th momentum deleted, on the matrix (A%)~! =
((e5)Ta~1ek)~! and on the determinant of a matrix M defined below d(a).

All quantities in the amplitude are independent on a choice of k, specifically d (o) and (p%)T (A%) =1 pk
do not depend on k. The quantities (o) and (AX)~! can be expressed in terms of minors A(k;k)
and A(ki; kj) of the matrix A = e’ a~'e, obtained by deleting a k-th row and column, and by delet-
ing a k-th and a i-th rows and the k-th and a j-th columns in A, respectively, and are related to the
Symanzik polynomials [17, 5] which characterize an amplitude of any loop diagram.

The final expression for the amplitude for a graph G is

To(p) = lim '~ 2m)P28P (Y pi) (é)_%/z / T doule(p., B)luo,

- e—0 (e %y

where:

2 2
lelp @) =d(@) P T] Xi(pi—ig ) T] 2(~ig, ) expiW(p,.uB).

iEffG fEffG

d(a) = detM/(—4)F, (2.1)

with the infinitesimal € defining the Feynman structure of the propagator denominators in the mo-
mentum space. It should be noted that due to the momentum conservation in the vertex operator X;
one can make a replacement p; — e/,0 /duy.

2.2. Tensor and Dirac algebra [5]: In the BMHV scheme the D-dimensional space is understood
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to possess its 4-dimensional and D — 4 dimensional sub-spaces. To these three (sub)spaces corre-
spond metric tensors g"V, g*v and g"", by the action of which on the D-dimensional objects one
defines objects living in all three spaces respectively, for example y* matrices, covariant deriva-
tives, vector fields. The y* matrices satisfy Grassmann algebra in all three spaces. Nevertheless,
the Levi-Civita symbol €V and the y° matrix are defined only in 4 dimensions. In the BMHV
scheme y* matrices do not anticommute with the 5 matrix. The 4-dimensional part of ¥, matrices
anticommute with Js, but their D — 4 dimensional part commute with 5. This approach enables one
to define a theory which is axiomatically correct in the sense of Hepp [18], and to reproduce the
Adler-Bell-Jackiw anomaly [19, 20]. The metric tensor g"V, and all vector objects which might be
written as a contraction corresponding to D dimensional vector object with g"V, are called evanes-
cent.

Using the Dirac algebra rules of the BMHV scheme, every amplitude has to be reduced to its
simplest form, the so called "normal form" [5]. The D-dimensional amplitude thus obtained is a
meromorphic function of the complex variable D, which, between all the poles the amplitude has,
has the poles at D = 4, used to define counterterms for the amplitude.

2.3. Labelled forests and their role in the renormalization procedure [5]:

For a connected graph G with 1PI components G;, a maximal forest for G, € (or 6¢), is a maximal
set of non-trivial non-overlapping 1PI subgraphs of G (for 1PI diagram G the number of maxi-
mal forests is equal to /g, the number of loops of G). For any maximal forest 4" and any H € ¥
(therefore H C G) a set .4 (H) of maximal elements of ¢ properly contained in H (for X € .# (H)
where X C H) is defined. It is further used to define a set of complements of elements of .# (H)
with respect to H, H/.# (H) = {H € H/.# (H)}. For each H € ¢, H is chosen (there may be
more choices of H for each maximal forest 65 of G). For each specific choice of H’s one defines
a mapping o : ¢ — 4 such that 6(H) = %z = {lines of H}. A pair (¢’,0)¢ is a labelled forest
for G. To it is adjoined a subset of a-space of Schwinger parameters defined by

P2(€,0) ={(ou,...,00) : ¢ >0Vl € G; ¢ < Qgypy) - (2.2)

In addition, maximal forests and labelled forests have the following properties [5]:

a. Any maximal forest 6 for G is a disjoint union of maximal forests %, for its 1PI components
G,‘.

b. Any maximal forest ¢ for G may be labelled.

c. For any 1PI subgraph H there is a one-to-one correspondence between the labelled forest (%', o)
and pairs of ((41,01),(%1,01)) of labelled forests for G/H and H.

d. Any maximal forest for G has A elements.

e. For any 0(%;) of G, G— 6(%) is a tree in G. Thit means that for any choice of {H}’s for a
given € of G, 6(¢) = Uy £ forms a chord of G.

f. The union of all subsets of Schwinger parameters (%, o) covers the whole space of Schwinger
parameters of the amplitude for G, {ay : @y > 0V} Uc ) = {w : a > OV2}.

g. For (¢,0) # (¢',0'), 2(¢,0)N2(¢’,0’) is a set of Lebesgue measure zero.

In conclusion, for a graph G, one finds all maximal forests 4. For each maximal forest one finds
all sets of H lines which form chords of G for a given maximal forest. To every such set is adjoined
a mapping ¢ and a subset of Schwinger parameters 7 (%, c). The introduced quantities satisfy the



Bonneau identities Amon Ilakovac

properties a.-g.

Using the property f. of labelled forests the amplitude becomes [5]

I = lim I, = lim / dade(p,a) = lim ) / dalge(p,a) . (2.3)
£—0 £—0 - £—0 (%.0) P(%,0) -
Using the Zimmermann forest formula [14, 15], assuming the action of the counterterm Cy of each
subgraph H C G of I is known (see subsection 2.6), and that Cy is defined so that [14, 15] for any
forest F € F (# = {F} is the set of all forests F of G) the relation [ &) d®]Iger(—Cr)lce(p, @) =
O unless F C % is fulfilled (if F Z € then Cylge(p,a) € 2(¢",0'), (¢',0') # (¢, 0), so the zero
result is a consequence of property g. of labelled forests), the renormalized amplitude reads

G _ q; G _ 1; _
#° = im#fe =iy [, 40 % TT-Cniostp.0

e0(55) 7 Fe7 HeF

— lim / do TT(1-Ci)lge(p, ) . 2.4)
e—0 ((;F) _@((576) [_!;!90 -

The first line corresponds to the Zimmermann forest formula, while the second is its re-expression

in terms of labelled forests [5]. Note that for each labelled forest the Dyson renormalization formula

[21, 22] can be used.

2.4. Changes of variables: The variables o and the choice of the momenta p are not appropriate
for extracting singularities.

