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1. Introduction

Nowadays, that the existence of black holes and dark matter are unambiguous and the investi-
gation of the primordial black hole (PBH) dark matter scenario is very motivated. Here, I discuss
the PBH and mini-PBH scenario, that realizes the PBH-remnants dark matter scenario. I introduce
new and testable inflationary scenarios, that generate PBHs, and assume non-standard cosmologi-
cal evolution for the early and late universe. I show that the PBHs can be regarded as a powerful
tool to probe the primordial fluctuations and give us insights into the dynamics that generated the
seeds of the cosmic structure, even if PBHs do not comprise the observed dark matter in the uni-
verse. In this context, I also discuss the shape of the induced GWs produced in the early universe
and stress that the detection of the induced GW spectrum can be additionally used as a portal to the
density perturbations at small scales far beyond the scales directly accessible in the CMB.

This paper is organized as follows. Firstly I present the constraints on the power spectrum
of the primordial curvature perturbations coming from the bounds on the PBHs. Next I introduce
inflationary models that generate a peak in the scalar power spectrum in accordance with the ob-
servational constraints. In the following two sections I discuss the PBH and the PBH-remnants
dark matter scenario. Finally, I present the induced gravitational wave (IGWs) spectra predicted by
models with an enhanced scalar power spectrum.

2. Constraints on the primordial curvature perturbations Nol: PBHs

PBHs form from large-amplitude inhomogeneities that decouple from the background expan-
sion and collapse [1]. Roughly, it has to be GM /R ~ 1, for a region of mass M over a scale R.
This can be achieved if the power spectrum &z (k) at the inverse scale R~ ~ k, characteristic of
the PBH mass, has a very large amplitude, much larger than the density perturbation p /p ~ 1073
measured at the CMB scales. The minimum value for the &7 required for the realization of a col-
lapse depends on the background pressure as well as the sphericity and the angular momentum of
the overdense region. If the & is enhanced at small scales k~! light PBH form; if k! is large the
PBH formed are heavier. This is a key difference compared to stellar black holes that are predicted
to be heavier than about few solar masses, M.

Steven Hawking predicted that black holes radiate thermally, with a temperature inversely
proportional to the mass, Tgy = hic® /(8TGMkg), and evaporate on a time scale feyap ~ G2M? / (hic*),
where M the mass of the PBH [2,3]. PBHs with mass M < 10'° g evaporate at timescales less than
the age of the universe, whereas PBHs with M > 10'> g would still survive today and would be
dynamically cold component of the dark matter in galactic structures. Mini PBHs in the range
M ~ 10° — 10'? g evaporate during or after the BBN cosmic epoch, and PBHs with mass M ~
10'3 — 10'* g evaporate during the cosmic epoch of recombination. BBN observables constrain
the PBH abundance [4—11], and the anisotropy damping on CMB observables put the stringent
constraint [12]. The abundance of light PBH, M > 10" g, is constrained from the extra galactic
gamma-ray background [13-17].

The PBH dark matter scenario is constrained in a wide range for the mass parameter M by
several observational experiments. Black holes of mass above 10'7g are subject to gravitational
lensing constraints [18-20]. The CMB constrains the PBH with mass above 1033g [21]. It has
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been claimed that the CMB bounds on massive PBHs might be relaxed [22-24]. At the large mass
region there are also constraints from accretion limits in X-ray and radio observations [25]. For a
recent update on the PBH constraints see Ref. [26].

The present relic energy density parameter of primordial black holes with mass M produced
at the cosmic time ¢ is

2 1/2
Qpgn (M) = QmyB (M) ( fjj;) (ﬁ:) #(g.) @1
where g(g.) = 2"4(g.(¢) /g (tm)) "/*(g+(tmn) /g (teq)) ~'/*, and g.. the thermalized degrees of free-
dom. The parameter p is equal to 1 for t > t, and O for f < t,. Qp is the total matter density
parameter today, M.q is the horizon mass at the moment of matter radiation equality and My, the
horizon mass at the moment of reheating.

