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1. Introduction

The study of quantum-correlated charm-meson pairs produced at threshold allows unique ac-
cess to hadronic decay properties that are of great interest across a wide range of physics appli-
cations. In particular, determination of the strong-phase parameters provides vital input to mea-
surements of the Cabibbo-Kobayashi-Maskawa (CKM) [1] angle γ (also denoted φ3) and other
CP-violating observables. The unitarity triangle angle γ is of particular interest since it is the only
one that can easily be extracted in tree-level processes, in which the contribution of non-SM effects
is expected to be very small [2]. Therefore, a measurment of γ provides a benchmark of the SM
with negligible theoretical uncertainties. A precision measurement of γ is an essential ingredient
in testing the SM description of CP-violation and can probe for new physics via the comparison of
direct and indirect measurements [3].

One of the most sensitive decay channels for measuring γ is B−→ DK−, D→ K0
S π+π− [4]

where D represents a superposition of D0 and D̄0 mesons. The amplitude of the B− decay can be
written as

fB−(m
2
+,m

2
−) ∝ fD(m2

+,m
2
−)+ rBei(δB−γ) fD̄(m

2
+,m

2
−). (1.1)

Here, m2
+ and m2

− are the squared invariant masses of the K0
S π+ and K0

S π− pairs from the D0 →
K0

S π+π− decay, fD(m2
+,m

2
−)( fD̄(m

2
+,m

2
−)) is the amplitude of the D0(D̄0) decay to K0

S π+π− at
(m2

+,m
2
−) in the Dalitz plot, rB is the ratio of the suppressed amplitude to the favored amplitude,

and δB is the CP-conserving strong-phase difference between them. If the small second-order
effects of charm mixing and CP violation [4, 5, 6, 7, 8] are ignored, Eq. (1.1) can be written as

fB−(m
2
+,m

2
−) ∝ fD(m2

+,m
2
−)+ rBei(δB−γ) fD(m2

−,m
2
+) (1.2)

through the use of the relation fD̄(m
2
+,m

2
−) = fD(m2

−,m
2
+). The square of the amplitude clearly

depends on the strong-phase difference ∆δD ≡ δD(m2
+,m

2
−)− δD(m2

−,m
2
+), where δD(m2

+,m
2
−) is

the strong phase of fD(m2
+,m

2
−). While the strong-phase difference can be inferred from an am-

plitude model of the decay D0→ K0
S π+π−, such an approach introduces model-dependence in the

measurement. This property is undesirable as the systematic uncertainty associated with the model
is difficult to estimate reliably, since common approaches to amplitude-model building break the
optical theorem [9]. Instead, the strong-phase differences may be measured directly in the decays
of quantum-correlated neutral D meson pairs created in the decay of the ψ(3770) resonance [4, 7].
This approach ensures a model-independent [10, 11, 12, 13, 14] measurement of γ where the un-
certainty in the strong-phase knowledge can be reliably propagated.

The strong-phase differences in D→ K0
S π+π− were first studied in this manner by the CLEO

collaboration using 0.82 fb−1 of data [15, 16]. These measurements are limited by their statistical
precision, and this precision is insufficient to avoid leading uncertainty contributions to the mea-
surements of γ and mixing and CP-violation in the charm sector anticipated in the near future. The
BESIII detector at the BEPCII collider has the largest data sample collected at the ψ(3770) reso-
nance, corresponding to an integrated luminosity of 2.93 fb−1. Therefore with the BESIII data it is
possible to substantially improve the knowledge of the strong-phase differences, which will reduce
the associated uncertainty when used in other CP-violation measurements.
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2. Formalism

The analysis of the data is performed in regions of phase space. Measurements are presented
in three schemes which are identical to those used in Ref. [16]. All schemes divide the phase
space into eight pairs of bins, symmetrically along the m2

+ = m2
− line. The bins are indexed with

i, running from −8 to 8 excluding zero. The bins have a positive index if their position satisfies
m2
+ < m2

−, and the exchange of coordinates (m2
+,m

2
−)↔ (m2

−,m
2
+), changes the sign of the bin.

