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1. Introduction

The deformation technique of string backgrounds has commanded considerable attention in
various contexts, ranging from the stringy realization of a supersymmetric (deformed) gauge the-
ory to the integrable deformation of type IIB string theory in the AdS5 ×S5 background, where the
classical integrability is preserved [1]. The integrable deformation of string theory has been one
of the significant research directions to push forward the confirmation of the gauge/gravity duality
using the integrability techniques (see a review [2]). In particular, the so-called Yang-Baxter de-
formation is one of the systematic ways of performing such integrable deformations [3, 4, 5, 6].
Given a classical r-matrix, which solves the (modified) classical Yang-Baxter equations, the Yang-
Baxter sigma model straightforwardly gives a corresponding deformed string background, where
the classical integrability is always guaranteed by the existence of Lax pairs.

Using the Yang-Baxter deformation, there has been produced a variety of examples of the
gauge/gravity duality so far. Interestingly, some of them can be interpreted in terms of geometrical
transformations together with the T-duality transformations. For instance, Abelian r-matrices [7,
8, 9, 10] correspond to the so-called TsT transformation, which consists of two T-dualities and
a shift transformation, acting on a two-torus fiber in the background [11, 12, 13, 14]. Besides,
others can be interpreted as generated by the non-Abelian T-duality [15, 16]. Furthermore, the
non-Abelian r-matrices lead to the solutions for the generalized supergravity equations of motion
[17], and they are involved with the generalized T-duality [18]. The generalized supergravity is
an extended supergravity framework by the addition of the non-geometric Q-fluxes, and its recent
developments are summarized in [19].

More recently, some of Yang-Baxter deformations turn out to be interpreted as a current-
current JJ̄ deformation [20]. Current-current deformations are traditional marginal deformations
of two-dimensional conformal field theories. See [21, 22], for instance. They are known to be gen-
erated by transformations g ∈ O(d)×O(d)⊂ O(d,d). In the case of a WZNW model on a compact
Lie group, all maximal Abelian subgroups are pairwise conjugated by inner automorphisms so the
complete deformation space is D = O(r,r)/(O(r)×O(r)), where r is the rank of the group [23].
The feature of this deformation is that the flow of the deformed action with respect to the defor-
mation parameter consists of the product of conserved (chiral/anti-chiral) currents J and J̄ in the
deformed model. In a separate development, in the context of the AdS3/CFT2 correspondence, the
duality between the JJ̄ deformation on the AdS bulk and the TT̄ deformation on the boundary was
shown [24]. The latter deformation has recently drawn much attention due to its nature of irrelevant
but integrable deformations (see e.g. [25, 26] and also lecture notes [27]).

Admittedly, the Yang-Baxter deformation is a powerful method of generating integrable de-
formed string backgrounds. However, this machinery is a top-down approach in the sense that it is
not so trivial to immediately interpret the resulting target space geometry in terms of geometrical
transformations and stringy dualities. In our work [28], we take an opposite direction. Inspired
by the recent interplay between Yang-Baxter deformations and JJ̄ deformations, we directly start
from the JJ̄ deformation. Then we extract its classically integrable structure by constructing the
Lax pair. In this bottom-up approach, we do not use the notion of Yang-Baxter deformations.

To construct the Lax pair in the O(d,d)-deformed sigma models, we studied the doubled sigma
model [29, 30, 31, 32]. It is based on the doubled torus, which consists of the torus fiber in the
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background and its T-dual. In the doubled geometry, we thereby deal with the diffeomorphism, the
B-field gauge transformations, and T-duality transformations on the same footing under the O(d,d)
group. The doubled sigma model action is invariant under global O(d,d) duality transformations,
and thus the action of O(d,d) transformations can be well-controlled in this unifying description.
Still, the doubled formalism is not a physical description by construction. To go back to a physical
sigma model, the so-called self-duality constraint is imposed. This enables us to acquire the equiv-
alence for the field equations between doubled and physical sigma models and plays a crucial role
in our analysis. Historically, the T-duality invariant approach to string theory was first discussed in
[33, 34], but here we adopt the framework by Hull [29, 30].

