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1. Introduction

The Palatini first order formulation is a convenient starting point for the standard Hamiltonian
approach to general relativity by Arnowitt, Deser and Misner [1–3]. It is in this framework that
appropriate surface integrals at spatial infinity for energy-momentum have originally been con-
structed [4, 5] and that the Hamiltonian formulation is presented in [6, 7].

Conserved quantities in first order formulations of general relativity have recently been inves-
tigated from a variety of perspectives, see e.g. [8–19]. In the approach that we follow here [20–22],
one constructs conserved co-dimension 2 forms in the linearized theory from the weakly vanishing
Noether currents associated to gauge symmetries. Indeed, one can show in the linearized theory
that there are conserved co-dimension 2 forms for each reducibility parameter of the background.
The latter correspond to the Killing vectors of the background metric in general relativity and one
can show that there are no other conserved co-dimension 2 forms which are non-trivial. The method
has been applied recently to first order formulations of general relativity where the variables are
either a vielbein and a Lorentz connection in coordinate basis [23], or a vielbein and the spin coef-
ficients of the Newman-Penrose formalism [24]. Two additional general results have been added in
that context: a general expression for conserved co-dimension 2 forms applicable in a generic first
order theory and a detailed discussion of the breaking term, the flux terms that appear on the right
hand side of what would be a conservation law when one uses general gauge parameters rather than
reducibility parameters of the background.

Two subtleties have to be faced when applying this construction to the Palatini formulation of
general relativity. The first is that the theory is not first order in the sense that the transformation of
the connection under infinitesimal diffeomorphisms involves second order derivatives of the vector
field parametrizing these diffeomorphisms. This leads to a weakly vanishing Noether current that is
not first order. It turns out however that all higher order terms are contained in a total derivative and
such terms are easily handled by the contracting homotopy operator used to built the co-dimension
2 forms. As a consequence, the construction is as straightforward as in other first order approaches
to general relativity. The second subtlety is that, as for other discussions of symmetries on the
level of an action principle, all computations are performed off-shell. For the Palatini formalism,
this means that one has to deal with non-metricity. Closely related considerations in theories going
beyond general relativity can be found in [25].

The paper is organized as follows. We start with a very brief review of how to construct con-
served co-dimension 2 forms out of weakly vanishing Noether currents. More details can be found
in the original literature cited above and an extensive recent summary has been provided in [24].
We then discuss various identities satisfied by the curvature tensor in the general context of a non-
holonomic frame including torsion and non-metricity because these are relevant for the Noether
identities that are crucial to the construction. We then apply these general considerations to the
particular case of the Palatini formulation for which one uses a coordinate basis and a connection
without torsion. Finally we construct the co-dimension 2 forms and the associated breaking terms.

1



P
o
S
(
C
O
R
F
U
2
0
1
9
)
1
7
1

Currents in the Palatini formulation of gravity Glenn Barnich

2. Construction of co-dimension 2 forms

2.1 General case

We consider a theory with a Lagrangian n-form L = Ldnx in n dimensional spacetime. The
fields of the variational principle are denoted by φ i. Consider a generating set (see e.g. [26], chapter
3) of non trivial gauge transformations δεφ i = Ri

α(ε
α). One can prove that there is an isomorphism

between equivalence classes of on-shell closed co-dimension 2 forms and equivalence classes of
reducibility parameters f̄ α [x,φ ] satisfying Ri

α( f̄ α) ≈ 0. Equivalent co-dimension 2 forms differ
on-shell by an exact local form while equivalent sets of reducibility parameters agree on-shell.