2.4.1. Variables (t, 3): For this reason more appropriate variables {(¢,3) = (ty,H € ¢),l € £} =
%6 — 0(%)} and corresponding auxiliary variables {y and &y are introduced for a labelled forest

Mucwesty = 585 = Chifl=c(H), HEE ,
o = (2.5)
Biliifle £y, HeE ,

and taking By = 1 for £ € o(H). All the new variables are dimensionless, except for 7 which has
mass dimension —1. The variables assume the following values 0 <tg < o, 0 <ty < 1for H #G
and0< By <l1forle?.

The transformation between « and (¢, f3,) and the parameter region Z(%,0) in terms of new

)
variables are

do = elflldag = ([T 2wtz ") ( T1aBe). (2.6a)

HeC e

2(€¢,0) ={(t,p)|0 <t <e0;0 <ty <1forH#G;0< fy < 1forl e 25} . (2.6b)

After changing the variables, the part of the amplitude (2.1) under the integral sign, and corre-
sponding to the labelled forest Z(%, o), reads

ZdZH 2LH -D)2 i iW(put,B
‘/@(%70)da]G£ p7 H / dﬁ[ H/ d( ) Z ( l&u[)e 4 *)}}7

e, He®
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with g = o, Oy = 1 for H # G, and Zy(—id/duy) = [lyeq Zi(—id /dus) [1ieq Xi(iek 0 /duy,
—id/duy). In content of the BMHV renormalization scheme, the regularization mass parame-
ter/scale u [23], was introduced in the integration measure by Bonneau [1]. Notice that ¢ and u
are dimensionful parameters, and that d(a) = d(a(t,)) depends on all the 7, variables.

2.4.2. Dimensionless covariants {, i: The next step is to group external momenta of the graph
G into momenta of H of all its subsets H which are defined by the mapping H — H/.# (H) = H
of H’s in a maximal forest 4" of G [5]. The mapping is linear and defines the momenta of each H
in terms of linear independent momenta p = {p;,i = 1,...M — 1} of G, replacing the mometa of
H' € .# (H) by its sum and keeping other H(H) momenta unchanged. The obtained momenta for
H are linearly dependent and one has to erase one of them to obtain the linearly independent set
of momenta gy . The set of all such momenta gy for all H’s is ¢ = {q/} = {qu,H € €'} = Rp. To
obtain the correct expression for V(p,u, &) in Eq. (2.1) eg must transform accordingly, e — eeRT.
It is also convenient to decompose u = {uy,¢ € £} and eg to have the same H substructure as
g u={uy ={u,l € L3}, H €€}, egR" ={eyy ,H,H' € €}. In addition, in order to extract
the t variables from d(a), and to express V(p,u, o) from Eq. (2.1) in terms of dimensionless
quantities, dimensionless momenta and variables are introduced [5]: § = {QH = QHCH,H €T},

i={uy =uy/ly,HEC}, é={eyn = (egR")yrCu /Ly } in terms of which

~ 7 - 0 —2¢
V(p,u,a) = (QT,QT)M*1 (Z) , where M= <_2€~ _4;> )
d(e)=d(B.t) [T ¢/" =dB.0) [ 7",  where  dy=deth/(—4)t. (2.8)

Here R is a square triangle matrix with unit values on its diagonal. Furthermore, é = {éyy} is
equal to 0 if H 2 H', is equal to ey if H = H’, and gives information on how H' is contained in H
if H' C H. Concerning M and d};l they do not depend on ¢, and are analytic C* functions of the
B¢ variables and the remaining ¢z variables.

2.5. Divergences: Now the divergences can be localized. The amplitude (2.7), obtained by insert-
ing (2.8) into it, reads [5]

/@(%76)61061(;8 P igf(/ dﬁé HIGT%J/ 2dtH vhH (DHZH( )gs %uataﬁ V)}}
_fgﬁ /duHCV wHZH<_17)} (q,u1,B,v) . 2.9)

where V=4 —D; oy = 4hy — 2Ly +ry, ry = Y, ¢, e + Yy, vi where r; and v; are numbers of

momenta in the propagator numerators Z; and the vertex operators X; respectively; wg = Wy —
) 1 = _ .

ZH’EJ/(H) Oy, diyg = 2f0H uuvdtH/tH fO HZEXH; gs(@%laﬁa V) = d(ﬁ,l) D/ZeXplW(B,Q,L,E)

is a function analytic in v and exponentialy decreasing as tg — .

The source of divergences are the functions X,h” o=l They have to be actually interpreted as

distributions of the form ti, which correspond to meromorphic functions of A with simple poles at
all negative integers [24, 5], specifically

(1) ==t = ()1 §(9) (1) / (@ \Vhyy) + regular at v =0, (2.10)
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where "regular at v = 0" represents a regular function at v = 0, specified by its integral below, and
the 8(@) (1) is wy-th derivative of the &(t;)-distribution for which &(tx)/@y! = 0 for wy < 0.
Using (2.10) the ty integrals in (2.9) become equal to [24, 5]

o 1 d%ge(ty,)
chwaHfl 1 )= € I
/0 H 8eloltts ) = G dr®

9H
[ et @D
ty=0

91.1 61-1 -~ _ Wy — lt
/0 (Dt = [ dtyf = ee(otm, ) - Z )y =0,.)
e
—o(1 —tH)(wLH!g(“’H)(.,tH =0,))] . 2.12)

The divergences of the amplitudes are used to define counterterms of the amplitude.

2.6. Counterterm: The definition of the counterterm [5] of a subgraph H, Cy, requires several
notions: the algebra of the covariants on the graph G: <, the operator that extracts the divergence
(principal part) of an element of the algebra of covariants C, and the definition of the domain for
Cy: . The algebra of covariants is generated by any linear combination of products of elements
of {pinticy,, elements of {u; i }ic #, (see Eq (2.1)), and {y*} matrices. The operator C extracts
from the normal form (NF) of each element A € .o7; its singular part according to the MS scheme,

C(A) = singular part at D = 4 of NF(A|,—o) . (2.13)