The rest of the article is organized as follows. In Section 2, we review the classical integrability
of the WZNW model. In Section 3, we start from a brief review of the doubled formalism and
construct the O(d,d) map. Then we construct a recipe for obtaining the O(d,d)-deformed Lax pair
in Section 4. In Section 5, we present an example of JJ̄-deformations generated by the O(2,2)
transformation. In Section 6, we make concluding remarks on further investigations and on the
interplay between the duality invariant formulation and integrable deformations.

2. Classical integrability of WZNW models

Let us begin with the WZNW model action. The whole action is labelled by a group element
g ∈ G of our interest as follows:

S[g] =−1
4

∫
Σ2

Tr
[
g−1dg∧⋆g−1dg

]
+

iκ
3!

∫
V3

Tr
[
g−1dg∧g−1dg∧g−1dg

]
=−1

4

∫
Σ2

Tr[ωL ∧⋆ωL]+
iκ
3!

∫
V3

Tr[ωL ∧ωL ∧ωL]

=−1
4

∫
Σ2

Tr[ωR ∧⋆ωR]−
iκ
3!

∫
V3

Tr[ωR ∧ωR ∧ωR],

(2.1)

where for κ = 1 the model lies at the conformal point and the left(right)-invariant Maurer–Cartan
one-forms ωL/R are respectively given by

ωL = g−1dg, ωR =−dgg−1. (2.2)

satisfying the Maurer–Cartan equations dω +ω ∧ω = 0.
Varyng the action (2.1) with respect to g, we find the equations of motion to be

d⋆ (1− iκ⋆)ωL = 0, d⋆ (1+ iκ⋆)ωR = 0, (2.3)

where the Hodge duality on the world-sheet satisfies ⋆2 = 1. The above equations of motion can
be seen as the conservation laws for the following currents:

JL = (1− iκ⋆)ωL, JR = (1+ iκ⋆)ωR. (2.4)

It is important to note that these conserved currents also satisfy the flatness (or zero-curvature)
condition irrespective of any value of κ:

dJL + JL ∧ JL = (1+κ2)(dωL +ωL ∧ωL) = 0. (2.5)
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The same applies for JR. Thus, in the WZNW model, the flat currents can be easily constructed.
The existence of flat currents is essential for proving the classical integrability of a model.

Suppose that our model possesses a flat conserved current J. Then we define the Lax pair as

Lλ = aλ J+bλ ⋆ J, (2.6)

where λ ∈ R is the spectral parameter. We require Lλ to satisfy the flatness condition

dLλ +Lλ ∧Lλ = 0 (2.7)

on shell, so that the coefficients aλ ,bλ must be determined to be

aλ =
1
2
(1± cosh(λ )), bλ =

1
2

sinh(λ ). (2.8)

Having an infinite number of conserved charges is referred to as classical integrability. Let
us look at how to generate infinitely many conserved charges using the Lax pair [35]. Once we
have defined the Lax pair (2.6), we define the so-called monodromy matrix as the path-ordered
exponential of the spatial component of the Lax connection:

T (t;λ ) = P
[

exp
(
−
∫ +∞

−∞
Lλ ,x(x

′)dx′
)]

. (2.9)

The derivative of the monodromy matrix for the world-sheet time t is given by

dT

dt
(t;λ ) =− ∂tLλ |x→+∞ T (t;λ )+T (t;λ )∂t Lλ |x→−∞ , (2.10)

where we used the flatness condition (2.7). Therefore, if the Lax pair satisfies the boundary condi-
tions ∂tLλ → 0 as x →±∞, the whole monodromy matrix (2.9) is conserved.

Moreover, if we expand T (t;λ ) around λ = 0,

T (t;λ ) = 1+
∞

∑
n=0

λ n+1Q(n)(t), (2.11)

we see that the conservation law for T (t;λ ) is understood as the conservation of each coefficient
Q(n)(t), corresponding to an infinite tower of conserved charges:

dQ(n)

dt
(t) = 0, ∀n = 0,1, . . . . (2.12)

For the WZNW model (2.1), taking the flat currents JL/R (2.4), we can construct the corresponding
Lax pairs both in left and right sectors. Thus, the WZNW model is shown as classically integrable.