The relation between on-shell closed co-dimension 2 forms and reducibility parameters is
constructive. For arbitrary gauge parameters f α , a direct application of the Leibniz rule for total
derivatives leads to

Ri
α( f α)

δL

δφ i = f αR+i
α

(
δL

δφ i

)
+dHS f , (2.1)

for some weakly vanishing n−1 form

S f = Siµ
α

(
∂

∂dxµ

δL

δφ i , f α

)
. (2.2)

The n−2 form can be constructed by using the contracting homotopy ρH for the horizontal differ-
ential of the variational bi-complex [27, 28]

{dH ,ρH}ω p = ω
p for p < n. (2.3)

Indeed, the Noether identities that are associated to the generating set of non-trivial gauge transfor-
mations are

R+i
α

(
δL

δφ i

)
= 0. (2.4)

For reducibility parameters f̄ α , (2.1) reduces to dHS f̄ ≈ 0. One then shows (see section 3.3 of
[20] for details) that the weakly vanishing terms on the right hand side can be absorbed by the
horizontal differential of a “doubly” weakly vanishing n−1 form M f̄ on the left hand side, leading
to dH(S f̄ +M f̄ ) = 0. When applying the contracting homotopy to J f̄ = S f̄ +M f̄ ,

k f̄ = ρHJ f̄ , (2.5)

it then follows from (2.3) that

dHk f̄ = J f̄ ≈ 0. (2.6)

In case where one can show that a set of reducibility parameters is equivalent to a set for which
Ri

α( f̄ α) = 0, the reasoning simplifies since in this case dHS f̄ = 0, and the application of (2.3) now
directly yields dHk f̄ = S f̄ ≈ 0 with k f̄ = ρHS f̄ . Similarily, in linear gauge theories, the application
of the homotopy formula to M f̄ gives rise to a weakly vanishing and thus trivial n−2 form, which
can be omitted. In this case, we still have k f̄ = ρHS f̄ but now dHk f̄ ≈ S f̄ ≈ 0.
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2.2 Linearized theories and asymptotics

For the purposes of exposition, we focus on the Einstein-Hilbert action in metric formulation,
where a generating set of gauge transformations corresponds to the Lie derivative of the metric,
δξ gµν = Lξ gµν . In spacetime dimensions n≥ 3, one can then show that all equivalence classes of
reducibility parameters admit representatives ξ ρ [x] that do not depend on gµν and its derivatives.
The condition that such vectors are reducibility parameters then reduces to the Killing equation for
a generic metric. Since a generic metric does not have Killing vectors, no non-trivial conserved
n−2 forms can be constructed in general relativity. However, one can linearize the theory around
a background solution ḡµν . A generating set of gauge transformations of the linearized theory
corresponds to the Lie derivative of the background metric, δξ hµν = Lξ ḡµν . It then follows that
there are as many conserved n− 2 forms as there are Killing vectors of the background solution.
The explicit expressions of the n−2 forms are obtained by applying the construction described in
previous subsection in the framework of the linearized theory. This has been done explicitly for
Einstein gravity in [20].

More generally, one can show [21] that the n−2 forms of the linearized theory can be obtained
from the weakly vanishing co-dimension 1 form S f of the full theory through

k f [δφ ,φ ] = kµν

f (dn−2x)µν =
|λ |+1
|λ |+2

∂(λ )

[
δφ

i δ

δφ i
((λ )ν)

∂

∂dxν
S f

]
, (2.7)

by replacing f by reducibility parameters of the linearized theory, φ i by the background solution
φ̄ i and δφ i by any solution ϕ̄ i of the theory linearized around φ̄ i. We refer to [27] and [28] for the
explicit expressions for the higher order Euler-Lagrange derivatives. Our conventions and notations
for multi-indices are summarized in the appendix of [20].