The B(M) is the mass fraction of the universe with horizon mass M /y that collapsed and
formed PBHs; it can be interpreted as the black hole formation probability. Assuming Gaussian
statistics, for a spherically symmetric region it is

e
ﬁ(M) = /‘scd5\/me (M) y (22)

where 6(M) is the variance of the density perturbations and & is the density contrast. The PBH
abundance has an exponential sensitivity to the variance of the perturbations ¢(M) and the thresh-
old value &,, which dependents on the equation of state of the background energy density. We
assign values to O, following the findings of Ref. [27], where, in the comoving gauge, it is §, =
(3(1+w)/(5+3w))sin? ﬁ‘g For w=1/3 itis 8. = 0.41, and decreases significantly for softer
equation of states. For w — 0 the Eq. (2.2) stops being valid. Employing the results of Ref. [28]

for spinless gravitational collapse during MD era the formation rate, is given by
Bvp (M) ~ 0.0566°(M). (2.3)

The PBH production rate is suppressed when the collapsing region has spin [29],

4/3
47~
o3 (2.4)

Bup(M) =2x 1077 fy(qc) 7 °o(M)e

Benchmark values are ¢, = V2, fg~ 1 and .# is a parameter of order unity [29]. According to [29]
this expression applies for 6(M) < 0.005, whereas the equation Byp (M) ~ 0.0566°(M) applies
for 0.005 < (M) <0.2.

The observational constraints put upper bounds on the 3(M). The size of the 3, as discussed
above, depends on the variance ¢ of the density perturbations in a different way if the collapse
takes place in a background with or without pressure. If there is thermal pressure the collapse
is effectively instantaneous whereas, if the there is no pressure the collapse has a finite duration
determined by the o value. Also, in MD era the size of the variance determines whether the PBH
formation-rate is affected by the spin. Taking all these into account, the maximum value for the
P (k) is derived. Schematically it is

Qppy < V P e %17 Qppy = P47 (2.5)
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The expression on the left hand side is for collapse during radiation and on the right hand side for
spinless collapse during matter era. The bounds on the PBH abundance translate into bounds on the
P (k), that are different for different cosmic eras that the collapse takes place. It is actually known
that the equation of state of the Universe has not been directly probed for times prior to BBN # ~ 1
s [30] and a general equation of state w has to be assumed. Using the relation f = k/(27) we find
the frequency-PBH mass correspondence for general equation of state w and reheating temperature
Th,

1-3w
T. 3(1+w)
~ 17 -1 th
k(M,]} 7W) ~2x10 MpC (1010(}e\f>
3w+l

M/y\ 30 ( g+ >i3}1+33:) ~
R 2.6
(1012g) 106.75 (g:w) (2.6)

where R(g,w) = (g*/106.75)_1/12 for w = 1/3 and one for w # 1/3. In the above relation we
have assumed a one-to-one correspondence between k and the PBH mass M. This it true for the
approximation of a monochromatic PBH mass spectrum, which is practically the case in many
models.

Assuming a radiation dominated phase in the early universe, with Ty, > 2.2 x 10° y//2 GeV,
the stringent constraint, coming from the damping of the CMB anisotropies, is on the abundance
of mini PBHs with mass M = My, = 2.5 x 10'3g gives us the bound in the variance of the density
perturbations,

) Y -1/2
16\ < c _
(1.9 % 10'6) < 0.035 <0‘41> [1+0.023ln<0'2>] .7)

Assuming kination domination, w = 1, with reheating temperatures Ty, < 2 x 10° GeV the CMB
constraint, that applies on the scale with wavenumber k(Mcmb, Tin ), is

O
o (k(Memp, Trn) < 0.032 - . 2.8
( ( cmbs rh) ~ <0375> ( )
According to the Eq. (2.6), it is k(Memb, Ton) =5 x 1018k, ¥/3 (T30 /107 GeV) ~/? (5./106.75)"1/12,

Assuming a matter domination early universe era, w = 0, reheated at temperatures Ty, <
107 GeV and considering spin effects, the variance of the density perturbations has to satisfy

T;
6 (k(Memb, Tn)) < Exp[—6.9—0.09In Gth (2.9)
2 3
_ T _ T
2x107° (In= ] —3x107° (In -~
e <nGeV> . " Gev

where k(Memp, i) ~ 3 x 1017 k. y1/3 (T, /107 GeV) '/ (g,./106.75)1/12,
The constraints (2.7), (2.8) and (2.9) can be translated into constraints on the primordial power
spectrum P4 (k) as explained in detail in Ref. [31].
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Figure 1: The plots depict upper bounds on the power spectrum of the comoving curvature per-

turbation coming from constraints on evaporated and nonevaporated PBHs for different early uni-
verse cosmic histories after the assumption that 25 (k) = 6202, (k), where 8 =2/5 and 4/9
for radiation domination era with T, = 1015 GeV, (left panel), and matter domination era with
Ty, = 107 GeV, (right panel). The blue shaded areas correspond to a scalar-condensate dominated
non-thermal phase, caused either by the inflaton or a modulus field. The dashed lines give the upper
bounds for spinless gravitational collapse. The CMB bound (red line) is the stringent bound on the

small scales.