The definition of the domain %y of Cy requires the introduction of two more notions. The first
is the definition of a set ¥y of triplets X = (X,Fx,(%,0)x), where X C G, Fy is a forest (any
forest, in the sense of Zimmermann [14, 15]) of 1PI, pairwise disjoint proper subgraphs of X, .%y
is set of all forests Fy, and (¢, 0)x is a labelled forest for X /Fx. The second is a set of functions
& on 9 with values in o7 defined by &g = {f : %6 — 9}, where each f(X ) depends only on
variables (p,u) from X /Fx. The domain for Cy is defined as a subset of functions of é"G defined
on a specific set of tr1plets H and polynomial form of C(f(X)), Zn = {f € 56 |forall X = Xp =
(X,0,(¢,0)x), C(f(X)) is polynomial in p}. The polynomial form of C(f(X X)) assures locality of
the counterterms and therefore the necessary condition for the renormalizability of the theory. On
Py the operator Cy is defined by

f(A) if either X NH = 0 or if H C H' for some H' € F,
C(f(%)) if X =H,

Un(C(f(Ho))) f(X:H) if H¢ Fyx and FxU{H} € T4,
0 else (overlapping diagrams),

(Crf)(X) = (2.14)

where X :H = (X,FxU{H},(€,0)x.5) with (¢, 0)n, (€, 0)x:n) being a pair of labelled forests
which is in one-to-one correspondence with (4’,0)x, and Uy is a transformation of momenta
of the subdiagram Hof X, Uy :q, =g, — iel;;0/duk, whose action on these momenta of the
function C(f ( 0)) describes the insertion of this function as a vertex into the reduced diagram(s)
X /FxU{H}. It is interesting to note that ((1 —Cy)f)(X) gives a zero result for the first row in
(2.14), 1—=C)(f(Xo)) if X = H (second row), f(X) — Uy (C(f(Ho))) f(X : H) for the third row, and
f ()? ) for the overlapping diagrams (fourth row). Nevertheless, when integrated over a variables,
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the fourth row gives a zero result since for any two overlapping diagrams the variables of (C f) ()/(\ )
of the first of overlapping diagrams and integration variables of the second overlapping diagram
belong to different labelled forests, and according to property g. of labelled forests the integral is
equal to zero. Also, it should be noted that the definition of the countertem (2.14) insures a correct
Zimmermann forest formula, the validity of field equations and the action principle [5, 1].

2.7. Lemma 5: The expression for the counterterms includes the relation between the divergences
of the subdiagram and corresponding divergence in diagram. This relation is assured by the Lemma

5in [5]: o
—1 G

dtl(_ll)H j| ZHZEHZO )

The Eq. (2.15) relates the singular terms of the #y integrals in amplitudes J; and Zy where

Unl&g" P(q,)l/u = [(wH!) (2.15)

H C G, and G/H is the corresponding reduced diagram whose amplitude is 7,y (for generic Jx
amplitude see (2.1)). The I and I,y are parts of the complete amplitudes 7 and 7,y neglecting
the integrations and operators the complete amplitudes have in common:

d N
Ic=2Zy ( - iﬁ) (detMG)D/2 expiWs ,
uy

IG/H:(detMG/H)D/ZCXPiWG/H ) (216)

with Wg and Wy defined as in (2.1) for G and G/H and expressed in terms if of dimensionless
momenta g, , auxiliary variables #y and masses (M} = Yye.z, u(my —i€)) with X = G,G/H ,H.
Py(q H) is an homogeneous polynomial of order @y appearing in the singular part of the .7 defined

asin (2.11),

2ip(g,) = {a;!t‘;;; [z( . iagH) (det My )2/ exp iWH]gH:o}zH:o , 2.17)

obtained by integrating over ¢y in 7. Uy is the same operator as in the definition of the countert-
erm. The singular part obtained by performing the y; integral of the /i amplitude is [(@g!) ™' (d /dty) ¥ 15);, Lay=0-
In the MS scheme the singular parts do not depend on u [1].

2.8. Jg and jg In order to deal with the Y% factors in the amplitude (2.9) it is convenient to
introduce two sets of functions [5, 1] Jg for 0 < K,hy, and fg, for 0 < K < hy, defined for all
H € ¥, K being a nonnegative integer:

J;’q(:{f(é,\’)rf(é’\/):év [1 ew(&v)withewely k=Y KH/}§

H'e(H) H'e(H)

- ¢

JK = {g(é,v) :gorEVgwith g € JX or g(€,v) :/ %f(x,v) with f € Jg_l} : (2.18)
1

The elements of sets J& and JX are defined iteratively by the equations (2.18). The initial function is
defined for hy = 0, that is for .# (H) = @, implying K = 0, for which there is only a set J9 = {£V}
containing one function only, £¥. For a given K the elements f(&,V) of J& have the following
properties [5]:
hy
a. f(E,v)=v K Z &Y™ with some constant c,,; (2.19a)

m=1
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b. f(€,0) = c(In&)X with some constant c; (2.19b)

c. f(él, V)= Zflj(é,V)fzj(l, v) with fij € JII_I(U such that K ; + K; = K; (2.19¢)
J

d.JS=E" m=1,... hy. (2.19d)

2.9. Proposition 3: The convergence of a labelled forest contribution to the renormalized ampli-
tude %)(ch ) from Eq. (2.4), is assured by the proofs [5, 1] of Proposition 3 from Ref. [5]. The
proof in Ref. [1] is done including the (regularization mass scale) factors u". The Proposition 3
states the following:
For any forest 2y € .%; satisfying condition 2y C ¢, one defines forests 2y each one satisfying
a condition

2y ={H €% :H CH forsome H € 2p}. (2.20)

After performing all subtractions corresponding to subgraphs H' € 2", the contribution of (¢, 0)
to Z ¢ is a sum of terms of the form

/d:qu —Cn,) CH] leZH1< ){ H §H2 éHza )}83{H(Q’E,£,I3»V)\g:0}-

H1€%\‘%H HE/(DV' B

(2.21)
Here (¢, ) and i are scaling variables and i-variables for G/ 2y (in particular this means that uy
for H € 2 are already set to zero), g are momenta for the family ¢’/ 2", and 2] = 2o\ (.4 (H)U
{H?}). Furthermore, gy are elements of JZ for some nonnegative integer K and g - is some element
of the abstract algebra of covariants with coefficients which are C* in scaling variables (¢,f3),
analytic at v =0, and due to € > 0, exponentialy decreasing at tG — oo. B
The proof of Proposition 3 is based on the Lemma 5 and on the properties the functions of the sets
JK and JK.
The following should be noted:
a. The function g4 (§,4,t,3,V)|a=o0 is an element of G/H where H € 2y which defines Zy;
0 € 2 so one might have 2~ = 0.
b. In Eq. (2.21), due to the properties of labelled forests, only one term (this is related to the
problem of decomposing integral region Z(%,c) into Hepp sectors [25], defined as regions of
Schwinger parameters satisfying relation ¢, < --- < o < - < o, which are confirmed to be
labelled forests in [12, 5]) contributes per each d g, integration, so the complete expression for a
given labelled (¢, o) forest has one term per integration,