For theories such as general relativity in metric formulation where S f is at most of second
order in derivatives, the formula involves the higher order Euler-Lagrange operators only up to
order 2 and reduces to

k f [δφ ,φ ] =
1
2

δφ
i δ

δφ i
ν

∂

∂dxν
S f +

2
3

∂σ

[
δφ

i δ

δφ i
νσ

∂

∂dxν
S f

]
. (2.8)

For later use, note that for a local function M involving the fields and their derivatives up to some
finite order, a key property of the higher order Euler-Lagrange derivatives is that they “absorb” total
derivatives,

δ∂λ M
δφ i = 0,

δ∂λ M
δφ i

ν

= δ
ν

λ

δM
δφ i ,

δ∂λ M
δφ i

µν

= δ
(µ
λ

δM
δφ i

ν)

, (2.9)

where the round (square) brackets denote (anti) symmetrization of enclosed indices divided by the
factorial of the number of indices involved. Furthermore, if M1 depends at most on first order
derivatives, the Euler-Lagrange derivatives of order one reduce to partial derivatives,

δM1

δφ i
ν

=
∂M1

∂φ i
ν

. (2.10)

As shown in detail in [24], when using general gauge parameters f α instead of reducibility
parameters, non-conservation is controlled by the co-dimension 1 form b[δφ ,R f ,φ ] defined by

b =−∂(λ )

[
Ri

α( f α)δφ
j δ

δφ
j
(λ )ν

∂

∂dxν

(
δL

δφ i

)]
(2.11)
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which satisfies b[δφ ,R f ,φ ] = −b[R f ,δφ ,φ ] by construction. Indeed, when φ i is a solution to the
equations of motion, δφ i a solution to the linearized equations of motion, the co-dimension 2 form
k f constructed as in (2.7) is is no longer dH-closed but satisfies instead

dHk f = b. (2.12)

As in asymptotically flat general relativity at null infinity [29–31], these on-shell non-closed co-
dimension 2 forms k f are in general not integrable either.

3. Vielbeins and connection

Now, we recall some notions of vielbeins and connection by including torsion and non-metricity
into the standard discussion. In particular, this completes the results of [23,24] by considering non-
metricity.

3.1 General case

Consider an n-dimensional spacetime with a moving frame (or vielbein)

ea = ea
µ ∂

∂xµ
, ea = ea

µdxµ , (3.1)

where ea
µea

ν = δ
µ

ν , ea
µeb

µ = δ b
a , and ∂a f = ea( f ). The structure functions are defined by

[ea,eb] = Dc
abec ⇐⇒ dea =−1

2
Da

bcebec. (3.2)

For further use, note that if e = detea
µ , then

∂µ(eeµ
a) = eDb

ba, (3.3)

and, if we define,
da

bc = ea
λ ∂bec

λ , (3.4)

then
dσ

ρµ =−ed
σ

∂ρed
µ , Da

bc = 2da
[bc], (3.5)

where it is understood that tangent space indices a,b, . . . and world-indices µ,ν , . . . are transformed
into each other by using the vielbeins and their inverse.

In addition, we assume that there is an affine connection

Daeb = Γ
c

baec ⇐⇒ Dbva = ∂bva +Γ
a

cbvc. (3.6)

The components of the torsion tensor are given by

T a
µν = ∂µea

ν −∂νea
µ +Γ

a
bµeb

ν −Γ
a

bνeb
µ , (3.7)

T c
ab = 2Γ

c
[ba]+Dc

ba = 2(Γc
[ba]+dc

[ba]), (3.8)

while the components of the curvature tensor can be written as

R f
cµν = ∂µΓ

f
cν −∂νΓ

f
cµ +Γ

f
dµΓ

d
cν −Γ

f
dνΓ

d
cµ , (3.9)

4



P
o
S
(
C
O
R
F
U
2
0
1
9
)
1
7
1

Currents in the Palatini formulation of gravity Glenn Barnich

R f
cab = ∂aΓ

f
cb−∂bΓ

f
ca +Γ

f
daΓ

d
cb−Γ

f
dbΓ

d
ca−Dd

abΓ
f
cd . (3.10)

Furthermore,
[Da,Db]vc =−Rd

cabvd−T d
abDdvc. (3.11)