3. Inflationary model building

In order for a model of inflation to seed the PBH formation, a mechanism is needed for the
enhancement of the power spectrum of the curvature perturbation at small scales. The power spec-
trum has to be normalized at the CMB scales by the amplitude of the temperature anisotropies,
P, ~ 1072, and increased several orders of magnitude at much smaller scales, relevant to the
PBH formation. This striking change of the curvature power spectrum with respect to the scale in-
evitably has to be attributed to some peculiar feature of the inflationary dynamics. The power spec-
trum, according to the standard approximate analytic estimation, has a dependence &y ~ H? /¢y,
where € is the first Hubble flow function and H the Hubble parameter. An enhancement in
may take place if the £; decreases substantially during the inflationary evolution. In the single field
inflationary set up, this can be achieved if there is a near-inflection point about a local plateau for
the inflationary potential [32,33]. Another suggestion is an enhanced friction [34] for the inflaton
field [35,36]. Hence, let us discuss &4 (k) peaks generated the a-attactors and Horndeski general
non-minimal derivative coupling (GNMDC) inflation introduced in Refs. [37] and [36] respec-
tively. From the structural side the two inflationary models [36, 37] have a non-canonical kinetic

term,
ga—attractors R ( aﬂ e )2 B
TR L V(§ 3.1)
S
DzﬂGNMDC R .
BV —f(9)G"" 9updvp +V(9) (3.2)

The special form of the q-attractor potential and the GNMDC coupling can generate an enhanced
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P4 (k) spectrum at some wavenumber k;, and the PBH formation becomes possible.

Fluctuations of the inflaton field ¢ in a homogeneous background induce scalar perturbations
in the metric. In the comoving gauge we have ¢ = 0 and g;; = a° [(1 —2%#)§;; + h;;] and expand-
ing the inflaton-gravity action to second order in & one obtains

1 2T ., (%%)?
Se) = 2/d4x\/—ga3[¢;2 [%2—(2)] .

a

(3.3)

After the variable redefinition v = z% where 7> = a’¢?/H? = 2a¢; and switching to conformal
time 7 the Mukhanov-Sasaki equation for the evolution of the Fourier modes v, of v(x) is found,

Z//
v+ <k2 -~ ) v =0, (3.4)
z
where 7" /z is expressed in terms of the Hubble flow functions &;, &, and &3 as
Z”—(H)ZZ s+3£ Lee +182+188 (3.5
Z—d 1ty8-sa8 T 6 188 . .

The power on a given scale of Z is obtained once the solution v; of the Mukhanov-Sasaki equation
18 known and estimated at a time well after it exits the horizon and its value freezes out,

LT

Py = —
A= o2 2

3.6)

k<aH

The initial conditions for the modes v; are set by the Bunch-Davies vacuum.
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Figure 2: The plots depict the power spectra generated by the models (3.1) and (3.2) after solving
numerically the Mukhanov-Sasaki equation for a thousand modes k.

The peak of the P4 (k) satisfy the constraints given by Eq. (2.7), (2.8) and (2.9) for the
reheating temperature predicted for each model, see Fig. 2. The position of the peak is motivated
by the PBH dark matter scenario that we discuss in the next sections. Further details regarding the
model building in the framework of a-attractors can be found in Ref. [37,38] and for the general-
non minimal derivative coupling model in Ref. [36].
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4. PBHs as dark matter

A PBH forms during a radiation dominated era if a preexisting overdensity with wavelength
k~! and mass M /7y enters the horizon after the reheating of the universe. The total abundance of

PBHs with mass M over the total dark matter (DM) abundance, fpgy(M) = Qpp(M)/Qpm, is
expressed as

fop(M) = (7.3ﬁ>51;4(315> <Q(;).Tzhz>_l <0.y2)g (1%(6T.k7)5> A <1(])‘;Iﬂg> h ‘ “.1)

If the PBH form during the stage of oscillation of the inflaton field, i.e. matter domination era,

the corresponding wavelength k~! enters the horizon before the complete decay of the inflaton and
it is

_(_Bun(M) Qo " i (g \ T M\ TRk
Jeen(M) = (2.1 X 10—14> < 0.12 > (07) (106.75) <1020g> <kh>
4.2)
The extra factor (k/ krh)_3/ 2 accounts for the different redshift of the energy density of the the
matter dominated universe compared to the radiation dominated universe.