(%\C/;,e)(%’,cf)G = H {(1_CH1 /dqu V wﬁl[ H gl;szngz(gszv)]

H\€C\Zn Hye.#'(Hy)
e iascn), )
= Y1 {0-cw) famn[gy " entGn) (2 (~i5 )o@ aep), T

H]E%\%H

V*CDHI

where we have used .#'(H,) = .# (H\)\.# (H>) = {H} and CI‘;I_wH‘ &y, =&y, " and the defini-
tion of the counterterm. The choice of labelling o corresponds to the various choices of definition
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of variables (z, ) (2.5) for the maximal forest ¢". These choices correspond to the ordering of the
subsets in labelled forests introduced by Bonneau, i < jif tg, < IH; O ty, = lH, and fB; < B; [1]. The
steps of the algorithm given by Eq. (2.22), starting form the subtracted amplitude for a subdiagram
gH, give the subtracted amplitude gp, (the expression in the curly brackets; it plays the role of gz in
the next step of the algorithm, while the role of the subset H; is taken by the next in size H; subset
in the sense of the Bonneau ordering) for the next largest subdiagram in the labelled forest (%', c)
in the sense of the Bonneau ordering. In the last step, after performing all steps except for the ac-
tion of the (1 — Cg) operator, one obtains the relation between the completely subtracted diagram
(%"(,; ¢)(¢.0); and the corresponding amplitude without the overall subtraction (7\,78)({576) o
(#0006 = (1= Co) Ry o)1 (2.23)

which is central for the Bonneau identities.

c. Prior to performing operations in Eq. (2.22), all the subtractions corresponding to subgraphs
H' € X, H' C H, have to be performed using the same algorithm as in (2.22), but for H playing the
role of G. These subtractions are making the g 4-, for subgraph H functions, analytic, concerning
the integrations over (¢, B)y variables corresponding to the subgraph H and all its subsets H' C H,
with the property H' € %. The procedure continues till one reaches an one loop subgraph. In a real
calculation the procedure goes in the opposite way: one first performs the removal of divergences
for smaller graphs using the (1 —Cy) and then proceeds to larger ones. This procedure can formally
be written, following Bonneau, using the symbol (), representing the application of the algorithm

splitted into two parts [1],

(%’38)%%:{ I1 /duﬂ(l _CH)}IG/HiO(‘@{/_{is)(%zi,ﬁz)yi

HEe®\H;
G/H; i X
= (B, )t 0vem O (P ct.om, (2.24)

where H; is the first and G = H},; (hg is number of loops of G) the last subgraph in the sense
of Bonneau, and at the same time the overall graph G. It should be noted that the integrand g o-
does not split into two parts as formally noted. Nevertheless, the powers of p¥ can be split into
corresponding G/H; and H; factors.

d. Theorem of renormalizability: From Proposition 3 follows the theorem on renormalizability

(B)E

The singular part of the dimensionally regularized amplitude for any subgraph H of a graph G
consists of poles of order < hy, and is a polynomial of degree Wy in the external momenta of the
graph. The singular part vanishes if H is superficially convergent. The amplitudes %c.¢(p,D),
remaining after performing subtractions corresponding to all 1PI subgraphs, are analytic at D =4
at any order of pertubation theory. The limit D — 4 includes first the limit v =4 —D — 0 and
then setting all evanescent objects to be equal to zero. The limit limg_0 %G ¢ exists in the space of
external momenta and is analytic at D = 4, and it represents the renormalized amplitude % (p).

3. Bonneau identities; Restauration of the BRST invariance in view of Bonneau
identities

The derivation of the Bonneau identities do have BMHYV renormalization scheme background
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but are also based on two lemmas [1] which are presented in the following.
3.1. Two Lemmas

3.1.1. Lemma 1.: For any function f(v) meromorphic in v =4 — D, having poles at v = 0, and
whose Laurent expansion around v = 0 is f(v) = Y= a;V', the following relations hold:

FV)=C(f(v))+(1=C)(f(v)),

rs.p.(f(v)) = a1 =v(C(f(v)))=C(vf(v)),

s.p.(f(v)) = (1 =C)(vf(v)) =v(1=C)(f(V)) . 3.1
Here C = p.p. denotes the extraction of the singular part (principal part) of any function f(v),

C(f(v)) = XL a;v'; r.s.p. is the abbreviation for "residue of the simple pole", a_;. The elements
A of the algebra @/, defined above Eq. (2.14) given in the precious section, are meromorphic

functions of v having poles at v = 0. For the algebra .o7; of any graph G, the operator C defined
in Eq. (2.13) plays the role of C defined for general meromorphic function in v, f(v) (here and in
what follows the MS renormalization scheme is assumed).

3.1.2. Lemma 2.: The Lemma 2. relates the amplitudes of two Feynman graphs G and G¥ which
are identical up to one vertex V, being equal to V in the first, and to V¥ = vV in the second
amplitude:

(B2 ¢.006 — V(REe) .06 = L U050y o) a0, (P ) .00 - (B
%
In Eq. (3.2) the sum is performed over all subgraphs % C G containing V as one of its vertices. The
amplitude 2} . = (1-C, )9?1: e=1-0,C V% ¢ corresponds to the subtracted amplitude g ;, in
the Eq. (2.22) with the identification H := ;. The pair of labelled forests ((62,02)y,(%1,01)g/y)
is in one-to-one correspondence with the labelled forest (¢°,0)¢. To the vertex V corresponds a
field monomial O.