The Bianchi identities are given explicitly by

Ra
[bcd] = D[bT a

cd]+T a
f [bT f

cd], D[ f R
a
|b|cd] =−Ra

bg[ f T
g

cd], (3.12)

where a bar encloses indices that are not involved in the (anti) symmetrization. The Ricci tensor is
defined by Rab = Rc

acb, while Sab = Rc
cab. Contracting the Bianchi identities gives

Rab−Rba = Sab−DcT c
ab−2D[aT c

b]c−T c
dcT d

ab, (3.13)

2D[ f R|b|d]+DcRc
bd f = RbgT g

d f −2Rc
b[ f |g|T

g
d]c, (3.14)

D[ f Scd] =−Sg[ f T
g

cd]. (3.15)

Assume now that there is a pseudo-Riemannian metric,

gµν = ea
µgabeb

ν , (3.16)

i.e., a symmetric, non-degenerate 2-tensor. As usual, tangent space indices a,b, . . . and world
indices µ,ν , . . . are lowered and raised with gab, gµν , and their inverses. The non-metricity tensor
is defined as Ξab = dgab +2Γ(ab). The associated Bianchi identities are given by dΞab +Γa

cΞcb +

Γb
cΞac = 2R(ab). More explicitly,

Ξ
ab

c = Dcgab, 2D[cΞ
ab

d] =−Ξ
ab

f T f
cd +2R(ab)

cd . (3.17)

Note also that, from gabgbc = δ a
c , it follows that

Dcgab =−Ξabc. (3.18)

Contracting the last of (3.17) with gab gives

Scd = gabD[cΞ
ab

d]+
1
2

Ξ
a

a f T f
cd , (3.19)

while (3.14) contracted with gb f gives

DbRba−
1
2

DaR =
1
2

Rbc
daT d

bc +Rb
cT c

ab

− 1
2
(Ξbc

cRba +Ξ
cd

bRb
cda +Ξ

bc
aRbc)

+Dc(D[bΞ
bc

a]+
1
2

Ξ
bc

dT d
ba)+(D[bΞ

bc
d]+

1
2

Ξ
bc

dT d
bd)T d

ac. (3.20)

The curvature scalar is defined by R = gabRab, the Einstein tensor by

Gab = R(ab)−
1
2

gabR. (3.21)

5
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When combining with (3.13), the contracted Bianchi identity (3.20) written in terms of the Einstein
tensor is

DbGba =
1
2

Rbc
daT d

bc +Rb
cT c

ab−
1
2

Ξab
bR

+
1
2

Db(Sab−DcT c
ab−2D[aT c

b]c−T c
dcT d

ab)

− 1
2
(Ξbc

cRba +Ξ
cd

bRb
cda +Ξ

bc
aRbc)

+Dc(D[bΞ
bc

a]+
1
2

Ξ
bc

dT d
ba)+(D[bΞ

bc
d]+

1
2

Ξ
bc

dT d
bd)T d

ac. (3.22)

By the usual manipulations, one may show in full generality that the existence of the metric
implies that the most general connection can be written as

Γabc = {abc}+Mabc +Kabc + rabc, (3.23)

where
{abc}=

1
2
(gab,c +gac,b−gbc,a) = {acb}, (3.24)

Mabc =
1
2
(Ξabc +Ξacb−Ξbca) = Macb, (3.25)

Kabc =
1
2
(Tbac +Tcab−Tabc) =−Kbac, (3.26)

rabc =
1
2
(Dbac +Dcab−Dabc) =−rbac. (3.27)

Furthermore, one can directly show that

Γ
a

bµ = ea
ν(∂µeb

ν +Γ
ν

ρµeρ
b) ⇐⇒ Γabc = eaν∂ceb

ν + ea
µeb

νec
ρ

Γµνρ . (3.28)

Finally, we will need the following variation

δRa
bµν = DµδΓ

a
bν −DνδΓ

a
bµ . (3.29)

