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We formulate the computational method to calculate the overlap integral of the shell-model and
cluster-model configurations. The framework is applied to the systems of the core plus two
neutrons (𝑛), and the magnitude of the overlap of the shell model configuration (core + 𝑛 + 𝑛)
and the di-neutron cluster one (core +2𝑛) are explored. The overlap integrals are systematically
calculated in the systems with the 𝑗 𝑗-closed cores, and we have found that the enhancement due
to the occupation of the 𝑠 or 𝑝 orbit occurs in the systematic calculations.
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1. Introduction

2. Theoretical framework
The shell model wave function Ψ𝑠 for two neutrons around the heavy core is constructed from
the direct product of the single particle orbits, which is written in a symbolic form,
Ψ𝑠 = 𝑁A {𝜙 𝑎 (r1 )𝜙 𝑏 (r2 )} .

(1)

Here 𝜙 𝑎 (r𝑖 ) shows the single particle wave function for the 𝑖-th valence neutron. The subscripts 𝑎
and 𝑏 in 𝜙 are the abbreviation of a set of the 𝑖-th single particle orbit, such as 𝑎 ≡ (𝑛, 𝑙, 𝑗, 𝑗 𝑧 ) with the
radial node 𝑛, the orbital spin 𝑙, the total spin 𝑗 and its third component 𝑗 𝑧 . The vector r𝑖 contains a
set of the coordinates for the single particle orbit: the position vector and the spin coordinates. Both
of the single particle orbits are orthogonal to the orbits contained in the core nucleus, which is not
considered explicitly in the present calculation. In Eq. (1), A and 𝑁 mean the anti-symmetrization
operator for all nucleons and the respective normalization constant, respectively.
The wave function of the di-neutron (2𝑛) cluster model is
Ψ𝑐 = 𝑁A { 𝜒𝐿 𝑀 (R)𝜑(𝜌, 𝜁)} .
2

(2)
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Nuclear shell model is a standard model to explain ground and low-lying states in nuclear
systems [1]. In the ground state of a nucleus, all nucleons perform the independent particle motion
inside of the self-consistent mean-field, and the several low-excited states can be described by the
excitation of the independent particle motion [1]. On the contrary, in the lighter mass systems,
there appears the clustering phenomena, in which the several nucleons are spatially localized and
form subunits called clusters. A typical and well known example of such a cluster is the 𝛼 cluster
[2–4], which is a quartet of two proton plus two neutrons. In the ground state, the 𝛼 cluster and the
residual nucleus are merged, which finally goes to the shell model structure, but the 𝛼 clustering is
much developed in the excited states [2–4].
The independent particle configuration in the shell model seems to contradict the cluster
configuration with a spatial localization of the several nucleons but these two configurations are
non-orthogonal, and hence the amplitude of the cluster formation is non-zero even if the pure shell
model structure is realized, in which the individual nucleons completely perform the independent
particle motions. The relation of the shell model and the 𝛼-cluster model configurations is deeply
investigated in the lighter mass systems, especially in the mass region of 𝐴 ∼ 20 [5], but the relation
still remains unclear in the heavier mass region.
The evaluation of the non-orthogonal amplitude of the shell and cluster models is important
to clarify the relation of these two configurations, which seem to describe the different particle
motions intuitively. In this article, we formulate a new method to calculate the overlap integral of
the wave functions in the shell and cluster models by employing the Fourier transformation. The
new framework is applied to the core + two neutrons systems, which have recently been discussed in
connection to di-neutron correlations [6–9]. We investigate the basic feature in the overlap integrals
of the naive shell model configuration and the di-neutron cluster one. All the results presented in
this article are compressed from Ref. [10].
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3. Results
We have calculated the overlap integral of the shell model configuration (core + 𝑛 + 𝑛) and the
di-neutron cluster configuration (core + 2𝑛) in the various systems with the 𝑗 𝑗-closed cores, such
as 16 O, 28 Si, 32 S, 40 Ca and 56 Ni. In Fig. 1, we show the results of the systematic calculations of
the shell-cluster overlap integrals. In this calculation, the harmonic oscillator (HO) wave function
is applied to all of the radial wave functions The internal width parameter of the 2𝑛 cluster (𝜈) is
fixed so as to reproduce the root-mean-squared radius of a deuteron (∼ 2.1 fm).

Figure 1: Systematic calculations of shell-cluster overlap. In the abscissa, the combination of the core and
the shell configuration of two neutrons is shown.

In the calculation shown in Fig. 1, the lowest shell model configuration is assumued for the
valence two neutrons, which couples to the spin zero pair, such as j1 ⊗ j2 = J = 0. In Fig. 1, the
prominent enhancements can be seen at the core of 28 Si and 56 Ni, which corresponds to the two
neutrons configurations of (1𝑠1/2 ) 2 and (1𝑝 3/2 ) 2 , respectively. This result means that the shellcluster overlap is increased if the two neutrons occupy the shell model orbit having the lower orbital
spins, such as 𝑙 = 0 and 1.
3
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where 𝑁, A are the same symbols as those in Eq. (1): the normalization constant and the antisymmetrizer, respectively. 𝜒𝐿 𝑀 (R) denotes the wave function for the core – 2𝑛 relative motion
with the orbital spin 𝐿 and its third component 𝑀, which is a function of the core – 2𝑛 relative
coordinate, R. Here we assume the 𝐿 = 𝑀 = 0 state for simplicity.
In Eq. (2), 𝜑(𝜌, 𝜁) shows the internal wave function of the 2𝑛 cluster with the spin-less neutron
pair (𝑆 = 0). The coordinate 𝜌 denotes the 𝑛 − 𝑛 relative coordinate, while 𝜁 represents the spin
coordinate. Here the spatial part in 𝜑(𝜌, 𝜁) is set to the simple Gaussian function corresponding to
the (0𝑠) 2 configuration in the harmonic oscillator potential with the width parameter 𝜈.
We calculate the shell-cluster overlap, < Ψ𝑠 |Ψ𝑐 >, by combing the Gaussian expansions for
the radial wave functions, which appears in Eqs. (1) and (2), and the Fourier transformation. The
explicit expression of overlap becomes quite simple, and it is given in Ref. [10].
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4. Summary
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In summary, we have formulated the computational technique to calculate the shell-cluster
overlap integral. The formulation is achieved by combing the Gaussian expansion of the radial
wave function and the Fourier transformation. Although we do not show the final expression of
the shell-cluster overlap, it becomes quite simple from, which is given by the direct product of the
kinetic part and the dynamical part. The former and latter parts are determined by the angular
momentum algebra and the radial wave functions, respectively [10].
Our formula has been applied to the systems of the core plus valence two neutrons, and
the shell-cluster overlap is evaluated in the systems with the 𝑗 𝑗-closed cores. In the systematic
calculations, we have found the enhancement in the overlap when two neutrons occupy the shell
model orbits having the lower orbital angular momentum, such as the 𝑠 and 𝑝 wave orbits.
We have also considered the effect of the configuration interaction (CI) in the calculation of
the overlap integrals by employing the computational code of K-shell [11]. The CI effect, which
gives rise to the mixture of the component of the higher orbital spin, increases the magnitude of the
overlap integral by a factor of 1.3 ∼ 2 but its amount is almost constant, and hence the original peak
structure appearing at the 𝑠 and 𝑝 orbits survived after the CI effect is switched on.
It is very interesting to study the overlap integral in the systems of the core plus four nucleons.
It is possible to extend our formulation to the core + 4𝑁 systems, which correspond to the 𝛼 cluster
systems, in a straight forward manner. Analysis of the overlap in the four nucleons systems is now
under progress.