3. Doubled sigma model and O(d,d) transformations

Here we give the basics of the doubled sigma model and O(d,d) transformations. For simplic-
ity, let us restrict ourselves to an NSNS string background in D dimensions with a metric G and a
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two-form B. For our construction of O(d,d)-deformed Lax pairs, the dilaton does not get involved.
Then we write a string sigma model as

S[G,B] =
1
2

∫
Gı̂ȷ̂(X)dX ı̂ ∧⋆dX ȷ̂+Bı̂ȷ̂(X)dX ı̂ ∧dX ȷ̂, (3.1)

where X ı̂, ı̂ = 1, . . . ,D denotes a set of local coordinates on the patch of the target space.
Suppose that our target space geometry M admits a group of isometries G. Then we focus

on a submanifold M ⊂ M , whose maximal torus T d ⊂ G, d ≤ D of the full isometry group acts
freely. Thus, local coordinates X i on the torus, called adapted coordinates, generate Abelian Killing
vectors ∂/∂X i. Then we take our target space, labelled by X ı, to be T d-fibered over some base
manifold parametrized by Y .

Focusing on the torus fiber, we extract the components of the metric Gi j and B-field Bi j, where
i, j = 1, . . . ,d, along T d from the action (3.1). Then they are merged into the so-called generalized
metric

H (G,B)ÎĴ =

(
G−BG−1B BG−1

−G−1B G−1

)
ÎĴ

, Î, Ĵ = 1, . . . ,2d , (3.2)

which itself belongs to the O(d,d) group:

H tLH = L , (3.3)

with the indefinite matrix L

L =

(
0 1d

1d 0

)
. (3.4)

The generalized metric is encoded in the doubled sigma model as the curved background metric.
Below we embed the above construction of the target space into the doubled formalism [29].

The doubled manifold is locally described by a patch of M and a patch of the T-dual M̃. Note
that both M and M̃ are originally not independent of each other, but T-dual to each other. Let us
introduce a set of local coordinates on a patch of the doubled manifold by XI, I = 1, . . . ,2d. This is
called a generalized vector XI , the doublet of local coordinates on M and M̃:

XI =
(

X i X̃i

)t
, i = 1, . . . ,d . (3.5)

Note that when we go to a standard sigma model from the doubled formalism, we need to
introduce a polarization to select physical coordinates from X. For simplicity, we will use the
so-called standard polarization, which takes the first half components of X to be the physical ones.

Now we are in a position to reveal the action of the doubled sigma model [29, 30, 31, 32]:

Sd =
∫ 1

2
HIJdXI ∧⋆dXJ +dXI ∧⋆JI(Y )+L (Y ) , (3.6)

where the first term corresponds to the kinetic term with a canonical prefactor 1
2 while the sec-

ond term is called a source term JI dependent only on Y . The Lagrangian density on the base
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L (Y ) depends only on Y . As remarked earlier, the above action is manifestly invariant under the
following O(d,d;Z) transformations for g ∈ O(d,d;Z):

H → gtH g, dX→ g−1dX, J → gtJ . (3.7)

The first rule implies that we can redefine the transformed generalized metric as a new one in terms
of new background fields

gtH g ≡ H ′(G′,B′) (3.8)

in a new generalized vector X′, whose derivatives satisfy

dX′ = g−1dX. (3.9)

The above actions of O(d,d;Z) (3.7) can be naturally extended to those of O(d,d;R). Then
an O(d,d;R) element g includes a real continuous deformation parameter, say α . The field redefi-
nition (3.8) plays a role in a solution generating technique to give rise to a new metric G′ and a new
B-field B′ deformed by α .

Finally, let us comment on the constraint on the doubled sigma model. Here we set the source
term in the action (3.6) to be zero for simplicity. By construction, the doubled formalism has
redundant degrees of freedom from the perspective of the standard sigma model. Still, both sigma
models must describe the same field equations for consistency. To achieve the right number of
physical degrees of freedom and the equivalence for dynamics, we need to impose the so-called
self-duality constraint:

dXI = LIJHJK ⋆dXK . (3.10)

Note that as long as this constraint holds, the equations of motion of the doubled sigma model (3.6)
are always satisfied.