3.2 Coordinate basis, torsionless connection

We now consider the particular case of a coordinate basis, ea
µ = δa

µ so that Dλ
µν = 0 and

T λ
µν = Γλ

νµ −Γλ
µν . We also impose vanishing of torsion, which requires the connection to be

symmetric, Γλ
µν = Γλ

νµ . In this case, equation (3.13) implies Sµν = Rµν−Rνµ and the contracted
Bianchi identities (3.22) become

DνGνµ = DνR[µν ]+Dλ R(λν)
νµ−

1
2
(Dνgνλ Rλ µ +DνgλρRν

λρµ +Dµgνλ Rνλ +DνgµνR), (3.30)

while the variation (3.29) simplifies to

δRα
β µν = DµδΓ

α
βν −DνδΓ

α
β µ . (3.31)

We also have

∂µ(
√
|g|vµ) =

√
|g|(Dµ −Γ

ν
µν +

1
2

gνλ
∂µgνλ )v

µ = Dµ(
√
|g|vµ), (3.32)

6
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where the last equality follows by introducing the convenient definition for the covariant derivative
of a scalar density,

Dµ

√
|g|=

√
|g|(1

2
gνλ

∂µgνλ −Γ
ν

µν). (3.33)

If in addition, as will be imposed below on-shell, one requires metricity, Ξab = dgab+2Γ(ab) =

0, one recovers the standard Christoffel connection

Γλ µν =
1
2
(∂νgλ µ +∂µgλν −∂λ gµν), (3.34)

The contracted Bianchi identities (3.30) reduce to

DνGνµ = 0, (3.35)

and (3.32) to
∂µ(
√
|g|vµ) =

√
|g|Dµvµ . (3.36)

4. Palatini formulation

4.1 Variational principle

In the formulation discussed for example in [7], one uses a coordinate basis ea
µ = δ

µ
a , Dµ

νρ =

0 with a metric gµν and a torsionfree connection Γλ
µν = Γλ

νµ as variables1 to write the Palatini
action as

SP[gµν ,Γ
λ

µν ] = κ

∫
dnxLP = κ

∫
dnx
√
|g|(R−2Λ), (4.1)

where κ−1 = 16πG and we assume n≥ 3. Using (3.31), the variation of the action is given by

δSP = κ

∫
dnx
√
|g|
[
− (Gµν +Λgµν)δgµν +gαβ (DµδΓ

µ
αβ −Dβ δΓ

µ
αµ)
]
. (4.2)

Using in addition (3.32) and neglecting boundary terms yields

δSP = κ

∫
dnx
[
−
√
|g|(Gµν +Λgµν)δgµν

+(−Dµ [
√
|g|gαβ ]+Dλ [

√
|g|gαλ

δ
β

µ ])δΓ
µ

αβ

]
, (4.3)

so that the Euler-Lagrange derivatives of LP with respect to the fields gµν and Γλ
µν take the form

δLP

δgµν

=−
√
|g|(Gµν +Λgµν), (4.4)

δLP

δΓµ
αβ

=−Dµ [
√
|g|gαβ ]+

1
2

Dλ [
√
|g|gαλ

δ
β

µ ]+
1
2

Dλ [
√
|g|gβλ

δ
α
µ ]. (4.5)

Contracting the equations of motion corresponding to (4.5) with δ
µ

β
gives Dβ [

√
|g|gαβ ] = 0.

When re-injecting this result into the equation of motion, this implies Dµ [
√
|g|gαβ ] = 0. From

det(
√
|g|gαβ ) = |g| n−2

2 , one then deduces that

δ |g|
1
2 = δ (det(

√
|g|gαβ ))

1
n−2 =

1
n−2

det(
√
|g|gαβ )

1
n−2−1

δdet(
√
|g|gαβ ) =

1
n−2

gαβ δ (
√
|g|gαβ ).

