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1. Introduction

The Standard Model of particle physics [1–3] is one of the most successful theories that
describes strong, weak and electromagnetic interactions. One of the most precisely measured
quantities in particle physics is the muon anomalous magnetic moment (0`). A long-standing
discrepancy between theory and experiment about 3 − 4 standard deviations has been observed.

The agreement between the latest measurement performed at Fermilab National Accelerator
Laboratory (FNAL) Muon 6 − 2 Experiment [4] with the previous one at Brookhaven [5], allows to
combine them and get

0
Exp
` = 116 592 061(41) × 10−11 (0.35 ppm).

The latest SM prediction [6] is

0SM
` = 116 591 810(43) × 10−11 (0.37 ppm).

Therefore, the difference, Δ0` = 0Exp` − 0SM` = (251 ± 59) × 10−11, increases the significance at
4.2f. This deviation from the Standard Model could be a sign of New Physics around the corner.

The uncertainty of the SM prediction is dominated by the hadronic contributions. Specifically,
the HVP, LO contribution is dominated by the cc cut (about∼ 70% of the overall value). At present,
the most competitive estimation is obtained via dispersion relations together with 4+4− → hadrons
data. Alternatively, the CVC relation between electromagnetic and weak form factors in the
isospin-limit allows using tau-data for this purpose. When tau data is employed for 0�+ %,!$` , the
discrepancy between the SM prediction and the experimental measurement amounts to 2.4f [7].
The difference with respect to the 4+4−-based evaluation could be owing to NP effects, hinting at
a lepton universality violation in the corresponding non-standard vector and/or tensor couplings at
low-energies [8–10]. Nowadays, 4+4−-based estimation has superseded the tau-based one due to
the very high precision achieved in the f(4+4− → hadrons) measurements.

Additionally to the data-driven approach, lattice QCD determinations of 0HVP, LO` have achieved
a significant improvement. Although the lattice estimations are not yet competitive with the 4+4−

evaluations [6], a very accurate computation made by the BMW coll. [11] alleviates the tension
concerning the SM prediction at one sigma level.

The paper is organized as follows. In Sec. 2 we review the main features of the g− → c−c0agW

decays as well as the theoretical framework. We show some decay observables in Sec. 3. Then, in
Sec. 4 we evaluate 0HVP, LO |cc` using tau data. Finally, our conclusions are presented in Sec. 5.

2. g− → c−c0Wag decays

2.1 Amplitude

For the radiative decay g− (%) → c− (?−) c0 (?0) ag (@) W (:), we can split the contribution
due to the bremsstrahlung off the initial tau lepton from the one coming from the hadronic part.

The most general structure for these decays can be written as [12, 13]

) = 4 ��+
∗
D3n

` (:)∗
{
�a D̄ (@) Wa (1 − W5)

(
<g + /% − /:

)
W` D (%)

+
(
+`a − �`a

)
D̄ (@) Wa (1 − W5) D (%)

}
,

(1)
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where �a ≡ (?0 − ?−)a 5+ (B) /2%·: , with the charged pion vector form factor 5+(B) defined through〈
c0c− |3̄W`D |0

〉
=
√

2 5+(B) (?−−?0)` and B = (?−+?0)2. Gauge invariance (n` → n`+:`) implies
the Ward identities

:`+
`a = (?− − ?0)a 5+ (B) , :`�

`a = 0. (2)

Imposing eq. (2) and Lorentz invariance, we have the following expression for the vector
structure-dependent tensor

+ `a = 5+
[
(% − @)2

] ?`− (?− + : − ?0)a

?− · :
− 5+

[
(% − @)2

]
6`a

+
5+

[
(% − @)2

]
− 5+ (B)

(?0 + ?−) · :
(?0 + ?−)` (?0 − ?−)a

+ E1
(
6`a ?− · : − ?`−:a

)
+ E2

(
6`a ?0 · : − ?`0 :

a
)

+ E3

(
?0 · : ?`− − ?− · : ?