In the mass window M = 10'7 — 5 x 10** g the PBH abundance can reach the maximum value,
fpeu = 1. Another motivated PBH mass range is M = &/(1 — 100)M, where LIGO detected several
coalescence events the last years, although at that range it has to be fpgy < 1072, The models (3.1)
and (3.2) can successfully generate PBHs with mass M ~ 108 g that can constitute a significant part

of the dark matter in the galaxies. In the Fig. 3 we show the PBH abundance for the -attractors
models for large and low reheating temperature.
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Figure 3: The fractional abundance of PBHs for a-attractors models, produced during radiation

(left panel) and during matter (right panel) for reheating temperature T}, ~ 10° GeV. For details
see Ref. [37]

5. Remnants of PBHs as dark matter

The formation of PBHs with mass M can be realized only if the horizon mass right after
inflation, Mepq = 4717M1%1 /Hepg is smaller than M /y. The minimal PBH mass that can be generated
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is

M re \—1/2
—_ >
v~ (0.06) grams CRY

Corrections to the Hawking radiation emerging from some microscopic or quantum gravity theory
that remove the infinity as M — 0 imply that a stable or (meta)stable remnant might left behind
after the evaporation. The mass of the final state of the evaporation can be written in terms of the
Planck mass

Miem = Kmpy . (5.2)

The k is a factor that parameterizes our ignorance. Different theories predict stable black hole
relics of different mass. The k may be of order one, with relic black hole masses characterized
by the fundamental scale of gravity, mp; = G2, but other values for the k are also admitted. In
our analysis and expressions the k is a free parameter. This is a justified approach since we know
nearly next to nothing about the physics at that energy scales.

The moment right after the evaporation the energy density of the PBHs has decreased (kmp; /M)~
times. This factor is much larger than one thus nearly the entire energy density of the initial PBHs
turns into radiation apart from a tiny amount, reserved by the PBH remnants. The present density
of the PBH remnants depends on the equation of state of the universe after the PBH evaporation. If
we assume that a radiation domination phase follows the PBH evaporation the fractional abundance
of the PBH remnants over the total DM abundance today is

4w

1/2 e
frem(M) = & ( Meq )> ke <M> (5.3)

My (tevap M nipi

where ¢(y,w,teq) = 21/ “h(y,w, feq)Qm/Qpm and Meq the horizon mass at the moment of radiation-
matter equality. The assumption that there is a radiation domination phase after the PBH evapo-
ration holds either when the universe has become PBH dominated before evaporation or when the
equation of state of the background fluid is w = 1/3.

The remnants abundance is maximal, frem = 1, for Kk 2 10183, PBHs remnants with smaller
mass can constitute only a negligible amount of the total dark matter energy density. Hence, PBH
remnants are possible to have a significant relic abundance only if they have mass

Miem > 10724, (5.4)

Note that 10~2*g ~ 1 GeV. Any object in the universe that comprises the dark matter in the galaxies
and has mass less than 1 GeV cannot be a black hole remnant. This is a conservative lower bound
has been derived assuming the minimum possible PBH mass and the maximum possible formation
rate, B ~ 1.

Let us discuss a particularly interesting cosmological scenario, that the bulk energy density is
in the form of stiff fluid (SD era) with barotropic parameter w = 1, called kination phase. Assuming
that the SD era lasts at least until the moment of the evaporation and making the approximation of
instantaneous evaporation, the energy density of the PBHs at that moment, ¢35, , is

evap?

