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Analysis of isospin symmetry for fragmentation functions
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We make an analysis of the isospin symmetry for fragmentation functions assuming isospin
symmetry in strong interactions. Taking hadron decay contributions into account, we show that
the isospin symmetry is held for unpolarized Λ fragmentation functions. Only tiny violations
are allowed for the polarized Λ fragmentation functions. We show that the recent Belle data
on the transverse polarization of Λ can be reproduced if the isospin symmetry is kept in the
parameterization of the corresponding polarized fragmentation functions. This isospin symmetry
can be checked in future SIDIS experiments with different nucleus targets.
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1. Introduction

Fragmentation functions (FFs) are important quantities in describing high energy reactions
such as electron positron annihilation or semi-inclusive deep inelastic scattering. The fragmenta-
tion processes are dominated by strong interaction. Isospin symmetry is one of the fundamental
properties of strong interaction, so one may naturally think that FFs will respect isospin symmetry.
However, there are hadron electroweak decay contributions in the fragmentation processes which
will violate isospin symmetry in general. Therefore, isospin symmetry for FFs can be violated.

Recently, the Belle collaboration has carried out a nice measurement on the transverse polar-
ization of Λ hyperon [1]. The data show a very different trend of Λ polarization in the processes
𝑒+𝑒− → Λℎ+ and 𝑒+𝑒− → Λℎ− (ℎ = 𝜋, 𝐾). The data might be a hint that the polarized FFs of
Λ have a large isospin asymmetry, because these two processes are related to each other with the
exchange of 𝑢 and 𝑑 quarks in the final state. Parameterizations have been carried out by different
groups [2, 3] using polarized transverse momentum dependent (TMD) FFs 𝐷⊥Λ

1𝑇𝑞 (𝑧, 𝑝𝑇 ). Both
the parameterizations get opposite signs between 𝐷⊥Λ

1𝑇𝑢 and 𝐷⊥Λ
1𝑇𝑑 , which shows a large isospin

symmetry violation for the corresponding TMD FFs. Therefore, it is very important to study: i) To
what extent the isospin symmetry violation can be accommodated in FFs if it’s held in QCD; ii) Do
the Belle data really mean that there is a large isospin symmetry violation of Λ FFs?

In this work, we make a systematic study of the isospin symmetry of FFs by taking resonance
decays into account [4]. We also demonstrate that the Belle data on the transverse polarization of
Λ can be well described within isospin symmetric FFs.

2. Isospin symmetry of fragmentation functions

Unpolarized FFs. The fragmentation process 𝑞 → ℎ+𝑋 in the unpolarized case can be divided
into two parts: the directly produced and the decay contribution parts, i.e.,

𝐷ℎ
1𝑞 (𝑧) = 𝐷

ℎ,dir
1𝑞 (𝑧) + 𝐷ℎ,dec

1𝑞 (𝑧), (1)

𝐷
ℎ,dec
1𝑞 (𝑧) =

∑︁
ℎ 𝑗

𝐷
ℎ,ℎ 𝑗

1𝑞 (𝑧), (2)

𝐷
ℎ,ℎ 𝑗

1𝑞 (𝑧) = 𝐵𝑟 (ℎ, ℎ 𝑗)
∫

𝑑𝑧′𝐾ℎ,ℎ 𝑗
(𝑧, 𝑧′)𝐷ℎ 𝑗

1𝑞 (𝑧
′), (3)

𝐷
ℎ,ℎ 𝑗

1𝑞 (𝑧) is that from the decay channel ℎ 𝑗 → ℎ𝑋 . The directly produced part is isospin symmetric.
For the decay contribution part, we limit ourselves to light flavors and consider 𝐽𝑃 = 0− pseudo-
scalar and 𝐽𝑃 = 1− vector mesons, and 𝐽𝑃 = (1/2)+ octet and 𝐽𝑃 = (3/2)+ decuplet baryons. Other
higher excited resonance states are just included into the directly produced part effectively due to
their small production rates and the strong decay properties.

