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We explore how the dilepton production rate is modified by the diquark fluctuations that form well-
developed collective modes near but above the critical temperature of color superconductivity.
Through the analysis of the photon self-energy called the Aslamasov-Larkin, Maki-Thompson
and density of states terms which are known in the metalic superconductivity, it is shown that
the diquark fluctuation mode affects the photon self-energy significantly and thereby cause to
anomalously enhance the dilepton production rate in the low invariant-mass region.
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1. Introduction

It is expected that rich physics in high baryon-density matter at finite temperature will be
revealed by experimental programs in relativistic heavy-ion collisions (HIC) such as the beam-
energy scan program at RHIC, HADES and NA61/SHINE, as well as the future plans at FAIR, NICA
and J-PARC-HI. In these proceedings, we investigate the observability of the color superconductivity
(CSC) [1] in these experiments through their precursory phenomena that are developed near but
above the critical temperature 𝑇𝑐 of the CSC [2, 3]. For this purpose, we investigate the effect of the
diquark fluctuations on the dilepton production rate by extending the theory of the paraconductivity
in metals [3]. We show that the diquark fluctuations lead to anomalous enhancement of the dilepton
production rate at low invariant-mass region near 𝑇𝑐 .

2. Diquark fluctuations

The 2-flavor color-superconductivity (2SC) is expected to be realized at relatively low densities,
which may be achieved by HIC experiments. Thus, we employ the massless 2-flavor NJL model

L = 𝜓̄𝑖𝛾𝜇𝜕
𝜇𝜓 + 𝐺𝑆 [(𝜓̄𝜓)2 + (𝜓̄𝑖𝛾5 ®𝜏𝜓)2] + 𝐺𝐶 (𝜓̄𝑖𝛾5𝜏2𝜆𝐴𝜓

𝐶)(𝜓̄𝐶𝑖𝛾5𝜏2𝜆𝐴𝜓), (1)

where 𝜏2 (𝛾𝐴=2,5,7) is the antisymmetric component of the Pauli (Gell-Mann) matrices for the flavor
𝑆𝑈 (2) 𝑓 (color 𝑆𝑈 (3)𝑐), and 𝜓𝐶 (𝑥) ≡ 𝐶𝜓̄𝑇 (𝑥) with 𝐶 = 𝑖𝛾2𝛾0. The scalar coupling constant
𝐺𝑆 = 5.01MeV−2 and the three-momentum cutoff Λ = 650 MeV are determined so as to reproduce
the pion decay constant 𝑓𝜋 = 93MeV and the chiral condensate 〈𝜓̄𝜓〉 = (−250MeV)3 in the chiral
limit [2]. The diquark coupling constant is set to 𝐺𝐶 = 0.6𝐺𝑆 .

In Ref. [2], it has been pointed out that the diquark fluctuations form the collectivity with a
significant strength above but near the critical temperature𝑇𝑐 of the 2SC. The propagatorΞ(𝑞) of the
diquark fluctuations in the random-phase approximation (RPA) is in the imaginary-time formalism
given by

Ξ(𝑞) = 𝐺𝐶

1 + 𝐺𝐶Q(𝑞) , Q(𝑞) = −2𝑁 𝑓 (𝑁𝑐 − 1)
∫

𝑑4𝑝

(2𝜋)4 Tr[G0(𝑞 − 𝑝)G0(𝑝)], (2)

where Q(𝑞) = Q(q, 𝑖𝜈𝑛) is the one-loop 𝑞𝑞 correlation function; G0(𝑝) = G0(p, 𝑖𝜔𝑚) = 1/[(𝑖𝜔𝑚+
𝜇)𝛾0 − q · γ] is the free quark propagator, 𝜔𝑚 (𝜈𝑛) the Matsubara frequency for fermions (bosons),
and Tr the trace over the Dirac indices. The retarded propagator is obtained by taking the analytic
continuation Ξ𝑅 (q, 𝜔) = Ξ(q, 𝑖𝜈𝑛 → 𝜔 + 𝑖𝜂).