The choice of division of the phase space has an impact on the sensitivity of the CP-violation
measurements that use this strong-phase information as input. The schemes are irregular in shape
and are shown in Fig. 1. Detailed information on the choice of these regions is given in Ref. [16].
The scheme denoted “equal ∆δD binning” defines regions such that the variation in ∆δD over each
bin is minimized, and is based on a model developed on flavor-tagged data [17] to partition the
phase space. In the half of the Dalitz plot m2

+ < m2
−, the ith bin is defined by the condition

2π(i−3/2)/8 < ∆δD(m2
+,m

2
−)< 2π(i−1/2)/8. (2.1)

A more sensitive binning scheme for the measurement of γ is denoted the “optimal binning”. This
binning takes into account both the model of the D0→K0

S π+π− decay and the expected distribution
of D decays arising from the process B−→DK− when determining the bins. This choice improves
the sensitivity of γ measurements compared to the equal binning by approximately 10%. The third
binning scheme, denoted the “modified optimal binning” is useful in analysing samples with low
yields [12]. Although these three binning schemes are based on the D0→K0

S π+π− model reported
in Ref. [17], this procedure does not introduce model-dependence into the analyses that employ the
resulting strong-phase measurements.
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Figure 1: The (left) equal ∆δD, (middle) optimal and (right) modified optimal binnings of the D →
K0

S,Lπ+π− Dalitz plot [16]. The color scale represents the absolute value of the bin number |i|.

The interference between the amplitudes of the D0 and D̄0 decays can be parameterized by
two quantities ci and si, which are the amplitude-weighted averages of cos∆δD and sin∆δD over
each Dalitz plot bin. They are defined as

ci =
1√

FiF−i

∫
i
| fD(m2

+,m
2
−)|| fD(m2

−,m
2
+)|× cos[∆δD(m2

+,m
2
−)]dm2

+dm2
−, (2.2)
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and

si =
1√

FiF−i

∫
i
| fD(m2

+,m
2
−)|| fD(m2

−,m
2
+)|× sin[∆δD(m2

+,m
2
−)]dm2

+dm2
−, (2.3)

where Fi is the fraction of events found in the ith bin of the flavor-specific decay D0→ K0
S π+π−.

The ψ(3770) has a C =−1 quantum number and this is conserved in the strong decay, which
produces two neutral D mesons. Hence the two neutral D mesons have an anti-symmetric wave-
function. This also means that the two D mesons do not decay independently of one another.

In the case where one D meson decays to a CP-even eigenstate, the properties of the anti-
symmetric wave-function mean that the other D meson decays to a CP-odd final state. Considering
a pair of decays where one D meson decays to CP eigenstate, referred to as “the tag”, and the other
D meson decays to the K0

S π+π− final state, the decay amplitude of the D→ K0
S π+π− decay is

given by

fCP±(m2
+,m

2
−) =

1√
2
[ fD(m2

+,m
2
−)± fD(m2

−,m
2
+)], (2.4)

where fCP± refers to the CP eigenvalue of the D→ K0
S π+π− decay. It is possible to generalize this

expression to include decays where the tag D meson decays to a self-conjugate final state rather
than a CP eigenstate, assuming that the CP-even fraction, FCP, is known. The number of events,
Mi, observed in the ith bin, where the tag D meson decays to a self-conjugate final state is then
given by

Mi = hCP(Ki− (2FCP−1)2ci
√

KiK−i +K−i), (2.5)

where hCP is a normalization factor. The value of FCP is 1 for CP-even tags and 0 for CP-odd
tags. This parameterization is valuable since it allows for final states with very high or very low
CP-even fractions to be used to provide sensitivity to the ci parameters. A good example of such a
decay is the mode D→ π+π−π0 where the fractional CP-even content is measured to be Fπππ0

CP =

0.973±0.017 [18].
However, from Eq. (2.2), the sign of ∆δD is undetermined if only the values of ci are known

from the CP-tagged D→ K0
S π+π− decay. Important additional information can be gained to de-

termine the si parameters by studying the Dalitz-plot distributions where both D mesons decay to
K0