Using the self-duality constraint, let us observe how to remove the winding coordinates X̃i,
which are unphysical in the standard polarization. Using the expressions (3.2), (3.4), and (3.5), the
first component of the constraint reads

dX̃i = ⋆
(
Gi jdX j +Bi j ⋆dX j)= ⋆Ji, (3.11)

where Ji is the conserved currents associated to the freely acting U(1)d isometries along the com-
muting Killing vectors ∂/∂X i. The result states that the differentials of the winding coordinates X̃i

turn into the Hodge duals of Noether currents Ji. The fact that dX̃i is exact is consistent with the
conservation of the currents Ji:

d2X̃i = 0 = d⋆ Ji, (3.12)

which corresponds to an on-shell condition along the physical torus fiber.
Recall that O(d,d) transformations act on both dX i and dX̃i according to the second rule

in (3.7). Therefore, after O(d,d;R) deformations, the (differentials of) winding coordinates dX̃i

should contribute to the resulting Lax pairs. Still, to rewrite the deformed Lax connections using
the physical coordinates dX ′i only, we should construct a direct relation between dX i and dX ′i. For
this purpose, let us first take g to be a generic O(d,d) element. It is given by

g =

(
α β
γ δ

)
, (3.13)

5
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where α , β , γ and δ are d ×d matrices with the following the index structures:

α i
j, β i j, γi j, δi

j , i, j = 1, . . . ,d. (3.14)

By definition g preserves the indefinite metric (3.4):

gtLg = L. (3.15)

Then the inverse of g is given by

g−1 =

(
δ t β t

γ t α t

)
. (3.16)

Therefore, under general O(d,d) transformations as well as the constraint (3.11), the field
redefinition for dXI (3.9) can be explicitly rewritten as

dX ′i = (δ t)i
jdX j +

(
β t)ik

⋆ Jk,

dX̃ ′
i = ⋆J′i = (γ t)i jdX j +(α t)i

k ⋆ Jk,
(3.17)

whereas their inverse is

dX i = α i
j dX ′ j +β i jdX̃ ′

j = α i
jdX ′ j +β ik ⋆ J′k,

dX̃i = ⋆Ji = γi jdX ′ j +δi
k ⋆ J′k.

(3.18)

Using the constraint (3.11) once more, we can deduce a relation between the physical coordinates
of the original and of the O(d,d)-deformed model:

dX i = α i
jdX ′ j +β ik ⋆ J′k = β i jG′

jk ⋆dX ′k +(α +βB′)i
jdX ′ j, (3.19)

where the deformed metric and B-field are computed using (3.8) to be [36]

G′ = ρ−1
1 G(ρ−1

1 )t with ρ1 = δ +(G−B)β ,
B′ = ρ−1

1

[
ρ1ρ t

2 −G
]
(ρ−1

1 )t with ρ2 = γ +(G−B)α.
(3.20)

For g ∈ O(d,d;Z), the relation (3.19) is the so-called O(d,d)-“duality” map derived in [37]. On
the other hand, for g ∈ O(d,d;R), it is merely the coordinate transformation. In the spirit of [38], it
can be called a field-dependent diffeomorphism. It is intriguing to note that the O(d,d) map (3.19)
is non-local in the sense that the Hodge duals of the conserved currents Ji are involved. We will
exploit this map to directly construct the O(d,d)-deformed Lax pair in the next sections.

4. Recipe for O(d,d)-deformed Lax pairs

We have seen so far the construction of the Lax pair in the initial model, the action of the
O(d,d) group on the background fields, and the O(d,d) map. Now we are in a position to present
a recipe for Lax connections in the O(d,d)-deformed models.

Suppose that the initial sigma model is integrable and the initial Lax pair Lλ is explicitly
given. They may explicitly depend on local coordinates X i, i = 1, . . .d on the T d fiber even if the
background admits U(1) isometries along T d . If this is the case, we have to remove the explicit

6
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dependence on X i from the Lax pair, as the O(d,d) map (3.19) acts on the adapted coordinates only
through their derivatives. To make the Lax pair manifestly invariant under the the U(1) isometries,
we need to perform a proper gauge transformation as follows:

Lλ → L̂λ = h−1Lλ h+h−1dh, (4.1)

where h ∈ G with G a symmetry group of the initial model. Then the gauged Lax pair L̂λ satisfies
the flatness condition on shell,

dL̂λ + L̂λ ∧ L̂λ = h−1(dLλ +Lλ ∧Lλ )h = 0, (4.2)

where the last equality trivially holds due to the flatness of the initial Lax pair.
Once we have prepared the gauged Lax pair which does not explicitly depend on the adapted

coordinates, we apply the O(d,d) map (3.19) to find the deformed Lax pair L ′
λ

L̂λ (dX i)→ L ′
λ (dX ′i) = L̂λ (dX i → α i

jdX ′ j +β ik ⋆ J′k). (4.3)

Let us check that L ′
λ fulfills the zero-curvature condition on shell in the O(d,d)-deformed model.

First, we note that the zero-curvature condition of the Lax pair L̂λ can be understood as a linear
combination of the equations of motion of the initial model,

dL̂λ + L̂λ ∧ L̂λ = ∑
m

EoMm(dX i,Y ) = 0, (4.4)

Then the new Lax pair L ′
λ should satisfy by construction

dL ′+L ′∧L ′ = ∑
m

EoMm(D(dX),Y ), (4.5)

where D denotes the O(d,d) map (3.19). If this vanishes on shell in the O(d,d)-deformed model,
the right hand side should be rewritten as a set of the equations of motion in the deformed system:

{EoM(D(dX),Y )}= {EoM′(dX ′,Y )}, (4.6)

where EoM′ denotes the equations of motion for X ′ and Y . In other words, the O(d,d) map has to
keep the equivalence between the sets of field equations both in the initial and deformed systems.

To see this explicitly, we observe that the equations of motion of the standard sigma model
are equivalent to those of the doubled sigma model under the self-duality constraint (3.10). For
example, the field equations for X ′i are related to those for X i via

0 = d2X̃ ′
i = d⋆ J′i =

(
γ t)

i j d2X j +
(
α t)

i
kd⋆ Jk = αk

id⋆ Jk, (4.7)

where the last equality leads to a linear combination of the conservation laws for the initial U(1)
currents Jk. On the other hand, the equivalence of the equations of motion for the base coordinate
Y under O(d,d) transformations is clear from the O(d,d) invariance of the doubled sigma model.

Consequently, the flatness condition of the transformed Lax pair can be written as a linear
combination of the equations of motion of the deformed model and is fulfilled on shell

dL ′
λ +L ′

λ ∧L ′
λ = ∑

m
EoMm(D(dX i),Y ) = ∑

m
Λn

mEoM′
n(dX ′i,Y ) = 0. (4.8)

In summary, by rewriting dX i in the gauged Lax pair L̂λ via the O(d,d) map (3.19), we have
straightforwardly constructed the O(d,d)-deformed Lax pair L

′′
λ . Like this, the classical integrabil-

ity of the string sigma model is preserved on general grounds under general O(d,d) transformations
including the O(d,d;Z) dualities and the solution generating techniques by O(d,d;R).
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5. An example: the JJ̄ deformation of the SU(2) WZNW model

As an application of our recipe for the O(d,d)-deformed Lax pair, we discuss an O(2,2)
deformation of the SU(2) WZNW model. It corresponds to the JJ̄ deformation [21, 22, 23].

5.1 SU(2) WZNW model

Let us start to parametrize g ∈ SU(2) as

g = e−(Z1+Z2)T2eY T1e+(Z1−Z2)T2 , (5.1)

where the generators Tα , α = 1,2,3 are defined in terms of the usual Pauli matrices,

Tα =− i
2

σα , α = 1,2,3, (5.2)

satisfying
[
Tα ,Tβ

]
= εαβγTγ and Tr

(
TαTβ

)
=−1

2 δαβ , where ε123 = 1.
Using the above parametrization, we can write down the action (2.1) for κ = 1 as follows:

−1
4

Tr
[
g−1dg∧⋆g−1dg

]
=

1
8

dY ∧⋆dY +
1
2

sin2
(

Y
2

)
dZ1 ∧⋆dZ1 +

1
2

cos2
(

Y
2

)
dZ2 ∧⋆dZ2,

i
3!