In order to prove the Lemma 2., it is convenient to subdivide the maximal forest € of the graph
G into three subforests; Fg = {b,k =1,...0}, A ={a;,j=1,...p},and Fy = {v;;i=1,...,q}
with Fy C Fay, Fy C Fyy, and with the property that the vertex V is neither a vertex of by nor of
a; for every by € Fp and for every a; € Fy, while V is a vertex of every v; € Fy. In the sense
of the subtraction procedure Fyy and Fp are independent, while F4 and Fy are dependent. The
maximal elements of Fp and Fyy may have only one common vertex or may be connected by one
propagator. Further, the elements of Fyy are assumed to be strictly ordered: 3 C 1> C --- C ¥,. The
subtraction procedure may be taken to be performed consecutively with respect to all the elements
of the forests Fp first, then of the forest F4 and at the end of the forest Fy,. With this ordering the
proof proceeds in two steps. First, the procedure does not differentiate the amplitudes of G¥ and G
at the level of the elements of Fp and Fy, since the corresponding subgraphs have the same vertices
and propagators in both amplitudes. The amplitudes start to differ with the smallest element of
Fy, vi. Second, for each v; starting with v; and ending with v, = G, the following relations hold:

A" = (1=U, Q7" " = Uy (1= )" " = v + LUy (x5, Gy ) &, with Ug = 1
and 52’7’{;7’ = 1, and identifying C), = U,,C. The subtracted amplitude ,@y’ " is considered as a
part of the amplitude for the graph G, and %Y’ s self-standing amplitude for the graph ¥; inserted

10



Bonneau identities Amon Ilakovac

by Uy, into larger subgraphs. In the expression Uy, (1 — C)@y’ym the Lemma 5 is used. With this
procedure the Lemma 2 is proved.

Two facts should be noted. First, the matrix elements @3’,’8 are strongly restricted since they have
to be divergent. Second, by summing the result of Eq. (3.2) over all labelled forests (%, 0) and
using Eq. (2.4), one obtains the result relating the total finite amplitudes %VG vg and %‘? &

v G (]
(‘%\?e) - V(‘%\?,e) = ((;) ZKU% L.S.p. (’%7j )(3”2,02) )(%v,éy)(%l,Gl)G/y,» : (3.3)
6,0 Yl (

3.2. Basic Bonneau identity: The Lemma 2. may be used to obtain the corresponding operatorial
identity in several steps, which we give with more details than in [1].

a. First is to use the basic result of the renormalization theorem that the singular part of the ampli-
tude for a graph 7;, subtracted from the divergences of all its 1PI subgraphs %"v & 18 @ polynomial
in the masses and the external momenta of degree (or superficial divergence of ¥;) oy, = 4 —dy, for
4-dimensional field theories, where dy, = ZZ"ZI dg, is the sum of the canonical dimensions of all
fields coresponding to the external lines of the subgraph 7. Therefore, @7‘:’ ¢ can be written as the
finite Taylor expansion in external momenta

67' r
=% _ Z’ r 1 J =t W
I'.S.p.%we = ; {Mr.s.p.%we} pi:()pill .. pir s (34)

where ny, is the total number of external lines for the subgraph ¥;.

b. Inserting this result into (3.2), and rearranging the sum )., over subgraphs ¥, with respect to the
number of external lines n, Eq. (3.2) becomes equal to

G' VG Vv nmax:4 67{[
RY% G G _
(&%v € )(?” o) = (%, e)((é’ o) V(%v,e)(?f,c)g =
n=npin=2Y"Vey'CGr=0{i,....i,}
0§57,n <4 1<ij<n

1 G/v
Uy (=p .. ph ) Yl (3.5)
ritt

r

{(apaappgﬂ)

where ¥ denotes ¥; subgraph with n external lines. Due to the fact ¥; is 1PI subgraph of G, n,,;, = 2.

pi=0

In 4-dimensional theories only terms with n < 4 may lead to divergences, therefore n,,,, = 4.

c¢. Since r.s.p.@ﬁe is a finite polynomial in external momenta, one can attribute to each term of
the polynomial a local vertex of the normal product (see Ref. [26]) of the fields coresponding to
the external lines of 7. The definition of the normal product of an operator inserted into some
diagram, includes the renormalization of the operator and fields included in the diagram. The
renormalization includes the subtraction, the limit v,€ — 0 and setting all evanescent objects to
zero. With the convention that all the momenta are incoming into graphs, the following replacement
is valid

'r

REPE%pr“...p?_’ [H H CMNEY }

r '
r. ij an =n; ofig=k

11
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'y [H [T 900 (3.6)

K ”' Unide) T afia=t
where ¢;, denotes a field with quantum numbers j; which define the type of the field. The identi-
fication (3.6) is obtained by taking a Feynman rule for its LHS. The factor —i cancels the factor i
from i x Lagrangian, and the factor 1/, n;,! cancels the factor [];, n;,! coming from the identical
fields on the RHS of the first line expression. In the second row we sum over all combinations
of different types of the fields giving an additional factor n!/[];, n;,!, whose calculation gives the
factor 1/n!, n being number of fields. According to the Lemma 5 of BM in the subsection 2.7 this
vertex is inserted into %y, / . 1t should be noted that 1PI matrix element has a nontrivial group
structure corresponding to the quantum numbers of the amputated legs ji. Therefore, all the coeffi-
cients of the polynomial r.s.p.@vw?e are group structures which do appear in the 1PI matrix element,
multiplied by a certain power of masses, this power being smaller or equal to &,». In the case of
a massless theory, the only contribution from the third sum in (3.5) comes from the term r = &y,
and only dimensionless group structures do appear as coefficients. The choices of {ii,...,i,} in-
dices in the fourth sum in Eq. (3.5) correspond to different choices of derivatives of ¢; fields.
The total quantum numbers of the product of fields H,{:n ¢, (x) emerging from the diagram 7; are
equal to the quantum numbers of the monomial & as a whole. The set of all such operators for all
choices of subdiagrams ¥ permitted by the quantum numbers of &, and by the condition that the
corresponding contributions to % " are divergent, form a basis. In the limit v, € — 0, any matrix
element (0|7 (N[vO5])|0)'"’ may be expressed in terms of this basis, but one has to sum over all
combinations of fields @;, ... ¢;,, that might contribute to the matrix element (0|7 (N[vOs]X)|0)'F,
with X being an arbitrary polynomial product of the fields of the considered theory,

OIT(NVO5)IX)[0) = Y (825" 14016

(%.0) REP

J
4 5’ e r

= = 1PI
=T vWT-S-P-<0!T(NW§(X)]¢A(Pl)-~¢jn(Pn))\0> )p,»:o}

1<l,<n
0\T< [ 'Hna/ll‘[_ka 05, (x } )\o>””. 3.7)

Here J, = {j1,..., ja} is a set of different quantum numbers denoting the fields ¢;,. The fields ) i
are the Fourier-transformed fields ¢;,, and (0|7 (N[O5(x)] ¢;,(p1) ... 9;,(pa))]|O) P! = %) .