`

0

)
?a− + E4

(
?0 · : ?`− − ?− · : ?

`

0

)
(?0 + ?− + :)a ,

(3)

and for the axial one

�`a = 801 n
`adf (?0 − ?−)d :f + 802,

a n `_df:_ ?−d ?0f

+ 803 n
`adf:d,f + 804 (?0 + :)a n `_df :_ ?−d ?0f ,

(4)

where, ≡ %−@ = ?−+ ?0+ : . The structure-dependent contributions to these tensor structures are
contained in the four vector (E8) and the four axial-vector (08) form factors. For the axial structure,
the Schouten’s identity has been used.

Using (% − @)2 = B + 2 (?0 + ?−) · : , it is easy to show that Low’s theorem [14] is manifestly
satisfied

+ `a = 5+ (B)
?`−
?− · :

(?− − ?0)a + 5+ (B)
(
?`−:

a

?− · :
− 6`a

)
+ 2

35+ (B)
3 B

(
?0 · :
?− · :

?`− − ?
`

0

)
(?− − ?0)a + O (:) .

(5)

2.2 Vector Form Factors

In 'j) [15–18], the diagrams that contribute to the vector form factors of the g− → c−c0Wag
decays are shown in Figs. 1, 2 and 3.

For the vector form factors, we have

E1 = E
0
1 + E

'
1 + E

''
1 + E'''1 + E'+''��1 , (6a)

E2 = E
0
2 + E

'
2 + E

''
2 + E'''2 + E'+''��2 , (6b)

E3 = E
0
3 + E

'
3 + E

''
3 + E'''3 + E'+''��3 , (6c)

E4 = E
0
4 + E

'
4 + E

''
4 + E'''4 + E'+''��4 , (6d)

where E0
8
is the O(?4) contribution in Ref. [13], and E'

8
, E''

8
, E'''

8
and E'+''

�� 8
, which are the

subleading contributions up to O(?6), can be found in App. C. in Ref. [19].
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Figure 1: One-resonance exchange contributions from the 'j) to the vector form factors of the g− →
c−c0Wag decays.
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Figure 2: Two-resonance exchange contributions from the 'j) to the vector form factors of the g− →
c−c0Wag decays.
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Figure 3: Three-resonance exchange contributions from the 'j) to the vector form factors of the g− →
c−c0Wag decays.

2.3 Axial-Vector Form Factors

The axial form factors at chiral O
(
?4) [13] get contributions from the Wess-Zumino-Witten

functional [20, 21]:

00
1 ≡

1
8c2�2 , 00

2 ≡
−1

4c2�2
[
(% − @)2 − <2

c

] . (7)

The diagrams contributing to these two expressions are shown in fig. 4.
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Figure 4: Anomalous diagrams contributing to the axial tensor amplitude �`a at O
(
?4) .
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Figure 5: One-resonance exchange contributions from the 'j) to the axial-vector form factors of the
g− → c−c0Wag decays.

For the axial form factors, we have

01 = 0
0
1 + 0

'
1 + 0

''
1 + 0'''1 , (8a)

02 = 0
0
2 + 0

'
2 + 0

''
2 + 0'''2 , (8b)

03 = 0
'
3 + 0

''
3 + 0'''3 , (8c)

04 = 0
'
4 + 0

''
4 + 0'''4 , (8d)

where 0'
8
, 0''
8

and 0'''
8

include up to O
(
?6) contributions. The diagrams contributing to the Eq.

(8) are shown in figures 4-7. These expressions can be found in App. D. in Ref. [19].

2.4 SD constraints

Including the complete set of operators [17, 18] that start contributing to the O(?6) LECs,
we have too many parameters which are allowed by the discrete symmetries of QCD and chiral
symmetry that prevent us from making phenomenology predictions. For a detailed discussion you
can see Section 1.5 in Ref. [19].

