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1. Introduction

There are many well known exact solutions in general relativity (see, e.g. [[]). To give physical
interpretation of any solution to Einstein’s equation, we must know not only the metric satisfying
equations of general relativity but the global structure of space-time. By this we mean a pair (M, g),
where M is the four-dimensional space-time manifold and g is the metric on M such, that manifold
M is maximally extended along geodesics: any geodesic line on M either can be continued to
infinite value of the canonical parameter in both directions, or it ends up at a singular point, where
one of the geometric invariants becomes infinite. The famous example is the Kruskal-Szekeres
extension [B, B] of the Schwarzschild solution. In this case, the space-time M is globally the
topological product of a sphere (spherical symmetry) with the two-dimensional Lorentzian surface
depicted by the well known Carter—Penrose diagram. The knowledge of this global structure of
space-time allows one to introduce the notion of black and white holes.

The famous Reissner—Nordstrom solution [B, H], which is the spherically symmetric solution
of Einstein’s equations with electromagnetic field, is also known globally. There are three types of
Carter—Penrose diagrams: the Reissner-Nordstrom black hole, extremal black hole and naked sin-
gularity. The type of the Carter—Penrose diagram depends on the relation between mass and charge
parameters. The spherically symmetric exact solution of Einstein’s equations with electromagnetic
field and cosmological constant is known locally but not analyzed in full detail globally. Recently,
we give complete classification of global spherically symmetric solutions of Einstein’s equations
with electromagnetic field and cosmological constant, which depends on relations between three
parameters: mass, charge, and cosmological constant [H]. We showed that there are 16 different
Carter—Penrose diagrams in the spherically symmetric case.

In fact, more general classification is given. We do not assume that solutions have any sym-
metry from the very beginning. Instead, we require the space-time to be the warped product of
two surfaces: M = U x V, where U and V are two two-dimensional surfaces with Lorentzian and
Euclidean signature metrics, respectively. As the consequence of the equations of motion, at least
one of the surfaces must be of constant curvature. In this paper, we consider the cases when (i) both
surfaces U and V are of constant curvature and when (ii) only surface V is of constant curvature.
In the latter case, there are three possibilities: V is the sphere S? (the spherical SO(3) symmetry),
the Euclidean plane (the Poincare ISO(2) symmetry), and the two-sheeted hyperboloid H? (the
Lorentzian SO(1,2) symmetry). We see that the symmetry of solutions is not assumed from the
beginning but arise as the consequence of the equations of motions. This effect is called “sponta-
neous symmetry emergence”. All global solutions are classified by drawing their Carter—Penrose
diagrams for surface U depending on relations between mass, charge, and cosmological constant
[B]. Totally, there are 4 different Carter—Penrose diagrams in case (i) and 33 globally different
solutions in case (ii).

Moreover, we prove that there is the additional fourth Killing vector field in case (ii). This is
a generalization of Birkhoff’s theorem stating that any spherically symmetric solution of vacuum
Einstein’s equations must be static. The existence of extra Killing vector field is proved for SO(3),
ISO(2), and SO(1,2) symmetry groups.

Global structure of space-times in general relativity and 2d-gravity was analyzed, e.g. in [7—
11]. In particular, global planar and Lobachevsky plane solutions in general relativity were de-
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scribed in [, [3, Id]. Though many solutions in the paper are known globally, some of them
seem to be new. For example, the Carter—Penrose diagram with triple horizon and geodesically
complete central point is new to the best of our knowledge. It describes changing topology of
space in time and discussed in some detail.

The paper [B] follows the classification of global warped product solutions of general relativ-
ity with cosmological constant (without electromagnetic field) given in [[H]. The Carter—Penrose
diagrams are constructed using the conformal block method described in [[E].

As in [[3], we assume that space-time M is the warped product of two surfaces: M =TU x V,
where U and V are surfaces with Lorentzian and Euclidean signature metrics, respectively. Local
coordinates on M are denoted by £, i = 0, 1,2,3, and coordinates on the surfaces by Greek letters
from the beginning and middle of the alphabet:

(x*)elU, a=0,1, O eV, u=2,3.

That is (£) := (x*,y*). Geometrical notions on four-dimensional space-time are marked by the hat
to distinguish them from notions on surfaces U and V, which appear more often.