d. Since (3.7) is valid for any set of fields X it is valid at the operator level

4 Sén l‘r ar
N|vO = 7
Vs ’E{h;jn}g{il;ir}{ rloph'...op;
1<i;<n
<t O VIOs1d (p0) - B pa 0| IV[ H 1 owoi], 69

=n o/ig=k

and this relation is the basic Bonneau identity. This equation confirms that the quantum numbers
of the operator Og and of the product of derivarives of field operators in the last factor of the RHS

12
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of Eq. (3.8) are the same. The corresponding dimensions do not have to be the same, since the
coefficients in the curly brackets may comprise masses, but in the case of a massless theory they
are the same. Furthermore, the fields in the mentioned product may contain an external source field
and in that case the combination of the Fourier-transformed fields must contain a product of the
Fourier-transformed fields, which in combination with the external source field form a term in the
action of the considered model. The external source field may be put outside of the normal pruduct
N, but the derivatives acting on it have to be retained within it.

X is any set of fields which arise from the action of the theory and form together with v&s(x)
a 1PI diagram, with X fields being external fields of the 1PI diagram. Therefore, the relation
(3.7) may be written for the sum of such fields or, in other words, for the sum of matrix elements
(O0]T (N[Os(x)]X)|0) which are represented in the field theory by the insertion of the v&g(x) oper-
ator into the renormalized effective action Iy, [VOs(x)] - T'yen. In the same way one can represent
the right hand side of Eq. (3.7). This leads to the equality

4 61” 9"
ﬁ ren— = W A~ U 39
N[vs(x) ;z;rzo{”;l}{,,ap o (3.9)
1<ij<n
<1sp (0T N[O, ()-8, (pa)0) | IV T T 9] T

Ck=n o/ig=k

3.3. Bonneau identity for the trace anomaly

3.3.1. Trace anomaly and axial anomaly: The properties of the normal product given in subsec-
tion 3.2. point c. imply that the evanescent metric g"¥ does not commute with the normal product,
in contract to 4-dimensional metric gV, which is not affected by renormalization procedure and
does commute with the normal product. The information on the evanescent object may be received
only if, in the procedure of taking normal form [5] of the amplitude, g';, = —v = —(4 — D) appear
and divergences appearing in the integration procedure multiply v and give an additional finite
contribution to the amplitude. This implies the following trace anomaly relations [2]

g NlguvP(9,09)] —Ng',P(¢,09)] = N[VP(9,99)], (3.10)
VN[O (9,00)(x)] —N[g" Opya. (0,09)(x)] = N[-g"" Opya. (9,09)(x)] (3.11)

where P(¢,d¢)(x) and 0,5 (¢,9¢...)(x) are scalar and tensor monomials in the fields and their
derivatives. The operatorial relations written above have to be understood as the insertion of the
NJ...] operators as a vertex into an arbitrary 1PI diagram, labeled with its external fields designated
by X, and taking its vaccum expectation value, N[...] — (O|T(N[...]X)|0).

The axial anomaly is a consequence of the fact that in the BMHV scheme, 5 does not anticommute
with the D-dimensional y* matrices: it anticommutes with the 4-dimensional Y matrices, but
commutes with the (—Vv)-dimensional 7* matrices, leading to the equality {y,,%} = 2%,%. The
tree level term 257“)/5 induces at the loop level additional contribution to the nonconservation of
the axial current [2], called axial anomaly. The evanescent tree level term inducing the axial
anomaly may have different forms [6, 27], depending on how the fermion-fermion-gauge boson

13
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interaction is defined in D dimensions, all of which are equivalent at 4 dimensions. For instance, if
the mentioned interaction term has the form YP.y, Pr yA*, the evanescent term inducing the axial

nd
anomaly is N[g" Wy5%,(1/20 )] having the trace anomaly form (3.11). If the interaction term
VY. PrYA* is chosen, then the evanescent term inducing axial anomaly contains the gauge field

N[g"Vyys yv(l/ZSN —igAu) |, which is again of the trace anomaly form (3.11).

In fact all spurious anomalies (those which are not proportional to the Levi-Civita symbol) have
always the trace anomaly form. Therefore, it is enough the consider the Bonneau identities for the
general trace anomaly (3.11).

3.3.2. Bonneau identities for the trace anomaly: The general form of the regularized Feynman
integrand of any graph H, with external momenta p;, and having a special vertex V(Oyya) =
V(Oyy»,...) corresponding to the field monomial &yyp = Oy, ... with Lorentz indices i,V to be
contracted with —g"" and remaining Lorentz indices A = A;,..., (which may but no not have to
be present in the special vertex) is

Ouva i j OuvA VA VA VA
s =Y plplmtt +guMi ™ +Y puMj M +Mﬁw” : (3.12)
i,j€EVH icVy

. o 4 . uva
where the component functions MH “* and ME" "* do not have Lorentz indices wand v, M2 H

has the Lorentz index v and Mﬁ”il is a tensor function antisymmetric in Lorentz indices i and
v. The integrand and the component functions may have any number of additional Lorentz indices
Y =o0j,... independent of Lorentz indices A, but the results obtained are the same as those obtained
below. The component functions may depend on the (remaining) external momenta the Levi-Civita

symbols and y* matrices. Furthermore, Vj is the set of vertices of graph H. The corresponding

Feynman integrand of the same graph but with the evanescent operator Ay = —g"" O,y is
HAA — HﬁyvA H uvA ~ /‘7\/\
==Y prpMi"" Myt — pr M (3.13)
i7j€VH

The results (3.12) and (3.13) may be used to find the difference between the regularized subtracted
amplitudes %ﬁi’\ and (—§“")%€?VA, which represents the trace anomaly for the special vertex
V(Ouvn). Using the same subdivision of the maximal forest ¢ of considered labelled forest (¢, o)
into subforests Fp, F4 and Fy as in the proof of the Bonneau’s Lemma 2 from subsubsection 2.1.2,
and performing the algorithm procidure of Eq. (2.22), one obtains the same amplitudes for all

subgraphs by € Fp and a; € Fy of %3 4 and —g?“"%ﬁ ?WA, since they do not contain the vertex &), ya.
The differences do appear for all amplitudes of the subgraphs v; € Fy,i = 1,...,q, as explained

in what follows. The integrand functions of [ duy, for graphs vA" and v, " have the same form

as the expressions in (3.12) and (3.13), with the identification H := v;_; and H; = v; in (2.22),
7uvA {]uvA ﬁuvA

lij.v.e Mz’v £ M3§# ,and M4:\tl‘ The integration [ dpu,, does

not change the Lorentz structure and the dependence on the external momenta, but it leads to the