< 2
Pt (fevap) ;yzﬁ%z (5.5

Ps (te<vap> B np, '
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The assumption of a kination phase is valid roughly for y>fM?> m1§12 < 1, otherwise the universe be-
comes PBH dominated before the moment of evaporation. Assuming that the evaporation products

/3

redshifts like ps o< a~©. At some moment the radiation dominates the background energy density

thermalize fast, the radiation redshifts like prag o< g g;4 a~—* whereas the stiff fluid background

and we define it as the reheating moment #,. We also define the reheating temperature of the
universe that reads

Tn=63Mev [P 3/4;/3/2 J12 (5.6)
th = 0. € 1 0728 8x . .
Until the moment #, the energy density of the PBH remnants increases relatively to the stiff fluid
dominated background as Prem/pPs o< @’ and afterwards, that radiation dominates, it increases as
Prem/ Prad = T—'. We find that the fractional abundance of the PBH remnants is

1/4 M -2
frem(M) 24’(\/?(10[332) <105g> : (57)

For k ~ 1 and M ~ 10°g, BB values as small as 1073 can explain the observed dark matter in the
universe. Pressure is maximal and we expect the overdense regions to be spherically symmetric
when the density perturbation becomes larger than d, = 0.375. For the formation probability (M)
given by the Eq. (2.2) we find that power spectrum values %25 < 3.5 x 1073, for ¥ > 1 and
M ~ 10°g, can yield frem = 1.

The construction of kination inflation models that induce the PBH production is very chal-
lenging. Firstly, the inflaton runs away until it freezes at some value @ and this residual potential
energy of the inflaton must not to spoil the early and late time cosmology. The inflaton potential
energy at @ has to be tuned to values V (¢p) < 10~ lzoMﬁl, similarly to all the quintessence models.
Secondly, the kination inflaton model parameters are self-constrained. A particular PBH mass M
specifies the k of the Z24(k) only if the reheating temperature is known. However, the reheating
temperature is not a free parameter, as e.g in matter or radiation cases where the 7}, depends on
the inflaton decay rate. In the kination scenario the Ty, depends on the 3. The f is found by the
condition fi.,m = 1 and this fixes the reheating temperature.

Hence, the characteristics of the peak in the power spectrum determine

i) the mass of the evaporating PBHs,
ii) the dark matter abundance, and
iii) the reheating temperature of the universe.
In addition, the tail of the potential might lead to the observed late time acceleration of the universe.

Undoubtedly, this scenario is remarkably economic, see Fig. 4.

6. Constraints on the primordial curvature perturbations No2: Induced GWs

The primordial density scalar perturbations unambiguously source tensor modes at second or-
der perturbation theory [39—43], the so-called induced gravitational waves (IGW). The cosmologi-
cal implications of the scalar induced GWs to second order were firstly discussed in the pioneering
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Figure 4:  Left panel. A schematic illustration of the runaway inflationary model introduced
(kination scenario) that produces PBHs, explains the dark matter with the PBH remnants, reheats
the Universe via the PBH evaporation and implements a wCDM late time cosmology. Right panel.
The B (M) predicted by the kination inflationary model. The PBHs with central mass M = 2 X
107 g are produced and evaporate during the kination era (SD). The evaporation leaves behind
subplanckian mass remnants with mass My, =~ 6 X 108 GeV that comprise the entire dark matter,

frem =1

works [44], where the effetcs of IGWs on CMB polarization was computed, and [45], where the
spectrum of the IGWs on small scales was studied. Further notable results followed that extended
our understanding and formulation of IGW physics [46—48] and gave us insights of how to probe
the primordial power spectrum, & (k), at small scales.

The new observational window to the very early universe through the IGWs can test scenarios
that exhibit an enhanced power at small scales and predict PBHs. The interpretation of a GW signal
is nevertheless a non-trivial task and one needs to take into account several parameters, such as the
reheating temperature and the equation of state of the early universe. From a different point of
view, detection of the relic GWs stochastic background is a direct probe of the very early cosmic
history, which is unknown for 7 < 1s [30].

Considering the field equations of general relativity for a single perfect cosmological fluid
with the standard density-pressure equation of state relation p = wp, the evolution equations for
the gravitational potential is obtained

@ (x) +3(14+w) (NP (x) +w k> ®(x) =0. (6.1)
The evolution of the induced tensor modes is given by the equation,
" () +2 ()i () + K hie(n) = F(m), (6.2)

where the source function .# at the left hand side plays a critical role. It is a convolution of scalar
perturbations at different wavenumbers given by,

43 .
ﬁ e’ (K) qi q; P Px—q

(n) = 4/
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Here, €'/ is the polarization tensor, and f is an auxiliary function. A useful definition for the energy
density of IGWs per unit logarithmic frequency interval is given in terms of the tensor power
spectrum as,