We do not assume any symmetry of solutions from the very beginning.

Four-dimensional metric of the warped product of two surfaces has block diagonal form by

o k()’)gaﬁ(x) 0
o ( 0 m(x)hm))’ b

where g (x) and hyy (y) are some metrics on surfaces U and V, respectively, k(y) # 0 and m(x) # 0

definition:

are scalar (dilaton) fields on V and U. Without loss of generality, signatures of two-dimensional
metrics g, and &,y are assumed to be (+—) and (++), respectively. In a rigorous sense, metric
() is a doubly warped product. It reduces to a warped product in the usual sense for k = const or
m = const.

The Ricci tensor components for metric () are

S VaVgm  VomVgm | gouVk
R‘Xﬂ - Raﬁ + m 2m? 2m
= 5 _ VamVyk
Roy =Rua = =751 (1.2)
. VuVvk  VukVyk | by Vim
Ruyv =Ryy + =5~ =5+~
where, for brevity, we introduce notation
Vim:=g"VoVgm,  Vk:i=h"V,Vyk. (1.3)

Here and in what follows symbol V denotes covariant derivative with the corresponding Christof-
fel’s symbols. The four-dimensional scalar curvature is

~ 1 Vm  (Vm)? 1 V2k  (Vk)?
R=_R® 42— — _ —R" 42—~ — 1.4
k * km 2km? + m + km  2KkK2m’ (1.4)
where
(Vm)? = g*P dgmagm,  (Vk)* := WV dkayk. (1.5)

Scalar curvatures of surfaces U and V are denoted by R(®) and R, respectively.
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2. Solution for electromagnetic field

We assume that electromagnetic field is minimally coupled to gravity. Then the action takes

S:/d“x\/@ <§—2A—lﬁ2>, 2.1)

where R is the scalar curvature for metric gij» & :=detg;;, A is a cosmological constant, and F?is

the form

the square of electromagnetic field strength:

Here, Xi are components of electromagnetic field potential. For brevity, gravitational and electro-
magnetic coupling constants are set to unity.
Variation of action () with respect to metric yields four-dimensional Einstein’s equations:

Rij— 38R+ gijA=— 5 TEMij, (2.2)
where |
Tiamij = —FiFf + 1 8ijF” (2.3)

is the electromagnetic field energy-momentum tensor. Variation of the action with respect to elec-
tromagnetic field yields Maxwell’s equations:

% (VIgIF") =0, 24

where

g=Kkmgh,  g:=detgyg,  h:=dethyy.

To simplify the problem, we assume that the four-dimensional electromagnetic potential con-
sists of two parts:

A\i = (Aa(x)vAu(J’))7

where Ag(x) and A, (y) are two-dimensional electromagnetic potentials on surfaces U and V, re-
spectively. Then the electromagnetic field strength becomes block diagonal:

. F,5 O
F.,=| 9 2.5
(32 s

where

are strength components for two-dimensional electromagnetic potentials.
In what follows, the raising of Greek indices from the beginning and middle of the Greek
alphabet is performed by using the inverse metrics g®? and h*V. Therefore

~ 1 ~ 1
af _ * rap uv 1 puv
FoP = SFOP PR = Y,
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where k(y) and m(x) are dilaton fields entering four-dimensional metric (ITl). The square of four-

dimensional electromagnetic field strength is
1 1
~
F —k7 (xﬁF(xﬁ'FWFH_VF‘uv.

In the case under consideration, Maxwell’s Eqs. ('4) for i = « lead to equality

1
iy V1195 (il gl P) =o.
A general solution to these equations has the form

m|\/|g|F*P =28%FQ, Q= const, (2.6)

where £%P is the totally antisymmetric second rank tensor density. The factor 2 is introduced in
the right hand side of general solution for simplification of subsequent formulae. This solution is
rewritten as

2
Fob _ 20 cap, 2.7)
jm|
where B := 8B /. /|g] is now the totally antisymmetric second rank tensor.
If i = u, then Maxwell’s Egs. (Z4) yield the equality
1
/181 (JKIVRFR) = o0.
m|
Its general solution is
2P
FH*Y = m&‘”v, P = const. (2.9)
Now the four-dimensional electromagnetic energy-momentum tensor (Z3) is easily calculated.
It is block diagonal:
- Top 0
Ti={"2 > |, (2.9)
0 Tuv
where

2 . 2h
TaB: knjzﬁ (Q2+P2), Tuv:_kzi;/(Q2+P2)-

Now we have to solve Einstein’s Eqs. (Z22) with right hand side (ZZ9). Since energy-momentum

tensor depends only on the sum Q? + P2, we set P = 0 to simplify formulae. In the final answer,
this constant is easily reconstructed by substitution Q% — Q2 + P.