Tr
[
g−1dg∧g−1dg∧g−1dg

]
=−isin

(
Y
2

)
cos
(

Y
2

)
dZ1 ∧dZ2 ∧dY,

(5.3)

from which we can read off the components of the metric and B-field along (Z1,Z2) as

Gi j =

(
sin2 (Y

2

)
0

0 cos2
(Y

2

)) , Bi j =

(
0 cos2

(Y
2

)
−cos2

(Y
2

)
0

)
. (5.4)

Moreover, the equation of motion for Y reads

d⋆dY − sin(Y )(dZ1 ∧⋆dZ1 −dZ2 ∧⋆dZ2 −2idZ1 ∧dZ2) = 0 . (5.5)

Using the above choice of the B-field (5.4), the corresponding sigma model admits two U(1) isome-
tries along ∂/∂Z1 and ∂/∂Z2. We will choose Z1 and Z2 to be adapted coordinates in the O(2,2)
doubled formalism.

5.2 Gauged Lax pairs

The Lax pairs in the initial system can be explicitly obtained via the flat currents (2.4). It is
not hard to see that the results explicitly depend on the adapted coordinates Z1,Z2. Thus, we need
to perform suitable gauge transformations both in the left and right sectors. The right gauge choice
for the left sector is

h = e−Z−T2 , (5.6)

then the gauged Lax pair (4.1) decomposes on the basis of Tα as1

L̂ 1
L =+((ib−a)+(ia−b)⋆)dY,

L̂ 2
L =−((ib−a)+(ia−b)⋆)(dZ−− cos(Y )dZ+)−dZ−,

L̂ 3
L =+((ib−a)+(ia−b)⋆)sin(Y )dZ+,

(5.7)

1We leave out the subscript λ denoting the spectral parameter in (2.6) and (2.8).
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where a,b are given in (2.8) and we introduce the coordinates Z± = Z1 ±Z2.
On the other hand, if we choose for the right sector

h = e−Z+T2 , (5.8)

then we obtain
L̂ 1

R =+((ib+a)+(ia+b)⋆)dY,

L̂ 2
R =+((ib+a)+(ia+b)⋆)(dZ+− cos(Y )dZ−)−dZ+,

L̂ 3
R =+((ib+a)+(ia+b)⋆)sin(Y )dZ−.

(5.9)

Note that for both sectors, the first components L̂ 1
L/R do not depend on dZ± at all. Thus they will

not be subject to the O(2,2) map obtained below.
For clarity, we explicitly calculate the curvatures of the gauged Lax pairs (5.7) and (5.9) as

dL̂ 1
L + L̂ 2

L ∧ L̂ 3
L = (ia−b) [d⋆dY − sin(Y )(dZ1 ∧⋆dZ1 −dZ2 ∧⋆dZ2 −2idZ1 ∧dZ2)] ,

dL̂ 2
L + L̂ 3

L ∧ L̂ 1
L =−2(ia−b)(d⋆ J1 −d⋆ J2) ,

dL̂ 3
L + L̂ 1

L ∧ L̂ 2
L = 2(ia−b)

[
cot
(

Y
2

)
d⋆ J1 + tan

(
Y
2

)
d⋆ J2

]
,

(5.10)

whereas

dL̂ 1
R + L̂ 2

R ∧ L̂ 3
R = (ia+b) [d⋆dY − sin(Y )(dZ1 ∧⋆dZ1 −dZ2 ∧⋆dZ2 −2idZ1 ∧dZ2)] ,

dL̂ 2
R + L̂ 3

R ∧ L̂ 1
R = 2(ia+b)(d⋆ J1 +d⋆ J2) ,

dL̂ 3
R + L̂ 1

R ∧ L̂ 2
R =+2(ia+b)

[
cot
(

Y
2

)
d⋆ J1 − tan

(
Y
2

)
d⋆ J2

]
,

(5.11)

where J1 and J2 denote the conserved currents for the U(1)2 isometries along ∂/∂Z1 and ∂/∂Z2,
respectively:

J1 = sin2
(

Y
2

)
dZ1 − isin2

(
Y
2

)
⋆dZ2, J2 = cos2

(
Y
2

)
dZ2 + isin2

(
Y
2

)
⋆dZ1. (5.12)

Therefore, the gauged Lax pairs vanish under the equations of motion (5.5) and the conservation
laws for J1 and J2.

