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1. Introduction

Experimental measurements of flavor-changing B decays are a source of tension with the Stan-
dard Model, e.g.[1, 2, 3, 4]. Future experimental measurements of the differential decay rate for
B−

c → J/ψµν motivate the precise calculation of the relevant form factors in the Standard Model.
The recent discussion [5] of the reliability of the CLN and BGL parameterisations with regards
to their extrapolation to zero recoil also suggests that predictions for the full q2 range would be
valuable not just for Bc → J/ψ but also for B(s) → D∗

(s), for which this calculation serves as a pro-
totype. The Bc → J/ψ decay is a more attractive starting point for a lattice QCD calculation than
B(s) → D∗

(s) as the charm propagators are numerically less expensive to compute, the statstical ac-
curacy is higher and the finite volume effects are smaller due to the absence of valence light quarks.
The main obstacle faced by such a lattice calculation is the large heavy quark mass necessitating
very fine lattice spacings. The method used here to avoid this problem, referred to as Heavy-HISQ,
involves using unphysically light HISQ heavy quarks and extrapolating to the physical b mass.
Recent HPQCD results have demonstrated the efficacy of this approach applied to related semilep-
tonic processes [6, 7]. This calculation will also serve as a prototype for the extension to non-zero
recoil of the Bs → D∗

s form factors as well as for the eventual calculation of B → D∗ form factors
across the full q2 range. These future calculations would also allow for the lattice calculation of
R(D∗), the branching ratio between τ and µ final lepton states for B→D∗, for which there currently
exists a 3σ tension between the Standard Model prediction and experiment [8]

Using the full differential decay rate, [9], and assuming the J/ψ decay is purely electromag-
netic and summing over µ+µ− helicities, we write the partial rate

dΓ
dq2 =

G2

(2π)3 |Vcb|2
(q2 −M2

ℓ )
2|p⃗′|

12M2
Bc

q2 B(J/ψ → µ+µ−)
[(

H−
2 +H0

2 +H+
2)

+
M2

ℓ

2q2

(
H−

2 +H0
2 +H+

2 +3Ht
2)], (1.1)

where p′ is the momentum of the J/ψ , |p⃗′| is the magnitude of the J/ψ spatial momentum in the
Bc rest frame, p is the momentum of the Bc, q = p− p′ and Mℓ is the lepton mass. The helicity
amplitudes are defined as

H±(q2) =(MBc +MJ/ψ)A1(q2)∓ 2MBc |p⃗′|
MBc +MJ/ψ

V (q2),

H0(q2) =
1

2MJ/ψ
√

q2

(
−4

M2
Bc
|p⃗′|2

MBc +MJ/ψ
A2(q2)

+(MBc +MJ/ψ)(M
2
Bc
−M2

J/ψ −q2)A1(q2)
)
,

Ht(q2) =
2MBc |p⃗′|√

q2
A0(q2), (1.2)

and correspond to the nonzero components of ε∗
µ⟨J/ψ(ε)|c̄γµ(1−γ5)b|B−

c ⟩ with respect to the J/ψ
and W− polarisation vectors ε and ε . The form factors in (1.2) are the standard Lorentz invariant
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ones, their relation to the matrix elements is given by [10]

⟨J/ψ(p′,ε)|c̄γµb|B−
c (p)⟩= 2iV (q2)

MBc +MJ/ψ
εµνρσ ε∗

ν p′ρ pσ

⟨J/ψ(p′,ε)|c̄γµγ5b|B−
c ⟩= 2MJ/ψA0(q2)

ε∗ ·q
q2 qµ

+(MBc +MJ/ψ)A1(q2)
[
ε∗µ − ε∗ ·q

q2 qµ
]

−A2(q2)
ε∗ ·q

MBc +MJ/ψ

[
pµ + p′µ −

M2
Bc
−M2

J/ψ

q2 qµ
]
. (1.3)