1Adapting the arguments below to the case where the variables are chosen as the contravariant metric tensor density
and the connection as done in [1, 2] is straightforward.
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When the variation corresponds to the covariant derivative Dµ , we deduce that these equations of
motion imply that Dµ

√
|g|= 0, and then metricity, Dµgαβ = 0. Since this implies (3.34), it follows

that Γµ
αβ are auxiliary fields, i.e., fields that can be eliminated algebraically by their own equations

of motion.

4.2 Gauge symmetries and Noether identities

If ξ µ(x) denotes the vector field parametrizing an infinitesimal diffeomorphism, the variation
of the variables of the variational principle at a given point is

δξ gµν = Lξ gµν = ξ
ρ

∂ρgµν +gρν∂µξ
ρ +gµρ∂νξ

ρ , (4.6)

δξ Γ
µ

νρ = ∂ρ∂νξ
µ +ξ

σ
∂σ Γ

µ
νρ −∂σ ξ

µ
Γ

σ
νρ +∂νξ

σ
Γ

µ
σρ +∂ρξ

σ
Γ

µ
νσ . (4.7)

These transformations are infinitesimal gauge symmetries of the Palatani formulation in the sense
that δξ LP = ∂µ(ξ

µLP) for all ξ µ(x). As usual, this follows as a consequence of the fact that LP

transforms like a scalar density under finite diffeomorphisms.
At this stage, we note that the transformation law of the connection in (4.7) involves derivatives

of the gauge parameter ξ µ up to second order. Therefore, even though the Euler-Lagrange equa-
tions (4.4) and (4.5) are of first order, the theory is not in the class of first order theories described
for instance [24].

The Noether identities and the weakly vanishing Noether current associated to these gauge
symmetries are then identified by using Leibniz rule to write the analog of (2.1) in the present case,

δκLP

δgµν

δξ gµν +
δκLP

δΓµ
αβ

δξ Γ
µ

αβ = ξ
ρNρ +∂µSµ

ξ
, (4.8)

which leads to the Noether identities

κ
−1Nρ =

δLP

δgµν

∂ρgµν −2∂σ

(
δLP

δgσν

gρν

)
+∂α∂β

(
δLP

δΓρ
αβ

)
+

δLP

δΓµ
αβ

∂ρΓ
µ

αβ +∂σ

(
δLP

δΓρ
αβ

Γ
σ

αβ

)
−2∂σ

(
δLP

δΓµ
σβ

Γ
µ

ρβ

)
= 0. (4.9)

These identities correspond to the contracted Bianchi identities (3.30). Indeed, (4.9) can be rewrit-
ten as

δLP

δgµν

Dρgµν −2Dµ

(
gρν

δLP

δgµν

)
+

δLP

δΓτ
σν

Rτ
σρν +Dσ Dν

(
δLP

δΓρ
σν

)
= 0. (4.10)

By inserting (4.4) and (4.5) into (4.10), one recovers (3.30). For this computation, the identities

Dµ

√
|g|= 1

2

√
|g|gαβ Dµgαβ , [Dµ ,Dν ]

√
|g|=−

√
|g|(Rµν −Rνµ), (4.11)

[Dµ ,Dν ]Dλ

√
|g|=−Dτ

√
|g|Rτ

λ µν −Dλ

√
|g|(Rµν −Rνµ), (4.12)

are useful.
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4.3 Construction of the co-dimension 2 form

We also get from (4.8) the weakly vanishing Noether current associated with the gauge sym-
metries,

κ
−1Sµ

ξ
= 2

δLP

δgµτ

ξτ +2
δLP

δΓτ
µρ

Dρξ
τ −Γ

µ
ρσ

δLP

δΓτ
σρ

ξ
τ −∂ρ

(
δLP

δΓτ
µρ

ξ
τ

)
. (4.13)