5.3 The O(2,2) doubled formalism and deformed action

As mentioned before, by taking Z1 and Z2 to be adapted coordinates on the T 2 fiber, we
introduce the generalized vector

XI =
(

Z1 Z2 Z̃1 Z̃2

)t
, (5.13)

and the corresponding generalized metric (3.2) is computed using (5.4) as

H =


1 0 0 1
0 +cot2

(Y
2

)
−cot2

(Y
2

)
0

0 −cot2
(Y

2

)
+csc2

(Y
2

)
0

1 0 0 sec2
(Y

2

)

 . (5.14)
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Let us compute the JJ̄-deformed sigma model action. To realize the deformation of our inter-
est, the following O(2,2;R) element is used (see [21] for detail):

gJJ̄(α) =


1 0 0 tan(α)

0 cos(α)
cos(α)+sin(α) − sin(α)

cos(α)+sin(α) 0

0 cos(α)
cos(α)+sin(α)

cos(α)
cos(α)+sin(α) 0

−1 0 0 1

 (5.15)

for a real parameter α ∈ R. Then we find the new generalized metric (3.8) to be

H ′ =


tan2

(Y
2

)
0 0 − tan2

(Y
2

)
0 cos2(α)

(cos(α)+sin(α))2
cos2(α)

(cos(α)+sin(α))2 0

0 cos2(α)
(cos(α)+sin(α))2

∆1
(cos(α)+sin(α))2 sin2(Y

2 )
0

− tan2
(Y

2

)
0 0 ∆1

cos2(α)cos2(Y
2 )

 , (5.16)

where

∆ = cos2(α)+ cos2
(

Y
2

)
sin(α)(sin(α)+2cos(α)). (5.17)

Thus, we read off the deformed background data, and write the deformed action as

S′α [Y,Z
′
1,Z

′
2] =

1
2

∫
Σ2

1
4

dY ∧⋆dY +
1
∆
(cos(α)+ sin(α))2 sin2

(
Y
2

)
dZ′

1 ∧⋆dZ′
1

+
1
∆

cos2(α)cos2
(

Y
2

)
dZ′

2 ∧⋆dZ′
2 −

2i
∆

cos2(α)sin2
(

Y
2

)
dZ′

1 ∧dZ′
2 . (5.18)

The equations of motion for Z′
1,Z

′
2 can be expressed as

d⋆ J1(α) = 0 , d⋆ J2(α) = 0 , (5.19)

using the U(1)2 conserved currents of the deformed model

J1(α) =
1
∆

[
(cos(α)+ sin(α))2 sin2

(
Y
2

)
dZ′

1 − icos2(α)sin2
(

Y
2

)
⋆dZ′

2

]
, (5.20)

J2(α) =
1
∆

cos2(α)

[
cos2

(
Y
2

)
dZ′

2 + isin2
(

Y
2

)
⋆dZ′

1

]
. (5.21)

Obviously, they are associated with the commuting Killing vectors ∂/∂Z′
1 and ∂/∂Z′

1, respectively.

5.4 The O(2,2) map and deformed Lax pairs

Finally, we construct the Lax pairs in the JJ̄-deformed model. Using (5.15), we explicitly
compute the O(2,2) map (3.19) as

dZ1 = dZ′
1 + tan(α)⋆ J2(α), dZ2 =

1
1+ tan(α)

[
dZ′

2 − tan(α)⋆ J1(α)
]
. (5.22)
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Therefore, the JJ̄-deformed Lax pair L ′ = L̂ (dZ1/2 → dZ′
1/2) is obtained as follows:

L ′1
L =

(
(ib−a)+(ia−b)⋆

)
dY,

L ′2
L = −2

(
(ib−a)+(ia−b)⋆

)[(
sin2(Y

2

) −cos2(Y
2 )

1+tan(α)

)(dZ′
1 + tan(α)⋆ J2(α)

dZ′
2 − tan(α)⋆ J1(α)

)]
−dZ′

1 − tan(α)⋆ J2(α)+
1

1+ tan(α)

