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A collection of different studies about bound states of hadrons composed of charm quarks is
presented. These studies used a symmetry preserving vector-vector contact interaction model
within the framework of Schwinger-Dyson and Bethe-Salpeter equations. Despite its limitations,
the contact interaction model offers a simple-to-implement alternative to perform exploratory
studies of QCD, obtaining an spectrum of charmed hadrons in agreement within 2% when they
are compared with experimental data. In particular, the spectrum of charm and beauty mesons is
presented.
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1. Introduction

The Schwinger-Dyson and Bethe-Salpeter equations framework has proven to be a reliable
instrument to explain a wide range of QCD phenomena [1–3]. However, Maris et al. [4], or more
recently Chen et al. [5], pointed out that brute force numerical evaluations depict problems when
evaluating at large momentum transfer regions. And some of the Schwinger-Dyson community
efforts consist in solving these problems from other perspectives [6–9].

In 2010, the contact interaction (CI)model appeared as an alternative to full QCD studies. It was
first introduced by Gutierrez et al. [10–14] while studying masses, decay constants and form factor
of light pseudoscalar and vector mesons. In this model, quarks interact not via mass-less vector-
boson exchanges, but instead through a symmetry preserving vector-vector contact interaction. This
interaction, along with the Schwinger-Dyson and Bethe-Salpeter equations in the rainbow-ladder
approximation, implements confinement through a proper time regularization scheme [15]. A fully
consistent treatment of the contact interaction model is simple to execute, and it produces useful
results that can be compared and contrasted with full QCD calculations and experimental data.

The CI model was introduced as a simple model that could provide exploratory studies to QCD
without the necessity of high performance computing [10]. The model was originally implemented
to compute the spectrum, decay constant and electromagnetic form factor of pion, rho mesons and
their diquark partners [11, 13]. Successive works expanded this model to study unflavored heavy
systems [16, 17], heavy-light systems [18, 19] and baryons [14, 20–22]. In these studies, there
is a general consensus on obtaining that the mass spectrum of mesons and baryons is in a good
agreement with experimental data. However, the vector decay constants are close to 50% below the
expected value [16].

Elastic and transition form factors have been computed for unflavored mesons, but the compu-
tations results on harder form factors as described in Refs. [13, 17, 23]. In addition, the CI model
could be also implemented to study heavy tetraquarks via gluon exchange [24], instead of a quark
exchange interaction in baryons [14], or light tetraquarks [25].

In this work, a summary of different studies employing the CI model to study charming and
beauty bound states1 [16, 17, 22–24] is presented. When available, they will be compared to
experimental data [26, 27]. For a complete model revision, and a comparison with fully-covariant
models setups [28–31], it is recommended to check to Ref. [22].

2. The Contact Interaction Model

In this work, the Schwinger-Dyson and Bethe-Salpeter equations are used to solve the bound-
state problem in terms of their building blocks (quarks), and their interactions with gluons. In
order to solve a meson bound state equation, it is needed to know the quark propagator, the gluon
propagator and the quark-gluon interaction. In the CI model, it is assumed that the quark-gluon
interaction is led by symmetry-preserving vector-vector contact interaction; here, quarks are attached

1Composed of charm and bottom quarks
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through an interaction defined as:

62�`a (:) =
4cUIR
<2
6

X`a ≡
1
<2
�

X`a , (1)

Γ0` (?, @) =
_0

2
W`, (2)

where <6 = 800MeV is a gluon mass scale generated dynamically in QCD [32], and UIR is the CI
model parameter, which can be interpreted as the interaction strength in the infrared region [33, 34].