JnvA JnvA JnvA N
and MY M and M v which have

lij,v,e 2v.e ° 7 3iu 4uv >
poles in v, and which are forming total amplitude without overall subtraction,

and with component functions M’
integrated component functions denoted by M)

0, 4 ;
UVA UVA —H l»l VA 7]_[6#‘,/\

vsuv Zpu pv 1zjvs+gli"M2ve +ZpuM3v +M4yv )
i€eVy
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" —
quA ﬁuvA ’7 N 71_[@”‘,/\

A )
'9?‘\}/[,82_?#‘/%\\}/[,8 :—sz pJMlz]vs+VM2ve _pi'M3i : (3’14)
7]
7%’7!”/\ M
The action of the U,,(1 —C) operator on the amplitudes %, . and #, . induces an additonal
__Ouva ' '

(polynomial) term U, (r.s.p(M,/ . )) for the amplitude of the diagram v,-AA with respect to the viﬁ‘”A
amplitude if it was multiplied by —g"Vv. The mutiplication with —g"" serves only for comparison,
since the real multiplication with —g"" is performed only after all steps of the algorithm, that is

with the final amplitude %ﬁf“VA. In addition, all the subsets v; C v; lead, according to the BM

gp VA

Lemma 5 of subsection 2.7., to the terms of the form U, (r.s.p(M‘v,{s ))Z2"i"i. At the next loop
__AA
level, that is for v, , the first and third term in the expression for %:’78 in Eq. (3.14) may constitute

0
a source of new vM‘f{ E“VA terms. At the level of the graph G, the final result is

4

A \% pva Vi
(‘%\?,EA)(C,O') ( )(%\?sup/\\/) Z U rsp (lee ))(30”2,62)\,1. (%\(/;,é )(%’.,61)6/‘,1, . (3.15)
€¥
VGV,‘

Summing this result over the labelled forest, the following result is obtained [2]

0
A VA . iuvA G ;
%\Cl;,e/\ - ( Aﬂv)%\?eﬂyv = Z Z Uw (r.s.p.(MC’g ))((ﬁz,cz)vi (%v,(ev )(%’1,0'1)(;/‘.1. . (3.16)
(¢,0)vic?
Vey;

The only difference with respect to the result (3.3) is that this result (3. 15) has a r.s.p. of the part
”uv/\ uvA
of the subtracted amplitude M, ve »and not of the whole amplitude % . To achieve the same

form as in Eq. (3.3), following Bonneau [2], a new symmetric tensor guv is introduced, whose
trace and contraction properties are:

8u = L, guvgvp = g/uvgvp = gup . (3.17)

”u VA

The amplitude @:} ¢ from Egs. (3.14) and (3.16) is then contacted with g"¥ and fully simplified.
The remaining terms with g, are then set to zero, and the r.s.p. of the final expression is taken:

fV-AA (i 0 VA
r8.pHye| =rsp.(g “V%JS ) = r.s.p.( Z Di- PJMu] ve +M2v e
§=0 =0 i,jEV,;
\m Jomv
+ ) P My, )‘v =r8.pMiy . (3.18)
ieVy =0
The insertion of this relation into (3.16) provides the explicit result,
A
A VA —%: G/
R — ()R = X Uy(rsp 2l gzo)%{! . (3.19)

%Ver

It should be noted that in the loop integration procedure, new evanescent operators different from
the monomial A, might be induced, but all of these operators do contain one and only one (—g"")
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from A, which is singled out by replacing (—g"") by gMV. Therefore, all induced evanescent terms
depend linearly on the initial evanescent g*" present in the evanescent vertex operator Ax.
Performing the same procedure as for basic Bonneau identities given there by points a.,b.,c..d. of
subsection 3.2., one obtains

4 5’41

Gy v
(%v,%)(%,a)c _( )(ﬁ\(/;e# A)(%,G)G = Z Z Z Z
n=2y"Vey'CGr=0{i,. i}
0<8y<4 1<ij<n

{ (Wr sp7 MA) ‘pFOUYi (%pﬁl ) (3.20)
i

after the procedure steps of the points a. and b., then the result

4 & o

N2 O] =Y T Y. ¥ {

n= 2] r= 0{[1 ..... l} r' 8p . 'apit‘r

1<ij<n
]7,':0}

§=0

><<0|N[ H[( T Oudi(x )H|o>””, (3.21)

k=n " "o/iqg=k

% 5,90 T(NZHY Oun (0185, (1) -~ 01 () [0)

after the procedure steps of the point ¢. From the relation (3.21) one obtains

4 51" -y "
N[=g" Ouyn®)] Tren =Y, Y, Z Y ! S
n=2{j1,ce,jn } r=0{i1,....i }{r' ap 'apir

1<i;<n
~ - = 1PI
X 1.8.p.(0|T (N[g*¥ Ouva(x)]0j,(p1) - .. 9;,(Pn))]0) p.:O}
=0
[n‘ H H 9 06¢IA } ren y (3.22)

k=no/iq=k

by collecting all 1PI amplitudes with different choices of external fields X into the effecive action.
Finally, after the procedure steps of the point d. one obtains the result

4 5

T ar
N8 Oa ()] = S
" ';2{]1 odny T=0{i1, iy r! ap”l apir

1<zj<n

— = = 1PI
< (0T (VE Gura (9185, (p1) - 63, (pa)I0) |}
=0

[ HH%% } (3.23)

k=niyq=k
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The relation (3.23) is the Bonneau identity for the special vertex V corresponding to the generic
monomial &,yA. In the same way as in the basic Bonneau identity Eq. (3.8), the fields in the last
term RHS of (3.23) may have an external source field per monomial, in which case the coefficient
term must contain a product of Fourier-transformed fields, which together with the external source
field form a term in the action of the considered theory. The external source field may be put outside
the normal product N, but the derivatives acting on it have to be retained within N.

3.4. BRST invariance in view of the Bonneau identities

This subsection discusses two related topics. In the first subsubsection we review the regularized
action principle, which constitutes a basis for the second one. The second subsubsection relates the
breaking of the BRST symmetry to the operators induced by the tree-level evanescent operators,
showing that the BRST breaking terms may be expressed using the Bonneau identities.