We remark that the equality [Ξ𝑅 (0, 0)]−1 = 0 is satisfied at 𝑇 = 𝑇𝑐 determined by the MFA,
which is the Thouless criterion for determining the critical temperature of the second-order phase
transition. The criterion shows that Ξ𝑅 (q, 𝜔) has a pole at the origin at 𝑇 = 𝑇𝑐 , and hence the
diquark fluctuations have the properties of the soft mode [2]. This fact also allows us to approximate
the propagator of the fluctuations in the low energy-momentum near but above 𝑇𝑐 as

Ξ𝑅 (q, 𝜔) = 1/[𝑐0𝜔 + 𝑐1q
2 + 𝑎], (3)

where 𝑎 = 𝐺𝐶 [Ξ𝑅 (0, 0)]−1, 𝑐0 = 𝐺𝐶 (𝜕/𝜕𝜔) [Ξ𝑅 (0, 0)]−1 and 𝑐1 = 𝐺𝐶 (𝜕/𝜕q2) [Ξ𝑅 (0, 0)]−1

from Ξ𝑅 (q, 𝜔) obtained in the NJL model. This approximation is called the time-dependent
Ginzburg-Landau (TDGL) approximation in the literature. In Ref. [2], it has been shown that the
behavior of Ξ𝑅 (q, 𝜔) is reproduced over wide ranges of 𝜔, q2 and 𝑇 (> 𝑇𝑐).
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(a) (b) (c) (d)

Figure 1: Diagrammatic representations of the Aslamasov-Larkin (a), Maki-Thompson (b) and density of
states (c,d) terms. The wavy and double lines are photons and diquark fluctuations, respectively.

3. Modification of photon self-energy by diquark fluctuations

The dilepton production rate is given in terms of the retarded photon self-energy Π𝑅𝜇𝜈 (𝑘) as

𝑑4Γ

𝑑4𝑘
=

𝛼

12𝜋4
1
𝑘2

1
𝑒𝛽𝜔 − 1

𝑔𝜇𝜈ImΠ𝑅𝜇𝜈 (𝑘), (4)

where 𝑘 = (k, 𝜔) is the four momentum of the photon and 𝛼 is the fine structure constant. To
evaluate the effects of the diquark fluctuations on the dilepton production rate, the modification of
photon self-energy due to Ξ(q, 𝜔) needs to be investigated.

We start from the one-loop diagram of Ξ(q, 𝑖𝜈𝑛), which is the lowest contribution of diquark
fluctuations to the thermodynamic potential. The photon self-energy is then constructed by attaching
electromagnetic vertices at two points of quark lines in the thermodynamic potential. One then
obtains four types of diagrams shown in Fig. 1. These diagrams are called the Aslamasov-Larkin
(AL) (Fig. 1(a)), Maki-Thompson (MT) (Fig. 1(b)) and density of states (DOS) (Fig. 1(c, d)) [4]
terms, respectively, in the theory of metallic superconductivity. Each contribution to the photon
self-energy, Π𝜇𝜈

AL(𝑘), Π
𝜇𝜈
MT(𝑘) and Π𝜇𝜈

DOS(𝑘), respectively, is given by

Π𝜇𝜈
AL(𝑘) = 4𝑁𝑐 𝑇

∑
𝑛

∫
𝑑3𝑞

(2𝜋)3Γ
𝜇 (𝑞, 𝑞 + 𝑘)Ξ(𝑞 + 𝑘)Γ𝜈 (𝑞 + 𝑘, 𝑞)Ξ(𝑞), (5)

Π𝜇𝜈
MT(DOS) (𝑘) = 2𝑁𝑐 𝑇

∑
𝑛

∫
𝑑3𝑞

(2𝜋)3Ξ(𝑞)𝑅
𝜇𝜈
MT(DOS) (𝑞, 𝑘), (6)

where Γ𝜇 (𝑞, 𝑞 + 𝑘) and 𝑅𝜇𝜈 (𝑞, 𝑘) = 𝑅
𝜇𝜈
MT(𝑞, 𝑘) + 𝑅

𝜇𝜈
DOS(𝑞, 𝑘) satisfies the WT identity as follows,

𝑘𝜇Γ
𝜇 (𝑞, 𝑞 + 𝑘) = Ξ−1(𝑞 + 𝑘) − Ξ−1(𝑞), 𝑘𝜇𝑅

𝜇𝜈 (𝑞, 𝑘) = 2[Γ𝜈 (𝑞 − 𝑘, 𝑞) − Γ𝜈 (𝑞, 𝑞 + 𝑘)] . (7)