In what follows, we consider only the case Q # 0, because the case Q = 0 was considered in
[[3] in full detail.

3. Einstein’s equations

The right hand side of Einstein’s Eqs. () is defined by general solution of Maxwell’s equa-
tions, which leads to electromagnetic energy-momentum tensor (Z9). The trace of Einstein’s equa-
tions can be easily solved with respect to the scalar curvature: R = 4A. After elimination of the
scalar curvature, Einstein’s equations are simplified:

- 1~
Rij = 8ijA = =5 Temij- (3.1
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For indices values (ij) = (a, ), (uv), and (o, 1), these equations yield the following system of

equations:
VoVgm  VemVgm V2k 0
Rap =0~ a2 T8\ g KA ) =0 G-
V,Vvk VukVyk VZim Q?
uyv o H 4 _ - —
Ruv =4 22 h’”( A kzm) 0 5-3)
VamV  k
_YalmVut g 3.4
2mk ’ 34

where Ry and Ry, are Ricci tensors for two-dimensional metrics g4 and hy,y, respectively, Vg
and V are two-dimensional covariant derivatives with Christoffel’s symbols on surfaces U and
vV, V2 .= g‘xﬁ VaVp or V2= h*VV,V,, which is clear from the context. Sure, the equalities
Vam = dgm and Vk = dyk hold. But we keep the symbol of covariant derivative for uniformity.

For subsequent analysis of Einstein’s equations, we extract the traces and traceless parts from
Egs. (B22) and (B3). Then the full system of Einstein’s equations takes the form

VamVgm 1 (_, (Vm)?
VoVgm— —— — — (VP —— | = :
Ty~ 2 2( m-T0) o (3.5)
VukVik 1 (Vk)?
VVok— 2 (v2k— = :
uVvk 2k 2< k 2k 0, (3.6)
i Vm)? V2 207
g Yo (Vm” VK a2 3.7)
m 2m? m m2k
Vk  (VK)? Vm 207
RY k _(Zkz) T _2mA_k2Qm:0’ 69
VamVgk = 0, (3.9)

where (Vm)? := g®b VamVgm, (Vk)* := ghVV  kV k, R®) and R") are scalar curvatures of two-
dimensional surfaces U and V for metrics g and A, respectively. In the above formulae, we used
equalities Ryg = %gaﬁR(g) and R,y = %h“vR(h) valid in two dimensions.

The last Eq. (B9), which corresponds to mixed values of indices (ij) = (au) in Einstein’s
equations results in strong restrictions on solutions. Namely, as in the case without electromagnetic
field, there are only three cases:

A k = const # 0, m = const # 0,
B: k= const # 0, Vam #0, (3.10)
C: Vuk#0, m = const # 0.

We shall see in what follows, that this leads to “spontaneous symmetry emergence”.
Now we consider the first two cases in detail.

4. Product of constant curvature surfaces

The most symmetric solutions of Einstein’s equations with electromagnetic field in the form
of the product of two constant curvature surfaces arise in case A (B2I0), when both dilaton fields are
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constant. If k and m are constant, then Eqgs. (B3) and (Bf) are identically satisfied, and Eqs. (BZ2)
and (BX) take the form

2 2 2
R®) = 2kA — % =—2k®  RM =2mA+ sz =2k, (4.1)
m
where s 5
) 0 h Q

are Gaussian curvatures of surfaces U and V, respectively. It means that both surfaces are of con-
stant curvature in case A. The metric on each surface is invariant under three-dimensional transfor-
mation group.

In stereographic coordinates on both surfaces, the metric of four-dimensional space-time takes
the form

ds®> = kg(xl;dxo‘dxl3 +mhyydydy¥ =
dr>—dx* dy*+d7 (4.2)

(1452 (2_2)] ’ (1452 (24.22)] o
where (x%) := (¢,x) and (Y*) := (y,2).