Imposing the asymptotic behavior of: the pion vector form factor, the + − � correlator, the
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Figure 6: Two-resonance exchange contributions from the 'j) to the axial-vector form factors of the
g− → c−c0Wag decays.
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Figure 7: Three-resonance exchange contributions from the 'j) to the axial-vector form factors of the
g− → c−c0Wag decays.

scalar form factor, and the ( − % correlator, the following constraints are found [15, 16, 22–26] 1:

�+�+ = �
2, �2

+ − �2
� = �

2,

�2
+"

2
+ = �

2
�"

2
�, 4232< = �2,

8
(
22
< − 32

<

)
= �2, 2< = 23 =

√
23< = �/2.

(9)

The asymptotic behavior of the 2−point Green function at O(?4) predicts,

�+ =
√

2� , �+ =
�
√

2
, �� = � , (10)

for the couplings of the 'j) Lagrangian [16]. Conversely, the 2- and 3-point Green function up to
O(?6) [17, 18, 27] 2 determine

�+ =
√

3� , �+ =
�
√

3
, �� =

√
2� . (11)

We will hereinafter refer to the constraints from the 2- and 3-point Green functions as ‘�+ =
√

2�’
and ‘�+ =

√
3�’, respectively.

1Other important relations are in App. A.
2The contributions from operators with more than one resonance field are taken into account.
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Since the ^+
8
couplings are related with the l exchange which is known to give an important

contribution to the g → ccWag decays, we perform a global fit using the relations for the resonance
saturation of the anomalous sector LECs at NLO [18], the eqs. in App. A and the estimation of the
LECs in [28]. The fit outcomes are in App. B.

3. Decay observables

The differential decay width [29] is given by

3Γ =

_1/2
(
B, <2

c0 , <
2
c−

)
2 (4c)6 <2

gB
|M|2 3�W 3G 3B 3 cos \− 3q−, (12)

where |M|2 is the unpolarized spin-averaged squared amplitude that corresponds to the g− →
c−c0W ag decays, and �W is the photon energy in the g rest frame. It is not worth to write down
here the full analytical expression for |M|2. The kinematics of this process can be found in App. C

3.1 Decay spectrum

Integrating the Eq. (12) over �W , G, cos \− and q−, we obtain the c−c0 hadronic invariant
distribution. Since the decay spectrum is IR divergent due to soft photons, we require to introduce
a photon energy cut, �2DCW , which is related to the experimental resolution.

In figure 8, we can see the prediction for the decay spectrum for �2DCW = 300MeV. The dotted
line indicates the limit where all the structure-dependent form factors vanish, i.e. E8 = 08 = 0.
The predictions at O(?4) using �+ =

√
2� and �+ =

√
3�, which are discussed in Sec. 2.4, are

denoted by the dashed and solid line, respectively. The dotdashed red line corresponds to taking
the limit where all the couplings at O(?6) vanish except for those constrained by SD and the band
overestimates the corresponding uncertainties. Including theO(?6) corrections, the decay spectrum
receives a noticeable enhancement at low B.

3.2 Branching ratio

By integrating upon the B variable the decay spectrum, we obtain the branching ratio for the
g → ccWag decays. Figure 9 shows the prediction for the branching ratio as a function of �2DCW

obtained using the different orders of approximation for the structure-dependent terms in Eqs. (3)
and (4).

According to figs. 8 and 9, measurements of the cc invariant mass and the partial decay
width, for a reasonable cut on �W (at low enough energies the inner bremmstrahlung contribution
hides completely any structure-dependent effect), could decrease substantially the uncertainty of
the O

(
?6) computation 3. This was already emphasized in Ref. [13] but remained unmeasured at

BaBar and Belle. We hope these data can finally be acquired and analyzed at Belle-II.