S π+π−. The amplitude of the ψ(3770) decay is in this case given by

f (m2
+,m

2
−,m

2†
+ ,m2†

− ) =
fD(m2

+,m
2
−) fD(m

2†
− ,m

2†
+ )− fD(m

2†
+ ,m2†

− ) fD(m2
−,m

2
+)√

2
, (2.6)

where the use of the ′†′ symbol differentiates the Dalitz plot coordinates of the two D→ K0
S π+π−

decays. The observable Mi j is defined as the event yield in the ith bin of the first and the jth bin of
the second D→ K0

S π+π− Dalitz plot, and is given by

Mi j = hcorr[KiK− j +K−iK j−2
√

KiK− jK−iK j(cic j + sis j)], (2.7)

where hcorr is a normalization factor. Equation (2.7) is not sensitive to the sign of si, however, this
ambiguity can be resolved using a weak model assumption.

In order to improve the precision of the ci and si parameters it is useful to increase the possible
tags to include D→ K0

Lπ+π− which is closely related to the D→ K0
S π+π− decay. The convention

3
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Table 1: A list of tag decay modes used in the measurement.

Tag group
Flavor K+π−, K+π−π0, K+π−π−π+, K+e−ν̄e

CP-even K+K−, π+π−, K0
S π0π0, K0

Lπ0, π+π−π0

CP-odd K0
S π0, K0

S η , K0
S ω , K0

S η ′, K0
Lπ0π0

Mixed-CP K0
S π+π−

A(D0 → K0
S π+π−) = A(D̄0 → K0

S π−π+) is used. Then, since the K0
S and K0

L mesons are, to an
excellent approximation, of opposite CP, it follows that A(D0→K0

Lπ+π−) =−A(D̄0→K0
Lπ−π+).

Hence, where D→ K0
Lπ+π− is used as the signal decay, and the tag is a self-conjugate final state,

the event yield M′i is given by

M′i = hCP(K′i +(2FCP−1)2ci

√
K′i K

′
−i +K′−i), (2.8)

where K′i and c′i are associated to the D→ K0
Lπ+π− decay. The event yield M′i j, corresponding to

the yield of events where the D→ K0
S π+π− decay is observed in the ith bin and the D→ K0

Lπ+π−

decay is observed in the jth bin is given by

M′i j = hcorr[KiK′− j +K−iK′j +2
√

KiK′− jK−iK′j(cic′j + sis′j)], (2.9)

where s′i is the amplitude-weighted average sine of the strong-phase difference for the D→K0
Lπ+π−

decay.
The normalization factors hCP and hcorr can be related to the yields of reconstructed signal

and tag final states and the number of neutral D meson pairs NDD̄ produced in the data set, with
hCP ∝ SCP/SFT and hcorr ∝ NDD̄/(S

2
FT). Here SCP is the yield of CP-tagged signal decays, and SFT

refers to the combined yields of flavor-tagged signal decays.

3. Analysis

In order to measure ci, si, c′i and s′i, a range of single-tag (ST) and double-tag (DT) samples
of D decays are reconstructed. The ST samples are those where the decay products of only one D
meson are reconstructed. The DT samples are those where one D meson decays to the signal mode
K0

S π+π− or K0
Lπ+π− and the other D meson decays to one of the tag modes listed in Table 1. Tag

decay modes fall into the categories of flavor, CP eigenstates or mixed-CP. Flavor tags identify the
flavor of the decaying meson through a semi-leptonic decay or a Cabibbo-favored hadronic decay.
CP eigenstates and mixed-CP tags identify a decay from an initial state which is a superposition of
D0 and D̄0. The D→ π+π−π0 tag is used for the first time to measure the strong-phase parameters
in D→ K0

S,Lπ+π− decays. It has a relatively high BF and selection efficiency resulting in a large
increase to the CP-tagged yields. The use of this tag is possible through the knowledge of FCP for
this decay [18]. In this paper the D→ π+π−π0 is referred to as a CP-even eigenstate, although its
small CP-odd component is always taken into account, as in Eq. (2.5).

4
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Figure 2: Fits to M2
miss distributions in data. Points with error bars are data, long-dashed (blue) curves are the

fitted combinatorial backgrounds. The shaded areas (pink) show MC estimates of the peaking backgrounds
from (a) D→ π+π−π+π− and (b) D→ π+π−π0π0, and the red solid curves are the total fits.