We can put k = 41 and m = %1 by rescaling coordinates. One has also to redefine the constant

of integration Q?/(k*m?) — Q>. We choose k = 1 and m = —1 for the metric signature to be
(+ — ——). Then the Gaussian curvatures are
=0*—A, K" =02+A. (4.3)

There are four qualitatively different cases for topologically inequivalent global solutions depend-
ing on relations between cosmological constant and charge:

A< —Q2: K® > K" <o, M =1L x H?,
A=—0Q%: K@® > ()7 KM =0, M =L? x R?,
—QP <A< Q?: K® >0, K" >0, M=1L2xS?, 4.4
A=0?: K®) =0, K" >0, M =RM x §2,
A> Q% K® <0, K" >0, M=L2xS§?,

where IL? is the one sheet hyperboloid (more precisely, its universal covering) embedded in three-
dimensional Minkowskian space R!?, H? is the Lobachevsky plane (the upper sheet of the two-
sheeted hyperboloid embedded in R!?), and S? is the two-dimensional sphere. From topological
point of view the third and fifth cases in Eq. (B4) coincide. Therefore there are only four topo-
logically inequivalent global solutions of Einstein’s equations in the form of direct product of two
constant curvature surfaces. Note that for Q = 0, there are only three topologically inequivalent
solutions [[3].

All solutions have exactly six Killing vector fields and belong to type D in Petrov’s classifica-
tion.

The cases of other signatures of four-dimensional metric for k = 1 and m = %1 are analysed
similarly. Qualitative properties of global solutions are the same.

We see that symmetry properties in this case are not imposed from the very beginning but
arise as the result of solution of equations of motion. This effect is called “spontaneous symmetry
emergence”.
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5. Solutions with spatial symmetry

The dilaton field k is constant in second case B (B10). Without loss of generality, we put k = 1.
Then Einstein’s equations (B3)—(B3) take the form

VomVpm 1 5 (Vm)?
2 2
RO V2 —oma— 22— 0, (5.2)
m
V2 \V/ 2 2
gL Yom _(Vm)” 200 (5.3)
m 2m? m?

Consider Eq. (E7). The scalar curvature R"") depends on coordinates y on surface V, whereas
all other terms depend on coordinates x on surface U. For this equation to be fulfilled, it is necessary
that equation R") = const holds. It means that surface V must be of constant curvature as the
consequence of Einstein equations. Therefore the four-dimensional metric of space-time has at
least three independent Killing vector fields. So, there is spontaneous symmetry emergence.

Let us put RM := —2K™ = const. Then Eq. (B3) is
200

m

V2m —2mA — 2K — 0. (5.4)

Excluding the case A considered in the previous section, we proceed further assuming Vo m #
0 on the whole U.

Proposition 5.1. Equation (24) is the first integral of Egs. (B1) and (B3).

The proof is given in [B]. As the consequence, it is sufficient to solve Eqgs. (Bl) and (B4), Eq. (B3)
being satisfied automatically.
To solve Egs. (B1) and (B4) explicitly, we fix the conformal gauge for metric g5 on Lorentzian
surface U:
gapdx®dxP = @dEdn, (5.5)

where ®(&,1) # 0 is the conformal factor depending on light cone coordinates & := T+ 0, N :=
7 — o on U. The respective four dimensional metric is

ds* = ®dEdn +mdQ?, (5.6)

where dQ? is the metric on the Riemannian surface of constant curvature V = S?, R?, or H?. The
sign of the conformal factor @ is not fixed for the present.

For @ > 0 and m < 0O the signature of metric (B8) is (+ — ——). If we change the sign of
m, the signature of the metric becomes (+ — ++). The same transformation of the signature can
be achieved by changing the overall sign of the metric g;; — —g;;, and interchanging the first two
coordinates, T <+ 0. Einstein’s equations with cosmological constant and electromagnetic field
(B) are not invariant with respect to these transformations with simultaneous changing the sign of
the cosmological constant, because the right hand side changes its sign. Therefore, for ® > 0, we
have to consider two cases:

m<0 <& signgij=(+———) and m>0 <& signg;=(—+++).