3The photon spectrum measurement would also help to this task [19].
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dΓ/ds[SI]

dΓ/ds[O(p4)] with Fv= 3 f

dΓ/ds[O(p4)] with Fv= 2 f

dΓ/ds[O(p6)] only SD constraints
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s
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1
5

G
e

V
-

1
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Figure 8: The c−c0 hadronic invariant mass distributions for �2DCW = 300MeV. The solid and dashed lines
represent the O

(
?4) corrections using �+ =

√
3� and �+ =

√
2�, respectively. The dotted line represents

the Bremsstrahlung contribution (SI). The dotdashed red line corresponds to using only SD constraints at
O

(
?6) and the blue shaded region overestimates the corresponding uncertainties.

Br[SI]

Br[O(p4 )] with Fv= 3 f

Br[O(p4 )] with Fv= 2 f

Br[O(p6 )] only SD constraints

0.1 0.2 0.3 0.4 0.5 0.6

1.×10-5

5.×10-5

1.×10-4

5.×10-4

0.001

0.005

Eγ
cut [GeV]

B
r[
τ
-
→

π
-
π

0
γ
ν
τ
]

Figure 9: Branching ratio for the g− → c−c0Wag decays as a function of �2DCW . The dotted line represents the
Bremsstrahlung contribution, the solid and dashed lines represent the O

(
?4) corrections using �+ =

√
3�

and �+ =
√

2�, respectively. The dotdashed red line is the O
(
?6) contribution using only SD constraints

and neglecting all other couplings. The blue shaded region overestimates the O
(
?6) uncertainties.

4. Hadronic Vacuum Polarization

The leading contributions to the hadronic vacuum polarization (HVP) employing a dispersion
relation [30], which complies with unitarity and analyticity, are given by

0�+ %,!$` =
1

4c3

∫ ∞

BCℎA

3B  (B)f0
4−4+→ℎ03A>=B (B), (13)

where  (B) is a smooth QED kernel [31] concentrated at low energies, which increases the � . "d
contribution, and f0

4−4+→ℎ03A>=B (B) is the bare hadronic cross section. We can relate the hadronic

8
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spectral function from g decays to the 4+4− hadronic cross section by including the radiative
corrections and the IB effects.

For the cc(W) final state, we have [13, 32]:

f0
cc (W) =

[
 f (B)
 Γ(B)

3Γcc [W ]

3B

]
'� � (B)
(�,

, (14)

where

 Γ(B) =
�2
�
|+D3 |2<3

g

384c3

(
1 − B

<2
g

)2 (
1 + 2B

<2
g

)
,  f (B) =

cU2

3B
, (15)

and the IB corrections

'� � (B) =
�('(B)
��" (B)

V3
c+c−

V3
c+c0

�����+ (B)5+(B)

����2 . (16)

The (�, term encodes the SD electroweak corrections [33–40] and �('(B) accounts for the final-
state radiation from pions [41, 42]. The V3

c+c−/V
3
c+c0 term is a phase space factor and the last term

in '� � (B) is a ratio between the neutral (�+ (B)) and the charged ( 5+(B)) pion form factor.
The��" (B) function is obtained by adding up the contributions due to virtual and real photons

and integrating over the D ≡ (% − ?−)2 variable,

3Γ

3B

����
cc (W)

=
�2
�
|+D3 |2<3

g(�,

384c3 | 5+(B) |2
(
1 − B

<2
g

)2 (
1 − 4<2

c

B

)3/2 (
1 + 2B

<2
g

)
��" (B). (17)

The results are shown in figure 10 for the different approximations of the ��" (B) function using
the dispersive (left-hand) and the exponential (right-handed) representation of the pion form factor.
The �0

�"
(B) contribution was obtained using the leading Low approximation in Eq. (5).