With this interaction, a constant mass function is obtained. Since it is needed to solve divergent
integrals, a regularization procedure should be adopted. To regularize the integrals in the CI model,
the proper time regularization scheme [15] is adopted. This leads to a quark propagator:

(−1
5 (?) = 8W · ? + " 5 , (3)

with a constant function:

" 5 =< 5 +
"3
5

3c2<2
�

Γ(−1, gUV"2
5 , gIR"

2
5 ) , (4)

where Γ(0, I1, I2) is the generalized incomplete Gamma function:

Γ(0, I1, I2) = Γ(0, I1) − Γ(0, I2) . (5)

The parameters gIR and gUV are infrared and ultraviolet regulators, respectively. A nonzero value
for gIR ≡ 1/ΛIR implements confinement [35]. On the other hand, since the CI model represents a
nonrenormalizable theory, gUV ≡ 1/ΛUV becomes part of the model and therefore sets the scale for
all dimensional quantities.

2.1 Bethe-Salpeter equation

The bound-state problem for hadrons characterized by two valence-fermions may be studied
using the homogeneous BS equation [36]:

[Γ(:; %)]CD =
∫

34@

(2c)4
[j 5 6 (@; %)]BA ABCD (@, :; %) , (6)

where Γ is the bound-state’s BS amplitude; j 5 6 (@; %) = ( 5 (@+%)Γ(6 (@) is the BS wave-function;
A, B, C, D represent colour, flavor and spinor indices; ( 5 ,6 is the quark propagator with flavor 5 or 6,
and  is the relevant fermion-fermion scattering kernel. This equation possesses solutions on that
discrete set of %2-values for which bound-states exist. A detailed description on the computation of
mesons masses for pseudoscalar, vector, scalar and axial-vector mesons are explained by Bedolla et
al. [16]; for diquarks and baryons are found in [22]. We will describe the spectroscopy of charming
beauty mesons in Section 3.
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Table 1: Dimensionless coupling constant Û = ÛI'Λ
2
U+ , where = UIR/<2

6, for the CI model, extracted from
a best-fit to data, as explained by Raya et al. [17]. To find unequal mass systems parameters, ΛIR and U are
computed through equations (7)-(8) by fixing the pseudoscalar heavy-light meson experimental mass value.
Fixed parameters are <6 = 800MeV and ΛIR = 0.24 GeV.

Contact Interaction Parameters
quarks ÛIR [GeV−2] ΛUV [GeV]
D, 3, B 4.565 0.905
2, 3, B 0.962 1.322
2 0.222 2.305
1, D, B 0.177 2.522
1, 2 0.049 4.131
1 0.017 6.559

2.2 CI model running coupling

The dressed mass of quarks up/down and strange can be obtained through equation (4) and the
first parameters on Table 1, and quarks charm and bottom with the respective parameters from the
same table. Dressed quark masses are listed in Table 2. Once computed, it is possible to compute
the meson masses through equation (6) along with their respectives Bethe-Salpeter amplitudes [16].
As reported by Chen et al. [14], when studying the spectrum of light mesons with strangeness, it is
possible to found the values of the coupling UIR, the ultraviolet and infrared cutoff ΛUV and ΛIR of
the CI model to study the light sector.

In attempting to study charmonia with these same parameters, Bedolla et al. [16] found that a
change in themodel parameters is required: an increment in the ultraviolet regulator, and a reduction
in the coupling strength. Later, Raya et al. [17] expanded that picture to examine bottomonia and
concluded that a different set of parameters are needed in order to study each meson sector: light,
charm and bottom.
With these set of parameters, a dimensionless coupling can be defined in terms of the ultraviolet
cutoff:

U = U(ΛUV) =
UIR

<2
6

Λ2
UV . (7)

It is interesting that this dimensional coupling can be fitted by an inverse logarithmic curve, as a
reminiscent of the running coupling QCD with the momentum scale at which it is measured:

U(ΛUV) = 0 ln−1 (ΛU+ /Λ0) , (8)

where 0 = 0.923 and Λ0 = 0.357GeV [17]. With this fit, the value of the strength coupling U
can be recovered once a value of ΛU+ is given. The infrared cutoff ΛU+ and the gluon mass <6
maintained the same values of the light sector.
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Table 2: Computed dressed-quark masses: "D,B are computed with light parameters, "2 with charm
parameters and "1 with bottom parameters from Table 1.