2. Lattice Calculation

On the lattice we work with the H−
c , the heavy-charm pseudoscalar with heavy quark mass mh,

at rest. We compute correlation functions

CJ/ψ
2pt (t,0) =⟨0|c̄γνc(t)(c̄γνc(0))† |0⟩,

CHc
2pt(t,0) =⟨0|

(
b̄γ5c(t)

)†
b̄γ5c(0)|0⟩,

C3pt(T, t,0) =⟨0|c̄γνc(T ) c̄Γb(t) b̄γ5c(0)|0⟩
(2.1)

where repeated indices are not summed over. We fit these to

C̃J/ψ
2pt (t,0) = ∑

n

(
(An)2e−tEn +(−1)t(An

o)
2e−tEo

n

)
,

C̃Hc
2pt(t,0) = ∑

n

(
(Bn)2e−tMn +(−1)t(Bn

o)
2e−tMo

n

)
,

C̃3pt(T, t,0) = ∑
n,m

(
AnBmJnme−(T−t)En−tMm

+(−1)T+tAn
oBmJnm

oe e−(T−t)Eo
n−tMm

+(−1)tAnBm
o Jnm

eo e−(T−t)En−tMo
m

+(−1)T An
oBm

o Jnm
oo e−(T−t)Eo

n−tMo
m

)
(2.2)

respectively, where n, m are on shell particle states with quantum numbers resulting in nonzero
amplitudes and the o labels indicate energies and amplitudes corresponding to the time-doubled
states typically present with HISQ quarks. The lowest energy, non-oscillating contributions, from
which we extract matrix elements, give:

A0 =
NJ/ψ√
2EJ/ψ

(
1+

p⃗
′2
(ν)

M2
J/ψ

)1/2

, B0 =
NHc√
2MHc

. (2.3)

Where p⃗(ν) is the ν component of the J/ψ spatial momentum, with ν corresponding to the choice
of polarisation in (2.1). The ground state matrix element which we extract from our lattice fits is

2



P
o
S
(
B
e
a
u
t
y
2
0
1
9
)
0
5
9

Bc → J/ψ Form Factors and R(J/ψ) using Lattice QCD Judd Harrison

Set w0/a Nx ×Nt aml0 ams0 amc0 amval
h amval

c nconfigs

1 1.9006(20) 32×96 0.0074 0.037 0.440 0.6,0.65,0.8 0.449 980
2 2.896(6) 48×144 0.0048 0.024 0.286 0.427,0.525,0.65,0.8 0.274 500
3 3.892(12) 64×192 0.00316 0.0158 0.188 0.5,0.65,0.8 0.194 374
4 1.9518(7) 64×96 0.00316 0.0158 0.188 0.5,0.65,0.8 0.433 300

Table 1: Details of the gauge field configurations used in our calculation [11, 12]. Set 1 is referred to as
‘fine’, set 2 as ‘superfine’, set 3 as ‘ultrafine’ and set 4 as ‘physical fine’. The values of the relative scale-
setting quantity w0/a are taken from [13, 14, 7], while the physical value w0 = 0.1715(9) fm is determined
in [15]. The charm and heavy valence masses given were taken from [6].

Set θ T
1 0,0.361,0.723,1.084,1.446,1.807 14,17,20
2 0,0.826,1.651,2.477,3.302,4.128 22,25,28
3 0,1.241,2.483,3.724,4.966,6.207 31,36,41
4 0,0.361,0.723,1.084,1.446,1.807 14,17,20

Table 2: Details of the masses, twists and three point ranges, T . The twists are given in units of π/L and are
applied along both the x and y direction.

then, for spatial J/ψ operator component ν and with current cΓµb,

J00 = ∑
λ

εν(λ )⟨J/ψ(λ )|c̄Γb|H−
c ⟩√

2EJ/ψ2MHc

(
1+ p⃗′2

(ν)/M2
J/ψ

) . (2.4)

We use the the second generation MILC gluon ensembles including light, strange and charm
sea quarks [11, 12] and compute HISQ charm and heavy quark propagators. The details of these
gauge configurations are given in table 1.