Taking Ξ production as an example, we have decay contributions from Ξ∗ and Ω−, i.e.,

𝐷Ξ𝑖

1𝑞 (𝑧) = 𝐷
Ξ𝑖 ,dir
1𝑞 (𝑧) + 𝐷Ξ𝑖 ,Ξ∗

1𝑞 (𝑧) + 𝐷Ξ𝑖 ,Ω−

1𝑞 (𝑧). (4)

Here, 𝑖 specifies one of the charge states and 𝐷
Ξ𝑖 ,Ξ∗

1𝑞 (𝑧) ≡ ∑
𝑗 𝐷

Ξ𝑖 ,Ξ∗ 𝑗

1𝑞 (𝑧) is the sum of contri-
butions from different charge states. The isospin symmetry violation is defined by 𝛿𝐷Ξ

1𝑞 (𝑧) ≡
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𝐷Ξ0

1𝑢 (𝑧) − 𝐷Ξ−
1𝑑 (𝑧). Under the isospin symmetry for strong interaction, we have 𝐷

Ξ0,dir
1𝑢 (𝑧) =

𝐷
Ξ−,dir
1𝑑 (𝑧), 𝐷Ξ0,Ξ∗

1𝑢 (𝑧) = 𝐷
Ξ−,Ξ∗

1𝑑 (𝑧) and 𝐷Ω−
1𝑢 (𝑧) = 𝐷Ω−

1𝑑 (𝑧). There is a small branch ratio dif-
ference, 𝛿𝐵𝑟 (Ξ,Ω−) ≈ 15% [5], for the weak decays Ω− → Ξ0𝜋− and Ω− → Ξ−𝜋0. This leads to
a small isospin symmetry violation of Ξ production given by

𝛿𝐷Ξ
1𝑞 (𝑧) = 𝛿𝐷

Ξ,Ω−

1𝑞 (𝑧) = 𝛿𝐵𝑟 (Ξ,Ω−)
∫

𝑑𝑧′𝐾Ξ,Ω− (𝑧, 𝑧′)𝐷Ω−
1𝑢 (𝑧

′). (5)

However, the violation is tiny because the total contribution from Ω− decay to Ξ in the final state is
only a very small fraction.

For Λ production, it receives more decay contributions, i.e.,

𝐷Λ
1𝑞 (𝑧) = 𝐷

Λ,dir
1𝑞 (𝑧) + 𝐷Λ,Ω−

1𝑞 (𝑧) + 𝐷Λ,Σ∗

1𝑞 (𝑧) + 𝐷Λ,Ξ

1𝑞 (𝑧) + 𝐷Λ,Σ0

1𝑞 (𝑧). (6)

We note that for the contribution from the decay of Ξ, although there is a small isospin symmetry
violation for Ξ production, it does not lead to isospin symmetry violation in the Λ production. The
reason is that both Ξ0 and Ξ− contribute equally to Λ production via the weak decays of Ξ → Λ𝜋.
The difference disappears by adding the contributions of Ξ0 → Λ𝜋0 and Ξ− → Λ𝜋− together.
Therefore, we still have 𝐷Λ,Ξ

1𝑢 (𝑧) = 𝐷Λ,Ξ

1𝑑 (𝑧). Other contributions are all isospin symmetric, so there
is actually no isospin symmetry violation for Λ production.

Polarized FFs. For polarized FFs, the formalism is very much similar to the unpolarized case.
We only need to consider the spin transfer in the corresponding decay process, i.e.,

Δ𝐷
ℎ,dec
1𝑞 (𝑧) =

∑︁
ℎ 𝑗

𝐵𝑟 (ℎ, ℎ 𝑗)
∫

𝑑𝑧′𝐾ℎ,ℎ 𝑗
(𝑧, 𝑧′)𝑡ℎ,ℎ 𝑗

𝐷
(𝑧)Δ𝐷ℎ 𝑗

1𝑞 (𝑧
′), (7)

where 𝑡ℎ,ℎ 𝑗

𝐷
(𝑧) is the spin transfer factor in the decay process. For polarized Λ production, the

only source for the violation is the weak decay Ξ → Λ𝜋. The spin transfer in this decay process is
determined by the decay parameter 𝛾 with an average value of (1 + 2𝛾)/3. However, the difference
of the spin transfer for Ξ0 → Λ𝜋0 and Ξ− → Λ𝜋− is very small, i.e., 2𝛿𝛾/3 ∼ 0.027 [5]. Positivity
bounds demand that the violation should be, in any case, less than this factor times 𝐷Λ,Ξ

1𝑢 (𝑧).
Considering that 𝐷Λ,Ξ

1𝑢 (𝑧) is only a small fraction of 𝐷Λ
1𝑢 (𝑧), we conclude that the isospin symmetry

violation in the polarized FFs of Λ can only be a tiny effect.

