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The compositeness is deﬁned as the weight of the hadronic molecule in the hadron wave function.
We can determine the internal structure of the weak-binding system without any speciﬁc models
from the compositeness. In order to estimate the compositeness of the system with a large eﬀective
range, we introduce the range correction to Weinberg’s weak-binding relation by modifying the
correction terms. We study the applicability of the weak-binding relations by the numerical
calculation and show that the improved relation can be applied to a larger parameter region
compared with the previous one.
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1. Introduction

2. Range correction in the weak-binding relation
To discuss the range correction, we apply the weak-binding relation to the single-channel
models with a zero-range interaction 𝑅typ → 0. In such models, because the system has no
channel couplings, 𝑋 = 1 by the deﬁnition of 𝑋. Furthermore, with the zero-range interaction, the
correction terms of the weak-binding relation O (𝑅typ /𝑅) are exactly zero. Therefore, it seems that
these models always show 𝑎 0 = 𝑅 according to the weak-binding relation.
However, we ﬁnd that the eﬀective range model [9] is the exception of this case as explained
below. The eﬀective range model is the single-channel non-relativistic eﬀective ﬁeld theory with a
derivative coupling. The Hamiltonian is given by
1
1
Hint = 𝜆0 (𝜓 † 𝜓) 2 + 𝜌0 ∇(𝜓 † 𝜓) · ∇(𝜓 † 𝜓).
4
4
2

(2)

PoS(PANIC2021)176

Hadrons are the particles which interact with each other by the strong interaction. Almost
all hadrons consist of two or tree quarks. The hadrons which cannot be classiﬁed as two or three
quarks are called exotic hadrons. Many candidates for exotic hadrons are discovered in recent
experiments [1, 2]. Those candidates are considered as, for example, multiquark states or hadronic
molecule states. The multiquark states are regarded as the compact states of four quarks or more.
The hadronic molecule states are considered as weakly bound states of hadrons.
In order to analyze the internal structure of the candidates for exotic hadrons, we focus on the
compositeness 𝑋 which can be interpreted as the weight of the hadronic molecule component [3].
If the system is a complete hadronic molecule state, 𝑋 = 1. When the binding energy is small, we
can estimate the compositeness 𝑋 with the weak-binding relation for stable states [4–6]:



𝑅typ
2𝑋
+O
𝑎0 = 𝑅
,
(1)
1+𝑋
𝑅
p
where 𝑎 0 is the scattering length, 𝑅 ≡ 1/ 2𝜇𝐵 is the length scale determined by the binding energy
𝐵 and the reduced mass 𝜇. 𝑅typ is regarded as the interaction range. When the binding energy is
small such that 𝑅typ ≪ 𝑅, we can neglect the correction terms of the relation (1) and estimate 𝑋
only from the observables 𝑎 0 and 𝑅 without any speciﬁc models.
Let us consider the weak-binding relation (1) from the viewpoint of the low-energy universality [7, 8]. In the weak-binding limit 𝑅 → ∞, magnitude of the scattering length |𝑎 0 | is very large
and the system becomes scale invariant, namely all lengths in the system are scaled by 𝑎 0 . In this
limit, 𝑎 0 = 𝑅, and the bound state is completely a hadronic molecule. When we are away from
the weak-binding limit, 𝑎 0 deviates from 𝑅 and the deviations are expressed by the factor in the
parenthesis in Eq. (1). We can interpret 2𝑋/(1 + 𝑋) and O (𝑅typ /𝑅) terms in the weak-binding
relation as the origins of the deviations, corresponding to contributions other than the hadronic
molecule component (𝑋 ≠ 1) and the nonzero interaction range (𝑅typ ≠ 0), respectively. In this
work, we discuss the range correction in the weak-binding relation for systems with a large eﬀective
range 𝑟 𝑒 . Because the eﬀective range is one of the length scales which characterize the low-energy
scattering, it is expected that 𝑟 𝑒 induces another deviation of 𝑎 0 from 𝑅 in addition to the above two.
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The scattering amplitude at momentum 𝑘 in the zero-range limit (cutoﬀ Λ → ∞) can be written by
 −1

1 𝑟𝑒 2
𝑓 (𝑘) = − + 𝑘 − 𝑖𝑘
.
(3)
𝑎0 2
The eigenmomentum of the bound states is given by the pole of the scattering amplitude | 𝑓 (𝑘)| → ∞.
With the relation of 𝑅 = 𝑖/𝑘 at the pole, we can obtain the relation between 𝑎 0 and 𝑅:
𝑎0 = 𝑅

n
 𝑟 o
2𝑟 𝑒 /𝑅
𝑒
.
=
𝑅
1
+
O
𝑅
1 − (𝑟 𝑒 /𝑅 − 1) 2

(4)

𝑅typ = max{𝑅int , 𝑅eﬀ },

(5)

where, 𝑅eﬀ is the maximum length scale in the eﬀective range expansion except for 𝑎 0 . With this
new deﬁnition of 𝑅typ , there is no contradiction even in the eﬀective range model with 𝑅int = 0 and
𝑅eﬀ = |𝑟 𝑒 |. If 𝑅eﬀ → 0, then 𝑅typ = 𝑅int and the weak-binding relation reduce to the previous one.