The DT yield of K0
S π+π− vs. K0

S π+π− is crucial for extracting the si values and thus it is
desirable to increase the reconstruction efficiency for these events. Therefore three independent
selections are introduced in order to maximize the yield of D→ K0

S π+π− vs. D→ K0
S π+π− candi-

dates. The first selection requires that both K0
S π+π− final states on the signal and tag side are fully

reconstructed. The second selection class allows for one pion originating from the D meson to be
unreconstructed, denoted as K0

S π+π
−
miss. Events with only three remaining charged tracks recoiling

against the D→ K0
S π+π− ST are searched for. The missing pion is inferred by calculating the

missing-mass squared (M2
miss) of the event, which is defined as

M2
miss = (

√
s/2−∑

i
Ei)

2−|~psig−∑
i
~pi|2, (3.1)

where ~psig is the momentum of the fully reconstructed D→ K0
S π+π− candidate and ∑i Ei and

∑i~pi are the sum of the energy and momentum of the other reconstructed particles that form the
partially reconstructed D meson candidate. Figure 2 (a) shows the M2

miss distribution from the
partially reconstructed D→ K0

S π+π− vs. D→ K0
S π+π

−
miss candidates. The distribution peaks at

M2
miss ∼ 0.02 GeV2/c4, which is consistent with the missing particle being a π±. The peaking

backgrounds are approximately 3% of the signal yield and are primarily from the D→ π+π−π+π−

decay. The third D→ K0
S π+π− vs. D→ K0

S π+π− selection identifies those events where one
K0

S meson decays to a π0π0 pair. Events where there are only two remaining oppositely-charged
tracks recoiling against the ST D→ K0

S π+π− are selected and these tracks are classified as the
π+ and π− from the D meson. To avoid the reduced efficiency associated with reconstructing
both π0 mesons from the K0

S , only one of the them is searched for. This type of tag is referred
to as K0

S (π
0π0

miss)π
+π−. The missing-mass squared of the event is defined in the same way as

in Eq. (3.1) and the summation is over the π+, π−, and π0 mesons that are reconstructed on the
tag side. A further variable, M′2miss, where the reconstructed π0 is also not included in the summed
energies and momenta of the tag-side particles is also computed. For true D→K0

S π+π− decays this
variable should be consistent with the square of the K0

S meson nominal mass. Therefore, candidates
that do not satisfy 0.22<M

′2
miss < 0.27 GeV2/c4 are removed from the analysis in order to suppress

background from D→ π+π−π0π0 decays. Figure 2 (b) shows the resultant M2
miss distribution of

the accepted candidates in data. There remains a contribution of peaking background dominated

5
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Figure 3: Dalitz plots of K0
S π+π− and K0

Lπ+π− events in data.

from D→ π+π−π0π0 decays, where the rate relative to signal is determined from simulated data
to be around 15%.

Overall, the DT yields of D→ K0
S(L)π

+π− involving a CP eigenstate are a factor of 5.3 (9.2)
larger than those in Ref. [16], and the DT yields of K0

S π+π− tagged with D→ K0
S(L)π

+π− decays
are a factor of 3.9 (3.0) larger than those in Ref. [16]. These increases come not only from the
larger dataset available at BESIII but also from the additional tag modes and the application of
partial-reconstruction techniques for D→K0

S π+π−. The Dalitz plots for D0→K0
S π+π− and D0→

K0
Lπ+π− vs. the flavor tags selected from the data are shown in Fig. 3. In order to merge the D0 and

D̄0 decays the exchange of coordinates M2
K0

S,Lπ±
↔M2

K0
S,Lπ∓

is performed for the D̄0 decays. Figure 3

also shows the CP-even and CP-odd tagged signal channels selected in the data. The effect of the
quantum correlation in the data is immediately obvious by studying the differences in these plots.
Most noticeably, the CP-odd component D→ K0

S ρ0 is visible in the D→ K0
S π+π− decay when

tagged by CP-even decays, but is absent when tagged by CP-odd decays.