3. Fit to Belle Λ polarization data

Now we just assume the isospin symmetry for the polarized Λ FF and study whether we
can describe the Belle data. The Belle experiment has measured the Λ transverse polarization
w.r.t. the normal direction of the production plane which in TMD factorization can be expressed
by the convolution of the polarized FF 𝐷⊥Λ

1𝑇𝑞 (𝑧, 𝑝𝑇 ) with the unpolarized TMD FF. We take the
Gaussian ansatz for TMD FFs, i.e., 𝐷⊥Λ

1𝑇𝑞 (𝑧, 𝑝𝑇 ) = 𝐷⊥Λ
1𝑇𝑞 (𝑧)

1
𝜋Δ2 exp(−𝑝2

𝑇
/Δ2) with 𝐷⊥Λ

1𝑇𝑞 (𝑧) =

𝑁𝑇𝑞
(𝛼𝑇𝑞+𝛽𝑇𝑞−1)𝛼𝑇𝑞+𝛽𝑇𝑞−1

(𝛼𝑇𝑞−1)𝛼𝑇𝑞−1
𝛽
𝛽𝑇𝑞

𝑇𝑞

𝑧𝛼𝑇𝑞 (1 − 𝑧)𝛽𝑇𝑞𝐷Λ
1𝑞 (𝑧). After integrating over the transverse momentum

of the Lambda, the polarization is given by [4]

𝑃Λ (𝑧Λ, 𝑧ℎ) =
√
𝜋𝑧ℎΔ

2𝑧Λ𝑀Λ

√︃
𝑧2
ℎ
+ 𝑧2

Λ
Δ2
ℎ
/Δ2

∑︁
𝑞

[
𝑅Λℎ

1𝑞 (𝑧Λ, 𝑧ℎ)
𝐷⊥Λ

1𝑇 (𝑧Λ)
𝐷Λ

1𝑞 (𝑧Λ)
+ (𝑞 ↔ 𝑞)

]
. (8)
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The 𝑅Λℎ
1𝑞 factor corresponds to the relative weight of different flavors. We plot 𝑅Λ𝜋

1𝑞 using unpolarized
FFs in Fig. 1(a), and it shows a clear difference between Λ𝜋+ and Λ𝜋− especially in the small 𝑧Λ
region. That might be a source for the different behaviors of the polarization. We also notice that
the c quark contribution is not negligible. Therefore, we adopt the parameterization scheme to keep
isospin symmetry, i.e., 𝑢 = 𝑑, but leave other parameters free for fitting.

We show the fitting results in Fig 1(b). As we can see, the Belle Lambda polarization data can
be described using polarized Lambda FFs with isospin symmetry. There is no need to introduce
large isospin violation here. The fitted parameters are given in Tab. 1.
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Figure 1: (a) The relative weight of different flavors in 𝑒+𝑒− → Λ𝜋𝑋 . (b) Transverse polarization of Λ in
𝑒+𝑒− → Λℎ±𝑋 compared with the Belle data.

Table 1: Parameters fitted to the Belle data. The first and second rows correspond to inputs of unpolarized
FFs from DSV+DHESS and Pythia respectively. The values of Δ2/Δ2

ℎ
are 0.951 and 0.939 respectively.

parameter 𝑢, 𝑑 𝑠 𝑐 �̄�, 𝑑 𝑠 𝑐

Δ
𝑀Λ
𝑁𝑇𝑞

0.391 −0.391 0.0278 −0.456 −0.430 0.401
0.245 −0.148 0.108 −0.231 0.523 −0.324

𝛼𝑇𝑞
1.38 6.91 1.43 1.00 2.64 11.6
2.41 1.54 5.14 1.86 1.74 1.02

𝛽𝑇𝑞
3.98 0.646 14.3 0.0319 2.77 14.9
7.69 0.551 15.0 2.35 14.9 2.41

We further note that the isospin symmetry of Λ FFs can be checked at the future SIDIS
experiments. In Fig. 2(a)-(c), we show the predictions of the transverse polarizations of Λ in 𝑒𝑝,
𝑒𝐷 and 𝑒𝑃𝑏 SIDIS [6]. It is clear that the isospin symmetric Λ FFs [4] give almost identical
polarizations for different nucleus targets, while the isospin violated FFs [2, 3] will generate
significant shifts for the polarizations among different nucleus targets.

4. Summary

We make a systematic analysis of the isospin symmetry for FFs assuming isospin symmetry in
strong interactions and considering hadron decay contributions. We show that the isospin symmetry
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Figure 2: Predictions of the transverse polarizations of Λ in 𝑒𝑝, 𝑒𝐷 and 𝑒𝑃𝑏 SIDIS using (a) isospin
symmetric polarized Λ FFs, (b) and (c) isospin violated FFs.

is held for unpolarized Λ FFs, and only tiny violation for the polarized FFs. We demonstrate that the
recent Belle data on the transverse polarization of Λ can be reproduced under the isospin symmetric
polarized Λ FFs. The isospin symmetry of FFs can be checked in the future experiments on SIDIS
with different nucleus targets.
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