We give momentum to the c quark propagator via a momentum twist. The twists were chosen
to evenly span the physical q2 range for the largest value of amh, approximated from aMHc values
given in [6] and the physical J/ψ mass. The values of twists and T are given in table 2. The
renormalisation factors relating the matrix elements of our lattice current operators were computed
in [6] for the axial-vector and in [7] for the vector current using the PCAC and PCVC relations
respectively and include mass dependent discretisation correction terms for the HISQ-quark tree
level wavefunction renormalisation computed in [16], though these discretisation corrections are
numerically tiny. The correlator fits discussed in this section were done simultaneously on each set
using the corrfitter python package [17].

3. Extrapolation to the Physical Point

In order to fit the q2 dependence we use the z-expansion [18] and map the physical q2 range to
within the unit circle via the change of variables

z =

√
t+−q2 −

√
t+− t0√

t+−q2 +
√

t+− t0
(3.1)
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where
t± = (MHc ±MJ/ψ)

2. (3.2)

Physical particles with bc quark content, masses between the pair production threshold and t1/2
−

and the appropriate quantum numbers to couple to the current operator result in the appearance of
a pole in the corresponding form factor. Following [19] we include these poles in our fit form using
the form

P(q2) =

√t+−q2 −
√

t+−M2
pole√

t+−q2 +
√

t+−M2
pole

−1

. (3.3)

For the pole masses we use the well known relation M2
V = M2

P + ∆PV , where we take ∆PV =

0.56(10)GeV2 [20], and MHA
c
= MHV

c
+∆AV where ∆AV = 0.410(13)GeV [21]. Following [7] we

take our fit function to be

F(q2) = P(q2)
3

∑
n=0

anzn (1+δn) (3.4)

where

an =
3

∑
j,k,l=0

b jkl
n ∆( j)

h

(
amval

c

π

)2k(amval
h

π

)2l

, (3.5)

∆(0)
h = 1 and

∆( j ̸=0)
h =

(
2ΛQCD

Mηh

) j

−
(

2ΛQCD

Mηb

) j

. (3.6)

δn captures mistuning effects following [6] and we take ΛQCD = 0.5GeV. We also impose the kine-
matical constraint at q2 = 0, 2MJ/ψA0(0) = (MJ/ψ +MHc)A1(0)− (MJ/ψ −MHc)A2(0). We take
priors of 0(1) for each bn, except those terms of order O(a2) for which we take 0(0.5) encom-
passing the HISQ 1-loop improvement. All remaining priors were taken as 0(1). The fit is done
simultaneously across all form factors in order to preserve correlations important for constructing
helicity amplitudes. The results for A1 and V , whose contributions to the decay rate are dominant,
are given in Figure 1.

4. Results

Using the form factors we construct the helicity amplitudes and differential decay rates using
(1.2). Where an integration over q2 is necessary we use a simple trapezoidal interpolation in order
to ensure covariaces are carried through correctly, taking sufficiently many points that the results
are insensitive to using additional points. The differential rate dΓ/dq2 is plotted in figure 2 where
we plot the rate for ℓ= µ and ℓ= τ .

We also compute the total decay rates for the case ℓ= µ and ℓ= τ . We find

Γ(B−
c → J/ψµ−νµ) = |Vcb|21.70(18)×1013s−1 (PRELIMINARY), (4.1)

Γ(B−
c → J/ψτ−ντ) = |Vcb|24.40(36)×1012s−1 (PRELIMINARY), (4.2)

and the ratio
R(J/ψ) = 0.2592(92) (PRELIMINARY). (4.3)
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Figure 1: q2 dependence of A1, V and heavy-HISQ extrapolated curves.

Figure 2: The differential rate dΓ/dq2, normalised by the total decay rate Γ.
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