Quark masses [GeV]
<D = 0.007 <B = 0.170 <2 = 1.080 <1 = 3.946
"D = 0.367 "B = 0.530 "2 = 1.525 "1 = 4.675

3. Charming bound states

The analytic expression used to compute the spectrum of mesons are found in [16]. Moreover,
to study scalar and axial-vector mesons, the coupling strength provided in Table 1 is reduced by the
following spin-orbit (SO) parameters:

61+
S$ = 0.312/3, 60+

S$ = 0.25/3 . (9)

These values could be interpreted as a reduction of the coupling due to the effects of a
chromomagnetic cloud which reduces the coupling in axial-vector and scalar mesons [14]. With
similar values, Lu et al. [20] obtained the correct mass splitting <01 − <d = 0.45GeV and
<f − <d = 0.29GeV.

Parameters used in the contact interaction model are in Table 1, and dressed quark masses set
in the quark propagator obtained via equation (4) are listed in Table 2. The spectrum of mesons
are listed in Tables 3-6. In these tables, it can be seen that the mass spectrum is relatively close to
experimental values. Actually, the overall value is in accordance within a 2% from experiment.

Table 3: Computed masses for pseudoscalar mesons (in GeV) with the parameters in Table 1. Experimental
masses are taken from [26, 27].

Meson �0(2D̄) �+B (2B̄) [2 (22̄) �+(D1̄) �0
B (B1̄) �+2 (21̄) [1 (11̄)

PDG(2020) 1.864 1.968 2.984 5.279 5.367 6.275 9.40
CI Model 1.864 1.954 2.979 5.279 5.366 6.275 9.438

Table 4: Computed masses for vector mesons (in GeV) with the parameters in Table 1. Experimental masses
are taken from [26, 27].

Meson �∗0(2D̄) �∗B (2B̄) �/k (22̄) �+∗(D1̄) �0∗
B (B1̄) �∗2 (21̄) Υ(11̄)

PDG(2020) 2.010 2.112 3.096 5.324 5.415 · · · 9.460
CI model 2.053 2.140 3.143 5.321 5.410 6.310 9.460

5



P
o
S
(
C
H
A
R
M
2
0
2
0
)
0
3
1

Charming bound states in a symmetry preserving contact interaction Marco A. Bedolla

Table 5: Computed masses for scalar mesons (in GeV) with the parameters in Table 1. Experimental masses
are taken from [26, 27].

Meson �∗00 (2D̄) �∗
B0(2B̄) j20 (22̄) �±0 (D1̄) �0

B0(B1̄) �+
20(21̄) j10 (11̄)

PDG(2020) 2.300 2.318 3.415 · · · · · · · · · 9.859
CI model 2.458 2.555 3.442 5.589 5.679 6.492 9.586

Table 6: Computed masses for axial-vector mesons (in GeV) with the parameters in Table 1. Experimental
masses are taken from [26, 27].

Meson �0
1(2D̄) �±

B1(2B̄) j21 (22̄) �
+,0
1 (D1̄) �0

B1(B1̄) �+
21(21̄) j11(11̄)

PDG(2020) 2.421 2.459 3.511 5.726 5.829 · · · 9.893
CI model 2.529 2.620 3.465 5.639 5.724 6.519 9.595

4. Conclusions and Final Remarks

The general details about the CI model were presented, along with a brief description on how
to implement it to compute the spectrum of mesons. It was found that the results obtained are
in agreement within a 2% when compared with experimental data. Due to the precision on the
prediction of vector meson masses, it is expected that a future measurement of the mass of �∗2 (21̄)
will very close to our predicted value. Future works include studying electromagnetic form factors
of heavy-light systems [37] and the computation of spectrum of fully-heavy tetraquarks [38].
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