Global solutions in General Relativity with an electromagnetic field M. O. Katanaev

This is the difference for Einstein’s equations without electromagnetic field considered in [[T]. If
the change of signature (+ — ——) — (— 4+ is followed by the change of signs in front of R, A,
and F2 in action (), then both choices become equivalent. In our presentation, it is more natural
to fix the sign of F2 in action (D) and consider different signatures, because signs of dilaton fields
are not fixed.

For @ > 0 and m < 0, the metric signature is (+ — ——), and we introduce convenient param-
eterization

m:=—¢*,  q(&,n)>0. (5.7)

Afterwards, we obtain the full system of equations:

de PO,
~0%q+ 5¢5q —0, (5.8)
_a%nq+8’7?;;9fl‘1 0, (5.9)
82 q2 2
_ZZ_K(MJFAQ@?Z —o. (5.10)

The first two equations which do not depend on the electromagnetic field imply the following
assertion.

Proposition 5.2. If 85 qdnq > 0, then the function q(t) depends only on timelike coordinate T :=
%(5 +m). If dzqdnq < 0, then the function q(c) depends only on spacelike coordinate ¢ :=
%(5 —n). And the following equality holds

@ = 4], (5.11)
where prime denotes differentiation on the argument (either T, or G).

This proposition provides a general solution to equations (B8) and (89) up to conformal transfor-
mations. This statement is proved in [[3, I4].

Thus, we can always choose coordinates in such a way that g and ® depend simultaneously
on timelike or spacelike coordinate

T, deqdng >0,

5.12

c::;@in)::{
It means that two-dimensional metric (83) and consequently four-dimensional metric (B8) have
the Killing vector ds or d;, as the consequence of equations (B8) and (B9). We call these so-
Iutions homogeneous and static, respectively, though it is related to the fixed coordinate system.
The existence of additional Killing vector is the generalization of Birkhoff’s theorem [[R] stat-
ing that arbitrary spherically symmetric solution of vacuum Einstein’s equations must be static.
(This statement was previously published in [[3].) The generalization includes the addition of
electromagnetic field, and, in addition, the existence of extra Killing vector is proved not only for

spherically symmetric solution (K(") = 1), but also for solutions invariant with respect to ISO(2)
(K™ =0) and SO(1,2) (K™ = —1) transformation groups.
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We are left to solve equation (BI0). In static, ¢ = g(0o), and homogeneous, ¢ = ¢(7), cases,
equation (B10) takes the form

(@) = 2(KW AP -Z) @, q=qg(o), (5.13)
(@) =-2(K" A= %)@, g=q(2). (5.14)

To integrate the derived equations, one has to express & through g using equation (&1T) and re-
moving the modulus sign.

We consider the static case ¢ = g(0), ® > 0 and ¢’ > 0 in detail. Then Eq. (E13) together
with Eq. (&T1) reduces to

2
(QZ)// -2 <K(h) _Aq2_§2> q/.

It can be easily integrated:

3 2
(*) =2 <K(h)q— ATq oM+ Q> 7
q

where M = const is an integration constant, which coincides with mass in the Schwarzschild solu-
tion. Differentiating the left hand side and dividing it by 2g > 0, we obtain equation

Since ¢’ = ® in the case under consideration, it implies expression for the conformal factor through
variable ¢:

O(q) =KW _— 4= L (5.15)

where the same conformal factor (813) stands in the right hand side. This case can be united with
the previous one by re-writing equation for ¢ in the form

l{|=®(q), g=gq(0), ®>0. (5.16)

The modulus sign in the left hand side means that if g(o) is a solution, then the function g(—0) is
also the solution.
The static case for @ < 0 is integrated in the same way:

ld|=—-®(q), g=4q(c), ®<O0. (5.17)

If solution is homogeneous, g = ¢(7) and ® > 0, ¢’ > 0, then integration of Eq. (E14) yields

2 2
g=—(xgm_ M, & ATy
g ¢ 3

the equality
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That is the conformal factor must be identified with the right hand side
R XM Q* Ag?
q>=—<1<<h>—+Q—q>. (5.18)

We denote the expression for the conformal factor through ¢ by hat because in homogeneous case
it differs by the sign. Thus, homogeneous solutions of Einstein’s equations can be written in the

form
d| = ®lg), qg=gq(r), ®>0. (5.19)
Id| =-®(q), g=gq(t), ®<o0. (5.20)