3. Numerical calculations
In this section, we perform the numerical calculations to study the applicable parameter region
of the weak-dinging relations with comparing the redeﬁned 𝑅typ in Eq. (5) and the previous one,
𝑅typ = 𝑅int . When the observables 𝑎 0 and 𝑅 are given, we estimate the compositeness 𝑋 using the
weak-binding relation (1). The central value 𝑋𝑐 is given by the relation (1) neglecting the correction
terms. For the estimation of the uncertainty of 𝑋, we deﬁne 𝜉 ≡ 𝑅typ /𝑅 according to Ref. [6]. We
determine the upper and lower boundaries 𝑋𝑢,𝑙 with taking into account the leading order in 𝜉. In
summary, 𝑋𝑐 and 𝑋𝑢,𝑙 are written as
𝑋𝑐 =

𝑎 0 /𝑅
,
2 − 𝑎 0 /𝑅

𝑋𝑢,𝑙 =

𝑎 0 /𝑅
± 𝜉.
2 − 𝑎 0 /𝑅

(6)

We study the validity of the estimation of 𝑋 from the weak-binding relation by using the
model in which the exact value 𝑋exact is known. For the estimation to be successful, we require the
following condition:
• Validity condition : 𝑋exact is contained in the uncertainty region, 𝑋𝑙 < 𝑋exact < 𝑋𝑢 .
We consider the eﬀective range model with the ﬁnite interaction range 𝑅int ≠ 0 (Λ < ∞) for
the numerical calculation. In this case, the scattering amplitude has two length scales 𝑟 𝑒 and 𝑅int
except for 𝑎 0 . Because both of those can be 𝑅typ , we need to calculate two cases, 𝑅typ = |𝑟 𝑒 | or
𝑅typ = 𝑅int in the improved relation. The validity condition can be veriﬁed because the exact value
𝑋exact is known to be 1 in this single channel model. We perform the numerical calculations of the
3
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This result shows that 𝑎 0 deviates from 𝑅 in the eﬀective range model because of 𝑟 𝑒 ≠ 0 even in the
single channel system with the zero-range interaction. Therefore, we conclude that the relation (1)
dose not hold in this case.
From the discussion of the eﬀective range model in the zero-range limit, we propose the
range correction in the weak-binding relation by modifying the correction terms. We denote the
interaction range as 𝑅int which was previously denoted as 𝑅typ , and redeﬁne 𝑅typ as follows:

Tomona Kinugawa
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uncertainty estimated by 𝑟 𝑒 and 𝑅int , and search for the parameter region where the weak-binging
relation can be applied.
In Fig. 1, we show the central value of 𝑋 together with the upper and lower boundaries at ﬁxed
𝑅int = 0.1𝑎 0 . The left (right) panel shows the uncertainty by 𝑅typ = |𝑟 𝑒 | (𝑅typ = 𝑅int ). Because
we consider the 𝑟 𝑒 < 0 case, we plot 𝑋 as a function of |𝑟 𝑒 /𝑎 0 |. From the left panel, because
𝑋exact = 1 is contained in the uncertainty region by 𝑅typ = |𝑟 𝑒 |, the validity condition is satisﬁed in
this parameter region. In contrast, right panel shows that 𝑋exact is not contained in the uncertainty
region by 𝑅typ = 𝑅int for |𝑟 𝑒 /𝑎 0 | ≳ 0.1. Therefore, the validity condition by 𝑅typ = 𝑅int is not
satisﬁed for the systems with a large |𝑟 𝑒 |.
Performing the same calculations with varying 𝑅int , we plot the applicable parameter region
of the previous and improved weak-binding relations in the |𝑟 𝑒 /𝑎 0 | − 𝑅int /𝑎 0 plane in Fig. 2. The
validity condition by 𝑅typ = |𝑟 𝑒 | is satisﬁed in the whole region of this plot because 𝑋exact is always
contained in the uncertainty region by 𝑅typ = |𝑟 𝑒 |. However, the validity condition is only satisﬁed
below the solid line when we consider the uncertainty by 𝑅typ = 𝑅int . From these numerical results,
both the previous and improved weak-binding relations can be applied below the solid line of Fig. 2
because the validity conditions are satisﬁed both by 𝑅typ = |𝑟 𝑒 | and 𝑅typ = 𝑅int . In the region
4
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Figure 1: The central
value 𝑋𝑐 and the
upper and lower boundaries 𝑋𝑢,𝑙 by 𝑅typ = |𝑟 𝑒 | (left) and by 𝑅typ = 𝑅int
Numerical
calculation
Validity condition by
(right) at ﬁxed 𝑅int = 0.1𝑎 0 .
r is satisfied in all
Validity condition in Rint /a0- | re /a0 | plane e
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above the solid line, however, only the improved weak-binding relation can be applied because the
uncertainty by 𝑅typ = |𝑟 𝑒 | is not considered in the previous relation. We conclude that our range
correction works well because the applicable region of the improved weak-binding relation is larger
than of the previous one.
In order to discuss the precision of the estimation of 𝑋, we deﬁne 𝑃 = |(𝑋𝑐 − 𝑋𝑢,𝑙 )/𝑋𝑐 | as the
magnitude of the normalized uncertainty. We show contour plot of the precision 𝑃 in Fig. 2. For
the meaningful estimation, 𝑎 0 , 𝑟 𝑒 and 𝑅int of the bound state should be in the small 𝑃 region. This
plot will be useful when we apply the weak-binding relation to the actual hadron systems.

In this work, we study the weak-binding relation with which the compositeness of the weakly
bound state can be estimated by the observables. We discuss the range correction for the system
which has large eﬀective range and propose the improvement of the weak-binding relation by
redeﬁning the correction terms. From the results of the numerical calculations, the improved
weak-binding relation can be used in a larger parameter region than the previous one.
As the future prospect, we will discuss the range correction in the weak-binding relation for the
unstable states with a ﬁnite decay width. As preliminary results, we check that the unstable state in
the eﬀective range model in the zero range limit has a similar wave function as the stable one. As
the next step, we will study the applicability of the weak-binding relation with range correction for
unstable states by the numerical calculations. The ﬁnal goal is to apply the improved weak-binding
relation for the actual hadron systems.
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4. Summary and future prospects