GEM
0

GEM [ O(p4) ] with Fv= 2 f

GEM [ O(p4) ] with Fv= 3 f

GEM [ SI ]

GEM [ O(p6) ] only SD constraints
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G
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GEM [ SI ]

GEM [ O(p6) ] only SD constraints
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1.06

s [GeV2
]

G
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M
(s
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Figure 10: Correction function � (0)
�"
(B) (blue dashed line). The solid line shows the ��" (B) function

neglecting the structure-dependent part (SI), i.e. by taking E8 = 08 = 0, the dashed and dotted lines are the
O

(
?4) ��" (B) function (with either �+ =

√
2� or �+ =

√
3� constraints). The blue shaded region is the

full O
(
?6) contribution, including (overestimated) uncertainties. The left-hand side plot corresponds to the

dispersive parametrization [43] while the right-hand side corresponds to the Guerrero-Pich parametrization
[44] of the form factor (the latter was used in Ref. [13]).

We can estimate the effect of each IB correction through Δ0�+ %,!$` [cc] [13],

Δ0�+ %,!$` =
1

4c3

∫ B2

B1

3B  (B)
[
 f (B)
 Γ(B)

3Γcc [W ]

3B

] (
'� � (B)
(�,

− 1
)
, (18)
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which measures the departure from the isospin-limit, i.e. '� � (B) = 1 and (�, = 1. It is
challenging to evaluate the corrections owing to the ratio of the form factors. For this enterprise,
we have followed two alternatives, dubbed FF1 and FF2:

• In FF1, we use for the d − l mixing parameter \dl = (−3.5 ± 0.7) × 10−3 GeV2 [13] and
Γd0 − Γd+ = 0.3± 1.3 MeV, <d± −<d0 = 0.7± 0.8 MeV and <d0 = 775.26± 0.25 MeV from
PDG [45].

• In FF2, we use the same numerical input as in FF1 except by the rho width, which is
Γd0→c+c−W − Γd±→c±c0W = 0.45 ± 0.45MeV [13].

The outcomes are summarized in Table 1 using DR form factor. The results obtained for the
�
(0)
�"

and the complete O
(
?4) contribution (with �+ =

√
2�) agree with those in Ref. [13]. The

uncertainties at O(?4) were obtained using the dashed and dotdashed red line in fig. 10. On the
other hand, the errors at O(?6) were estimated using the blue region in the same plot.

[B1, B2] SEW PS FSR FF1 FF2 EM EM
O(?4) O(?6)[

4<2
c , 1 GeV2] −101.1 −74.1 +44.7 +41.8 ± 49.0 +78.4 ± 24.5 −17.0+5.7−15.4 −74.8+63.5

−44.0[
4<2

c , 2 GeV2] −103.1 −74.4 +45.5 +40.9 ± 48.9 +77.6 ± 24.0 −16.0+5.7−15.9 −75.9+65.6
−45.5[

4<2
c , 3 GeV2] −103.1 −74.5 +45.5 +40.9 ± 48.9 +77.6 ± 24.0 −15.9+5.7−16.0 −75.9+65.7

−44.6[
4<2

c , <
2
g

]
−103.1 −74.5 +45.5 +40.9 ± 48.9 +77.6 ± 24.0 −15.9+5.7−16.0 −75.9+65.7

−45.6

Table 1: Contributions to Δ0�+ %,!$` in units of 10−11 using the DR form factor as the reference one.

An important cross-check is the branching fraction �cc0 = Γ(g → cc0ag)/Γg which can be
directly measured in experiments. It can also be evaluated from the isovector component of the
4+4− → c+c−(W) cross section after taking into account the IB corrections. The branching fraction
is given by

��+�
cc0 = �4

∫ <2
g

4<2
c

3B fc+c− (W) (B)N (B)
(�,

'� � (B)
, (19)

where

N(B) = 3 |+D3 |2

2cU2
0<

2
g

B

(
1 − B

<2
g

)2 (
1 + 2B

<2
g

)
. (20)

Using the most recent data obtained from BaBar [46] 4 for the 4+4− → c+c−(W) cross section, we
obtain