3.4.1. Regularized action principle. The regularized action principle states the following three
equations hold in dimensionally regularized theories:

i. Arbitrary polynomial variations of the quantized fields ¢, §¢ (x) = 66 (x)P(¢(x)) leave invariant
the dimensionally regularized the generating functional for the Green functions Zpge, [4, 5, 6]

5Zpregl K] = <5(Sf—i—S1)exp{%SI[¢,J,K,7L]}> 0 (3.24)

where ¢, A, J and K represent fields, couplings, sources for the fields and sources for their BRST
tranformations, where S is the free action defining propagators of the theory, S; = S;[¢,J,K,A] =
Si[o, K, L] + [ dPxJ;(x)¢;(x) is the interaction part of the action including the sources J; for all the
fields ¢; = (¢, DP);, Si[0, K, A] = Soi[9, K, A] + S [, K, A] —|—S}2[¢,K,M is the interaction part of
the action which includes the BRST sources Kg, of the fields ®; which transform nonlinarly on
(n)

BRST transformations, So; is the interaction part of the tree level action Sy = So; + S, and S;.; and

sct
S](c'?t are singular and finite parts of the counterterm part of the counterterm action S\ = ) 1 SSZZ
including counterterms up to n-loop level. Finally, Zpgeg[J,K,A] = [ Z¢ exp{i(Sg,)eeg + [Jii)},
and ((...)) = [Z¢exp{iSs}(...).

ii. Variations of external fields E(x) = (K(x),J(x)) lead to equality [3, 5, 6]

5S1 . SZDReg [J,K,l]
< 5500 {S,[¢,J,K,M}> = i (3.25)
iii. Variation of parameters give [3, 5, 6]
5(Sf+S[) . SZDREg['LKvA’]
<Texp{S1[¢,J,K,/'L]}>——th . (3.26)

The corresponding regularized quantum action equations for the dimensionally regularized effec-
tive action I'pg., may be written. The equations (3.24-3.26) for the renormalized action which
state the (renormalized) quantum action principle are defined as follows. First, the renormalized
action is defined by taking the limit LIM,_,o, denoting the limit when setting v, € — 0 and setting
all evanescent objects to be equal to zero:

Lien = LIMV%OFDReg . (327)
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The same limit is applied to the regularized quantum action principle equations for the regularized
effective action I'pg, to obtain the corresponding quantum action principle equations for the renor-
malized effective action I',;,.

3.4.2. Slavnov-Taylor identities and anomalous insertions: It is convenient to derive the Slavnov-
Taylor identities of the theory in a similar manner. The reason for this is that in the BMHV scheme
the action of the D-dimensional Slavnov-Taylor opearator .#p on regularized effective action the
terms coming from evanescent operators only [6],

5F DRe O DRreg 6T DRe
> (Tore Px( g g g
DReg) / t SKe 00
6Sgl) (SFDReg
SKo(x) PRl s(x)

=A -Tpreg +Act - TDReg + /de[ (3.28)
where sp is BRST operator in D dimensions. The relation (3.28) is obtained using the Eqgs. (3.24-
3.26) [6]. The operators A = spSp, Ay = sDSg’), and 5S£’,1> /6Kg are all induced by evanescent
operators, although they are not fully evanesced by themselves. The remaining contributions to

the .p(I'preg) cancel. Therefore, in the procedure to find the breaking of the BRST symmetry

BRST
Abreakmg ’

of the 4-dimensional Slavnov-Taylor operator . on it, .”I',,,. Instead, one can evaluate only the
contributions from the RHS of Eq. (3.28), and then perform the limit LIM,_,q,

one can avoid the calculation of the complete renormalized action and performing action

(n)
5Sa SFDReg) (329)

Aff;i{ing = LIMV*)O (A : FDReg + Act : FDReg + /de [m 'FDReg} m

Since all operators on the RHS of Eq. (3.29) are induced by evanescent tree-level operator, one can
apply the Eq. (3.22) to evaluate them.

For example, at one loop level, this equation can be reexpressed as [6]

BRST, 1

Abreakzjr(zg) LIMV%O{ [ ]Ezr?g + bDSSCt } {[ [A ’ Fren] (1) + bSJ(‘L)t} (3.30)
where bp and b are linearized Slavnov-Taylor operators [28, 6] in D and 4 dimensions respectively.
The first curly-bracket term on the RHS of (3.30) appears to be equal to zero. The second term
comprises a local finite contribution N [A Tren) (1) which can be evaluated using Bonneau identities.
The finite conterterm bS;lc)t contributuin is needed to restore the BRST symmetry.

4. Conclusion

This paper gives a short recapitulation of the Breitenlohner-Maison-’t Hooft- Veltman (BMHV)
scheme for dimensional regularization and an overview of the Bonneu identities. In the exposition
of the BMHV scheme we reexpressed the Breitenlohner-Maison (BM) Proposition 3 in several
ways so as to bridge the notational differences between the BM [5] and Bonneau [1, 2] papers
and in order to give a clearer interpretation of the BM renormalization procedure. Specifically, the
Bonneau () operator is identified to correspond to the procedure of the BM Proposition 3. The
explanation of the source of divergences is covered with a corresponding reference [24] and the
interpretation of the counterterm operator is supplemented with additional explanations. Further,
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the Lemma 2 of Bonneau is proved in subsection 3.2. in terms of a clearer expression of the BM
Proposition 3 as well as an extension of action of the Uy operator, appearing in the BM Lemma 5, to
the complete amplitudes of subdiagrams and not only to the polynomial form structures corespond-
ing to counterterms. The basic Bonneau identity originally derived for the ¢* theory is rederived
for a general theory, and the expression for the 1PI matrix elements is rewritten in terms of the ef-
fective action. The quantum numbers of the v &5 operator and the operators in terms of which vO
is expressed are identified and the dimensions of these operators are discussed. Two examples of
its application have been given: the Bonneau identity for the trace anomaly is rederived for a gen-
eral theory, for the general special vertex with any number of Lorentz indices larger or equal two.
We stated that the trace anomaly covers all the spurious anomalies of the theory. The expression
for the 1PI matrix elements is rewritten in terms of the effective action. Finally, we showed how
these results may be applied to the evaluation of the breaking of BRST symmetry in dimensionaly
regularized theories.
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