In order to compute the co-dimension 2 forms, one now needs to insert this expression into the
general formula (2.7). Note that (4.13) involves second order derivatives of the fields in the last
term as a consequence of the second order derivatives on the gauge parameters. Since these second
derivatives occur under a total derivative however, the properties (2.9) allow one to reduce the
actual computation to one involving only the Euler-Lagrange derivatives of order one acting on
expressions which are at most of first order in derivatives,

κ
−1k[µν ]

ξ
=

1
2

δφ
i δ

δφ i
ν

[
2

δLP

δgµτ

ξτ +2
δLP

δΓτ
µρ

Dρξ
τ −Γ

µ
ρσ

δLP

δΓτ
σρ

ξ
τ

]
− 1

3
∂ρ

[
δφ

i δ

δφ i
ν

(
δLP

δΓτ
µρ

ξ
τ

)]
− (µ ↔ ν). (4.14)

To proceed in this computation, let us introduce the notations hµν = δgµν , δΓρ
µν =Cρ

µν , indices
being lowered and raised with gµν and its inverse, and h = hµ

µ . Using

δ (
√
|g|gµλ ) =−

√
|g|hµλ +

1
2

√
|g|gµλ h,

∂λ (
√
|g|hµλ

ξ
ν) = Dλ (

√
|g|hµλ

ξ
ν)−

√
|g|Γµ

λτhτλ
ξ

ν −
√
|g|Γν

λτhµλ
ξ

τ ,

one finally obtains the explicit expression for the co-dimension 2 form,

κ
−1k[µν ]

ξ
=
√
|g|
[
ξ

σCµν

σ −ξ
µCσ ν

σ +
1
2

ξ
µCνσ

σ −hνσ Dσ ξ
µ +

1
2

hDν
ξ

µ

− 1
2

ξ
νDσ hµσ +

1
4

ξ
νDµh

]
− 1

2
hµλ

ξ
νDλ (

√
|g|)+ 1

4
hξ

νDλ (
√
|g|gµλ )− (µ ↔ ν). (4.15)

The breaking term is easy to work out since it merely involves the Euler-Lagrange derivatives of
order one acting on expressions that are at most of first order in derivatives. It is given by

κ
−1bµ = δξ Γ

µ
ρνδ (

√
|g|gνρ)−δξ Γ

ν
ρνδ (

√
|g|gµρ)− (δξ ↔ δ ). (4.16)

4.4 Reduction to the metric formulation

We now compare the expression (4.15) with the standard results obtained in the metric formu-
lation, where absence of torsion and metricity are assumed. For this purpose, let us go on-shell for
the auxiliary fields Γρ

µν appearing in the co-dimension 2 form (4.15). One directly gets

κ
−1k[µν ]

ξ
=
√
|g|
[
ξ

σCµν

σ −ξ
µCσ ν

σ +
1
2

ξ
µCνσ

σ −
1
2

ξ
νDσ hµσ +

1
4

ξ
νDµh

−hνσ Dσ ξ
µ +

1
2

hDν
ξ

µ

]
− (µ ↔ ν).

(4.17)
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When taking into account that Dµ is now the connection involving the Christoffel symbols, so that
Cµ

τσ = 1
2(Dτhµ

σ +Dσ hµ

τ −Dµhτσ ), we obtain

κ
−1k[µν ]

ξ
=
√
|g|
[

ξσ Dνhµσ +ξ
νDµh−ξ

νDσ hµσ −hνσ Dσ ξ
µ +

1
2

hDν
ξ

µ

]
− (µ ↔ ν). (4.18)

Assuming that ξ µ is a Killing vector, namely Dσ ξ µ +Dµξσ = 0, this expression reproduces ex-
actly the co-dimension 2 form obtained in metric formalism [20, 32, 33]. Therefore, we see that
the co-dimension 2 forms expressions are equivalent in Palatini and metric formalisms for exact
reducibility parameters. However, this result does not hold when ξ µ is not a Killing vector. In
particular, the expressions may not match when using asymptotic Killing vectors, as previously
pointed out in the Cartan formulation of general relativity [19, 23].
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