��+�
cc0 = (24.68 ± 0.11 ± 0.10 ± 0.01 ± 0.01 ± 0.02+0.03

−0.00)%, at O(?
4), (21)

and
��+�
cc0 = (24.70 ± 0.11 ± 0.10 ± 0.01 ± 0.01 ± 0.02+0.21

−0.01)%, at O(?
6), (22)

where the first error corresponds to the statistical experimental uncertainty on fcc (W) , the second
is related to uncertainty on the d+ − d0 width difference, the third to the uncertainty in the d+ − d0

4We thank to Alex Keshavarzi and Bogdan Malaescu for providing us tables with the measurement of the 4+4− →
c+c− (W) cross section.
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mass difference, the fourth to the uncertainty of the d − l mixing and the fifth corresponds to the
corrections induced by FSR on ��+�

cc0 , which reduces ∼ −0.20(2)% the cc branching fraction. The
last error is related to the ��" (B) function.

These results are in good agreement with the value reported by the Belle [47] collaboration,
�g
c c0 = (25.24±0.01±0.39)%, where the first uncertainty is statistical and the second is systematic.

Nonetheless, they are in some tension with the very precise ALEPHmeasurement �g
c c0 = (25.471±

0.097 ± 0.085)% [48].
We show in fig. 11 the prediction for the 4+4− → c+c− cross section using the data reported

by Belle [47] (as it is the most precise measurement of this spectrum) for the normalized spectrum
(1/#cc) (3#cc/3B) compared to the last measurements from BaBar [46] and KLOE [49] 5.

In fig. 11 the g-based prediction is obtained using the O(?4) result for ��" (B), with the
estimated uncertainty frommissing higher-order corrections given by the result atO(?6) (employing
only the SD constraints). The blue dotdashed line shown overestimates the error at O(?6).

0.4 0.6 0.8 1.0 1.2 1.4

-0.4

-0.2

0.0

0.2

s [ GeV ]

σ
τ
/σ

e
e
-

1

0.4 0.6 0.8 1.0 1.2 1.4

-0.4

-0.2

0.0

0.2

s [ GeV ]

σ
τ
/σ

e
e
-

1

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.00

0.05

0.10

s [ GeV ]

σ
τ
/σ

e
e
-

1

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.00

0.05

0.10

s [ GeV ]

σ
τ
/σ

e
e
-

1

Figure 11: Comparison between the different data sets from BaBar (above) and KLOE (below) with
ΔΓccW = 1.5 MeV (left-hand) and ΔΓccW = 0.45 MeV (right-hand) for FF1 and FF2, respectively. The
blue region corresponds to the experimental error on fcc (W) . The solid and dashed lines represent the
contributions with �+ =

√
3� and �+ =

√
2� at O(?4), respectively. The dotted line is the SI contribution.

The red line depicts the envelope of ��" (B) at O(?6), that overestimates the uncertainty at this order. The
blue dotdashed line is the O(?6) contribution using only SD constraints.

From fig. 11, we observe good agreement between the BaBar data and the g decays prediction

5We have chosen to show in the comparison these two 4+4− data sets as the results from both Colls. are those
deviating the most, and thus mainly responsible from the tension in f(4+4− → c+c−).
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(slightly better for FF1). The previous comparisons make us consider our evaluation with FF1 the
reference one (so that its difference with FF2 will assess the size of the error induced by IB among
the d → ccW decay channels) 6.

Taking into account all di-pion tau decay data from the ALEPH [48], Belle [47], CLEO [55]
and OPAL [56] Colls., we get the combined tau-data contribution

1010 · 0�+ %,!$ |cc,g data
` = 519.6 ± 2.8spectra+BRs

+1.9
−2.1IB , (23)

at O(?4) and
1010 · 0�+ %,!$ |cc,g data

` = 514.6 ± 2.8spectra+BRs
+5.0
−3.9IB , (24)

at O(?6).
When eqs. (23) and (24) are supplemented with the four-pion tau decays measurements (up

to 1.5 GeV) and with 4+4− data at larger energies in these modes (and with 4+4− data in all other
channels making up the hadronic cross section), we get [7, 57]