The total photon self-energy is then given by Π𝜇𝜈 (𝑘) = Π𝜇𝜈
free(𝑘) + Π𝜇𝜈

AL(𝑘) + Π𝜇𝜈
MT(𝑘) + Π𝜇𝜈

DOS(𝑘).
One can explicitly check that this photon self-energy satisfies the WT identity using Eq. (7).

To calculate the diagrams in Fig. 1, we approximate Γ𝜇 (𝑞, 𝑞 + 𝑘) and 𝑅𝜇𝜈 (𝑞, 𝑘) similarly to
Eq. (3). To obtain the dilepton production rate Eq. (4), the calculation of the spatial components
of Π𝑅𝜇𝜈 (𝑘) is sufficient since Π00(𝑘) is expressed in terms of the longitudinal part as Π𝑅00(𝑘) =
k2Π𝑅11(𝑘)/𝑘2

0 with 𝑘 = (𝑘0, |k|, 0, 0) from the WT identity. Substituting Eq. (3) into Eq. (7) and
comparing the lowest order terms of k, we obtain the spacial components of vertices as follows,

Γ𝑖 (𝑞, 𝑞 + 𝑘) = 𝑐1(2𝑞 + 𝑘)𝑖 , 𝑅𝑖 𝑗 (𝑞, 𝑘) = −4𝑐1𝑘
𝑖𝑘 𝑗/k2. (8)

One finds that the imaginary part of Π𝑅𝑖 𝑗
MT (𝑞) + Π𝑅𝑖 𝑗

DOS(𝑞) calculated with Eqs. (3) and (8) vanishes.
Therefore, the MT and DOS terms do not contribute to the dilepton production rate. This result is
in accordance with the case of the metallic superconductivity [4].
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Figure 2: Dilepton production rates at 𝜇 = 350 MeV per unit energy 𝜔 at k = 0 (left) and per invariant mass
𝑀 (right). In each panel, the thick (red) lines are the contribution of diquark fluctuations Π𝜇𝜈

fluc (𝑘),
and the thin (green) lines are the results for the free quark gas. The solid, dashed and dash-dotted
lines are the results for 𝑇 = 1.05𝑇𝑐 , 1.2𝑇𝑐 and 2𝑇𝑐 .

4. Numerical results and summary

Figure 2 represents the dilepton production rate at the quark chemical potential 𝜇 = 350 MeV
for three temperatures above𝑇𝑐 . The left panel is the production rate per unit energy and momentum
𝑑4Γ/𝑑4𝑘 at k = 0. The thick lines are the results due to diquark fluctuations, while the thin lines
are the ones of the free quark gas. One sees that the production rate from diquark fluctuations
is anomalously enhanced in the relatively small 𝜔 region in comparison with the free quark gas
for 𝑇 ≲ 2𝑇𝑐 , and this enhancement becomes more pronounced as 𝑇 approaches 𝑇𝑐 . This result is
expected through the soft property of the diquark fluctuations. The right panel is the invariant-mass
(𝑀) spectrum 𝑑Γ/𝑑𝑀2, which is more useful in comparison to experiments. One finds that the rate
is increasing at small 𝑀 , whereas the 𝑇 dependence of the increase becomes milder than 𝑑4Γ/𝑑4𝑘 .

In this report, we studied how diquark fluctuations affects the dilepton production near but
above 𝑇𝑐 of the 2SC. The modification of the photon self-energy due to diquark fluctuations are
investigated through the analysis of the Aslamasov-Larkin, Maki-Thompson and density of states
terms with the TDGL approximation for the diquark propagator and vertices. The enhancement of
the dilepton production rate up to 𝑇 ' 2𝑇𝑐 would allow us to detect this signal in the future HIC
experiments even when the CSC itself cannot be observable in these experiments.
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