I R ———
Qw0 =55 () P00, (64

where the over-line denotes the oscillation average. The power spectral density of the tensor per-
turbations is expressed as a double integral involving the power spectrum of the curvature pertur-
bations,

1+v
Pu(n,k) = / dv/l du T (u,v,n,k) Py(uk) P (vk) (6.5)

where .7 is the tensor transfer function. The formula for the density parameter of IGWs produced
in the RD era can be found in the literature, see e.g. Ref. [49] . For the early kination era with
transition to radiation, eEKD—RD, the density parameter of IGWs is given by [50]
eKD—RD 1o kp ’
Qigw — (Me;k) = EA'%

k2]
aH () - (2kp> ]
ky ko k
X IkprD ( e > ® (1 -~ 2,{) (6.6)

The <77 is the amplitude of the curvature power spectrum at k = kj and 7). is the moment the ampli-

tude of the IGWs freezes out. The unit step function ® is included by conservation of momentum,
so that tensor modes with k > 2k, are cut-off.

The spectral shape for the Qigw (9, f), depends on the features of the source, the scalar spec-
trum Py (k). It maximizes at a frequency fiy. in a little offset from kp/27, depending on the
width of the &4 (k) [50,51]. It is interesting to mention that, for the radiation domination case at
least, the P (k) shape is projected in a much more informative manner onto the IGW spectrum
than on the PBH mass distribution, which is predominantly monochromatic. By observing the
IGW spectral shape and the power law scaling in the large- f band one can infer the width and the
amplitude of the scalar spectrum, the generator of the IGWs, see Fig. 5.

Consequently, we can say that the detection of the IGW spectrum is a portal to the primordial
power spectrum of curvature perturbations, ## (k). For further analysis and comments we refer
the reader to Ref. [50] where explicit scalar spectra and inflationary models are discussed and
discriminated.

7. Conclusions

The gravitational observation of black hole mergers by LIGO [52] offers us an unprecedented
piece of information about the dark sector of the universe. It has motivated cosmologists to in-
vestigate the scenario that PBHs comprise a significant fraction of the dark matter in the universe
and, additionally, search for the amplitude of the primordial density perturbations at small scales
far beyond the scales directly accessible in the CMB [53].

Here, I presented the implications of the evaporating PBHs on the variance of the density
perturbations for different reheating temperatures and stressed that the scalar power spectrum gen-
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Figure 5: The IGW spectral shapes for two early universe scenarios, the RD (fop panels) and
the eKD—RD (bottom panels) for different reheating temperatures. In the left panels we consider
the scenario of abundant PBH production and in the right panels negligible PBH abundances. In
the background of the IGW spectral curves the sensitivity curves of current/planned/proposed GW
detectors are shown.

erated by any inflationary model has to satisfy a specific constraint in the large k& band of the
spectrum.

In the following I introduced the primordial black hole production scenario from inflationary
models. I presented inflationary models built in the framework of -attractors and inflation models
with general non-minimal derivative coupling. I also discussed the cosmology of mini primordial
black holes, motivated by the theoretical postulation that a stable or long lived remnant is left be-
hind after the evaporation of the "black" holes. Mini PBHs imply that the comoving curvature
perturbation is enhanced at the extreme end of the %24 (k). This is a rather attractive feature since
the required large primordial inhomogeneities can be produced by the inflationary phase without
spoiling the spectral index value n;. A particularly interesting and novel scenario is that where the
PBH production takes place during a kination regime. A kination regime takes place if the infla-
ton potential has no minimum and the inflaton runs away after the end of inflation. The radiation
is produced by the PBH evaporation that gradually dominates the energy density and reheats the
universe. The PBHs remnants can account for the entire dark matter of the universe. Interest-
ingly enough, the non-decaying inflaton can additionally act as quintessence field giving rise to the
observed late time accelerated expansion implementing a wCDM cosmological model.

Finally, I discussed the shape of the induced GWs produced in the early universe assuming
different scenarios and models. I focused on a Z4(k) shape with a peak, took into account the

11
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transition details and I targeted at cosmological parameter values that can be tested by the existing
and designed GW experiments, such as LIGO and LISA. The detection of the induced GW spec-
trum can be used to discriminate inflationary models, hence it is a portal to the primordial power
spectrum of curvature perturbations, & (k).
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