1010 · 0�+ %,!$ |g data
` = 705.7 ± 2.8spectra+BRs

+1.9
−2.1IB ± 2.0e+e− ± 0.1narrow res ± 0.7QCD , (25)

at O(?4), and

1010 · 0�+ %,!$ |g data
` = 700.7 ± 2.8spectra+BRs

+5.0
−3.9IB ± 2.0e+e− ± 0.1narrow res ± 0.7QCD , (26)

atO(?6) and we have also included the uncertainties corresponding to using 4+4− data for those
contributions not covered by tau decay measurements and to the inclusion of narrow resonances
and the perturbative QCD part.

When all other (QED, EW and subleading hadronic) contributions are added to eqs. (25) and
(26) according to Ref. [6], the 4.2f [6] deficit of the SM prediction with respect to the experimental
average (FNAL+BNL) [4, 5] is reduced to

Δ0` ≡ 04G?` − 0("` = (12.5 ± 6.0) · 10−10 , (27)

at O(?4), and

Δ0` ≡ 04G?` − 0("` = (17.5+6.8−7.5) · 10−10 , (28)

at O(?6), which are 2.1 and 2.3f, respectively.
In figure 12 we show a comparison between our O(?4) and O(?6) calculation with respect to

the estimation based in the 4+4− data driven [6] and the lattice results from the BMW collaboration
[11].

6We, nevertheless, recall that recent BESIII data [50] and evaluations within the Hidden Local Symmetry model
[51–54] agree better with the KLOE data than with BaBar’s.
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O(p
4
)

O(p
6
)

FNAL

BNL

SM
(Lattice BMW)

SM
(Data driven)

Experiment
Average

0.00116591810 0.00116591954 0.00116592061

aμ

Figure 12: Comparison between the experimental values of 0` from BNL [5] and FNAL [4] with respect
to the Muon 6 − 2 Theory Initiative recommended value [6], the lattice QCD calculation from the BMW
collaboration [11] and our results [19].

5. Conclusions

There is a global effort in improving the hadronic contributions to 0`. Specifically, dedicated
studies to improve the HVP part from lattice, dispersion relations and improved 4+4− data and
Monte Carlos are being undertaken.

The observables for the g → ccWag decays have the potential to reduce drastically the errors
in our estimation.

Our IB corrections improve the agreement between 4+4− and tau data, on the spectrum and the
branching ratio.

Evaluating the HVP, LO contributions from tau data, we get 0�+ %,!$ |g data
` = (705.7+4.0−4.1) ·

10−10 at O(?4), and 0�+ %,!$ |g data
` = (700.7+6.1−5.2) · 10−10 at O(?6). This reduces the anomaly

Δ0` ≡ 04G?` − 0("` to 2.1 and 2.3f, respectively.

A. Short-distance constraints

For the parameters contributing to the leading-order chiral LECs [16, 22–26]:

�+�+ = �
2, �2

+ − �2
� = �

2,

�2
+"

2
+ = �

2
�"

2
�, 4232< = �2,

8
(
22
< − 32

<

)
= �2, 2< = 23 =

√
23< = �/2.

(29)
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For the even-intrinsic parity sector [17, 58]:

_%13 = 0, _(17 = _
(
18 = 0,

_�17 = 0, _+21 = _
+
22 = 0.

(30)

The analysis of the 〈+�(〉 Green function yields [18]:

^(2 = ^
�
14 = 0, ^+4 = 2^+15, ^+ �6 =

�2

32���+
,

�+

(
2^(+1 + ^(+2

)
= 2��^(�1 =

�2

16
√

22<
.