It should be noted that detector resolution effects can cause individual events to migrate be-
tween Dalitz plot bins after reconstruction. Such migration effects vary among bins due to the
irregular bin shapes, coupled with the rapid variations of the Dalitz plot density. Furthermore, mi-
grations differ between D→ K0

S π+π− and D→ K0
Lπ+π− decays due to differing resolutions in

the Dalitz plots (0.0068 GeV2/c4 for D→ K0
S π+π− and 0.0105 GeV2/c4 for D→ K0

Lπ+π−). The
resultant bin migrations range within (3-12)% and (3-18)% for the K0

S π+π− and K0
Lπ+π− signals,

respectively. Therefore, in the extraction of the expected DT yields, simulated efficiency matrices

6
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are introduced to account for bin migration and reconstruction efficiencies. Studies indicate that
neglecting bin migration introduces biases in the determination of ci (si) that average a factor of
0.7 (0.3) times the statistical uncertainty of this analysis, so it is important to correct for this effect.

4. The preliminary strong-phase results at BESIII

The values of c(′)i and s(′)i are obtained by minimizing the negative log-likelihood function
constructed as

−2logL = −2∑
i

∑
j

logP(Nobs
i j ,〈Nexp

i j 〉)K0
S π+π−,K0

S(L)π
+π−

−2∑
i

logP(Nobs
i ,〈Nexp

i 〉)CP,K0
S(L)π

+π−+χ
2,

where P(Nobs,〈Nexp〉) is the Possion probability to observe Nobs events given the expected number
〈Nexp〉. Here the sums are over the bins of the D0→K0

S(L)π
+π− Dalitz plots. The χ2 penalty term is

used to constrain the difference c′i−ci (s′i− si) to the predicted quantity ∆ci (∆si). The values of ∆ci

and ∆si are estimated based on the decay amplitudes of D0→ K0
S π+π− [19] and D0→ K0

Lπ+π−,
where the latter is constructed by adjusting the D0→ K0

S π+π− model following the principle that
K0

S and K0
L mesons are of opposite CP, as is discussed in Refs. [15, 16].

The preliminary results of the measured strong-phase parameters c(′)i and s(′)i are presented
in Fig. 4. Their systematic uncertainties arise from the evaluation of Ki and K′i , the estimation of
ST yields, the MC statistics, subtraction of the DT peaking background, the fitting procedure for
extracting DT yields, the difference in momentum resolution between data and MC, and the effects
of D0D̄0 mixing. Study shows that the results of measured strong-phase parameters are limited by
their statistical uncertainties. In addition to our results, Fig. 4 includes the predictions of Ref. [19]
and the results from Ref. [16], which show reasonable agreement.

The uncertainty on γ due to the measured uncertainties on ci and si is found to be approxi-
mately a factor of three smaller than from the CLEO measurements [16]. The predicted statistical
uncertainties on γ from LHCb prior to the start of High-Luminosity LHC operation in the mid
2020s, and from Belle II are expected to be 1.5◦ [20, 21]. Therefore the uncertainty associated to
the strong-phase measurements presented here will not be dominant in the determination of γ for
Belle II or for LHCb until then.

5. Summary

The preliminary results of the relative strong-phase differences between D0 and D̄0→KS,Lπ+π−

in bins of phase space are presented. These results are on average a factor 2.5 (1.9) more precise
for ci (si) and a factor 2.8 (2.2) more precise for c′i (s′i) than the previous measurements of these pa-
rameters [16]. This improvement arises from the combination of a larger data sample, an increased
variety of CP tags, and broader use of the partial reconstruction technique to improve efficiency.
This improved precision will ensure that measurements of γ from LHCb and BELLE II over the
next decade are not limited by the knowledge of these strong-phase parameters, and also be invalu-
able in studies of charm mixing and CP-violation.
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Figure 4: The preliminary results of c(′)i and s(′)i measured in this work (red dots with error bars), the expcted
values from Ref. [19] (blue open circles) as well as CLEO results (green open squares with error bars) in
Ref. [16]. The top plots are from the equal ∆δD binning, the middle plots from the optimal binning and
plots from the modified optimal binning scheme are on the bottom. The circle indicates the boundary of the
physical region c(′)2i + s(′)2i = 1.
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