If the conformal factor is negative, then the signature of the metric is (— + ——). In this
case, we return to the previous signature (+ — ——) after substitution 7 <+ ¢. This transformation
allows us to unite static and homogeneous solutions by taking the modulus of the conformal factor
in the expression for metric (886). Then a general solution of vacuum Einstein’s equations with
electromagnetic field () in the corresponding coordinate system takes the form

ds? = |®|(dt* — do?) — *dQ?, (5.21)

where the conformal factor @ is given by Eq. (E13). Here the variable g depends on o (static local
solution) or 7 (homogeneous local solution) through the differential equation

dq
— | =+P 5.22

where the sign rule holds:

®>0: =0, thesign+ (static local solution),

5.23
®<0: ¢=1, thesign— (homogeneous local solution). (5.23)

Thus the four-dimensional Einstein’s equations imply that there is the metric with one Killing vec-
tor field on surface U which was considered in full detail in [[H]. Now we can construct global
solutions (maximally extended along geodesics) of vacuum Einstein’s equations using the confor-
mal block method. The number of singularities and zeroes of conformal factor (EE13) depends on
relations between constants K, M, Q, and A. Therefore there are many qualitatively different global
solutions.

Conformal factor (:13) has one singularity: the second order pole at ¢ = 0. Therefore ac-
cording to the rules formulated in [[[, 7] every global solution correspond to one of the intervals
(—e0,0) or (0,00). Because conformal factor ®(g) is a smooth function for ¢ # 0, all arising
Lorentzian surfaces U and metrics on them are smooth. Totally, we have 33 topologically different
solutions in the case B which are classified in [B].

6. Changing topology of space in time

Here we consider one new global spherically symmetric solution which describes changing
topology of space sections during time evolution already at the classical level. It corresponds to the

10
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following values of constants:

Now the conformal factor (B13) is

org VA1) (e 3)

It has triple zero at ¢ = 1/v/2A. The corresponding four dimensional metric in Schwarzschild-like
coordinates is

d 2
ds? = ®(q)dr* — q)g’ . ¢*(d6” +sin*0dg?), 0<q<1/V2A. (6.1)

q
The global solution is topologically the product M = U x S* where the Lorentzian surface U is
depicted by the square Carter—Penrose diagram in Fig. 0. It has the de Sitter asymptotic at g —

4o where the surface is geodesically complete. The timelike boundaries ¢ = 0 are singular and
geodesically incomplete. The very important fact is that the saddle point ¢ = 1/+/2A at the center
denoted by the filled circle is geodesically complete. It is the intersection point of triple horizons.

incomplete singular boundary
horizon

complete regular boundary
Killing trajectories

complete point

Figure 1: The Carter—Penrose diagram for triple horizon.

This Carter—Penrose diagram is interesting from physical standpoint. Namely, consider space
sections of this diagram. If a section does not cross the saddle point in the center, then it is an
interval of finite length with singular scalar curvature at the ends. If a section goes through the
center then it is the union of two semi-infinite intervals because the complete point in the center is
lying at space infinity. Now we introduce a global evolution parameter 7', for example, vertical line
on the diagram. Then the topology of space sections changes during evolution: for some value of
T we have two semi-infinite intervals instead of one interval of finite length. This example shows
that changing topology of space in time may occur already at the classical level.

To visualize the surface, we show qualitatively the isometric embedding of surface U in three-
dimensional Minkowskian space-time R!? in Fig. . Where the saddle point really lies at infinity.

7. Conclusion

We have found and classified all global solutions of general relativity with cosmological con-
stant minimally coupled to an electromagnetic field assuming the space-time to be the warped
product of two surfaces with Lorentzian and Euclidean signature metrics. The symmetry of so-
lutions arises as the consequence of Einstein’s equations (“spontaneous symmetry emergence”).

11
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Figure 2: Qualitative isometric embedding of the Carter—Penrose diagram with triple horizon in three-
dimensional Minkowskian space-time.

Totally, there are 37 topologically inequivalent spatially symmetric solutions. New global solution

describing changing topology of space sections in time is discussed in detail.

The work was supported in part by the Russian Government Program of Competitive Growth

of Kazan Federal University (Russian Academic Excellence Project “5-1007).
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