(
dZ′

2 − tan(α)⋆ J1(α)
)
,

L ′3
L =

(
(ib−a)+(ia−b)⋆

)
sin(Y )

[
dZ′

1 + tan(α)⋆ J2(α)+
dZ′

2 − tan(α)⋆ J1(α)

1+ tan(α)

]
,

(5.23)

and

L ′1
R =

(
(ib+a)+(ia+b)⋆

)
dY,

L ′2
R = 2

(
(ib+a)+(ia+b)⋆

)[(
sin2(Y

2

) +cos2(Y
2 )

1+tan(α)

)(dZ′
1 + tan(α)⋆ J2(α)

dZ′
2 − tan(α)⋆ J1(α)

)]
−dZ′

1 − tan(α)⋆ J2(α)− 1
1+ tan(α)

(
dZ′

2 − tan(α)⋆ J1(α)
)
,

L ′3
R = +

(
(ib+a)+(ia+b)⋆

)
sin(Y )

[
dZ′

1 + tan(α)⋆ J2(α)− dZ′
2 − tan(α)⋆ J1(α)

1+ tan(α)

]
,

(5.24)

where the inner product of the two-component vectors is used in L ′2
L/R. Thus we were able to

explicitly construct the Lax pairs of the JJ̄-deformed model based on our general recipe in Section
4. Note that the O(2,2;R) deformation breaks the original isometry SU(2)×SU(2) to U(1)2 while
the deformed Lax pairs (5.23) and (5.24) still form the flatness condition based on the SU(2)×
SU(2) algebra. In this sense the deformed Lax pairs form the hidden SU(2)×SU(2) algebra.

6. Conclusions and outlook

In this article, we reviewed our work on the proof that any O(d,d) transformation preserves
the classical integrability, provided that the initial model is classically integrable. One of our mo-
tivations is that some Yang-Baxter deformations were recently identified with the current-current
deformation [20]. The latter is described by O(d,d) transformations. However, we took an opposite
direction and approached the classical integrability of O(d,d)-deformed models by constructing the
corresponding Lax pairs without using the mathematical notion of Yang-Baxter deformations.

Here we presented only the example of the O(2,2) deformation of the SU(2) WZNW-model.
However, our recipe for constructing Lax connections in the deformed models in Section 4 can
be applied to any global O(d,d) transformation. This recipe corresponds to the generalization of
the one in [39], which discussed the T-dual Lax pairs of string sigma models. Their T-dual Lax
pair in the AdS5 × S5 background is related to the algebra of a dual conformal symmetry hidden
in the T-dual of AdS5 × S5 geometry [40]. On the other hand, the Lax pairs in the O(d,d;R)
deformed AdS5 background constructed following our recipe would lead to the generalization of
such a hidden algebra. Thus, the algebra of O(d,d)-deformed Lax pairs and non-local charges in
the O(d,d)-deformed models would be worth investigating.
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Our recipe of deformed Lax pairs via the O(d,d) map (3.19) is based on the doubled formal-
ism, which is the Abelian T-duality invariant formulation of string theory. It would be interesting
to naturally uplift our construction to the cases of other T-dualities such as non-Abelian T-duality
[41], and the Poisson-Lie T-duality [42, 43]. This issue should be related to the generalization of
global O(d,d;R) transformations to local O(d,d;R) transformations, whose elements are field-
dependent. For further investigations in this direction, see the related work [44, 45, 46].

Finally, as commented in [47], the author of this article believes that various integrable de-
formed models arise depending on how to take slices in the duality invariant formalism. All the
integrable JJ̄, JT̄ , and TT̄ deformations of string sigma models and even more extensions thereof
should be unified based on the (generalization) of the doubled formalism. In particular, as remarked
below (3.20), there is a similarity of the O(d,d) map to the field-dependent diffeomorphism in the
TT̄ deformation [38]:

dX ı̂ = dX ′ ı̂ −α ε ı̂
m̂ ε n̂

ȷ̂ T (X ′)m̂
n̂ dX ′ ȷ̂. (6.1)

This relation raises a question how to extend the doubled sigma model such that the physical
constraint should correspond to the coordinate transformation involving the stress-energy tensor.
Then it would be interesting to see the resulting underlying geometry of such an extension.2
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