(31)

The study of the 〈+�%〉 and 〈(%%〉 Green functions yield the following restrictions on the
resonance couplings [17, 59, 60]:

√
2_0 = −4_+ �1 − _+ �2 −

_+ �4
2
− _+ �5 =

1
2
√

2
(_′ + _′′) ,

√
2_′ = _+ �2 − _+ �3 +

_+ �4
2
+ _+ �5 =

"�

2"+
,

√
2_′′ = _+ �2 −

_+ �4
2
− _+ �5 =

"2
�
− 2"2

+

2"+"�

,

_%+1 = −4_%+2 = −
�

√
"2
�
− "2

+

4
√

23<"�

, _%�1 =
�

√
"2
�
− "2

+

16
√

23<"+
.

(32)

For the odd-intrinsic parity sector [18]:

^+14 =
#�

256
√

2c2�+
, 2^+12 + ^

+
16 = −

#�

32
√

2c2�+
, ^+17 = −

#�

64
√

2c2�+
, ^%5 = 0,

^++2 =
�2 + 16

√
23<�+ ^%+3

32�2
+

−
#�"

2
+

512c2�2
+

, 8^++2 − ^++3 =
�2

8�2
+

.

(33)
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B. Fit results

Neglecting all the other contributions, we find

^+1 = (−2.1 ± 0.7) · 10−2 GeV−1, (34a)
^+2 = (−8.8 ± 9.1) · 10−3 GeV−1, (34b)
^+3 = (2.2 ± 5.8) · 10−3 GeV−1, (34c)
^+6 = (−2.1 ± 0.3) · 10−2 GeV−1, (34d)
^+7 = (1.2 ± 0.5) · 10−2 GeV−1, (34e)
^+8 = (3.1 ± 0.9) · 10−2 GeV−1, (34f)
^+9 = (−0.1 ± 5.9) · 10−3 GeV−1, (34g)
^+10 = (−5.9 ± 9.6) · 10−3 GeV−1, (34h)
^+11 = (−3.0 ± 0.6) · 10−2 GeV−1, (34i)
^+12 = (1.0 ± 0.8) · 10−2 GeV−1, (34j)
^+13 = (−5.3 ± 1.1) · 10−3 GeV−1, (34k)
^+18 = (4.7 ± 0.8) · 10−3 GeV−1. (34l)

These values are in good agreement with our earlier estimation, |^+
8
| . 0.025 GeV−1 [19].

C. Kinematics

For the g− → c−c0Wag decays, we have the following integration region

D =
{
�<8=W ≤ �W ≤ �<0GW , G<8= ≤ G ≤ G<0G , B<8= ≤ B ≤ B<0G ,−1 ≤ cos \− ≤ +1, 0 ≤ q− ≤ 2c

}
, (35)

with boundaries
(<2
g−B+G)
4<2

g
− _1/2(B,G,<2

g)
4<g ≤ �W (B, G) ≤ (<

2
g−B+G)
4<g + _

1/2(B,G,<2
g)

4<g ,

4<2
c ≤ B (G) ≤

(
<g −

√
G
)2
,

0 ≤ G ≤ (<g − 2<c)2 ,
(36)

or interchanging the last two limits,

0 ≤ G (B) ≤
(
<g −

√
B
)2
,

4<2
c ≤ B ≤ <2

g .
(37)

There are other ways to write these,

4<2
c ≤ B

(
G, �W

)
≤ (<g−2�W) (2<g�W−G)

2�W

0 ≤ G
(
�W

)
≤ 2�W (<2

g−4<2
c−2<g�W)

<g−2�W ,

�2DCW ≤ �W ≤ <2
g−4<2

c

2<g ,

(38)

or exchanging G ↔ �W ,

(<2
g+G−4<2

c )
4<g − _1/2(G,<2

g ,4<2
c)

4<g ≤ �W (B) ≤ (<
2
g+G−4<2

c )
4<g + _

1/2(G,<2
g ,4<2

c)
4<g ,

0 ≤ G ≤ (<g − 2<c)2,
(39)
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and
0 ≤ G

(
B, �W

)
≤ 2�W (<2

g−B−2�W<g )
<g−2�W

4<2
c ≤ B

(
�W

)
≤ <g (<g − 2�W),

�2DCW ≤ �W ≤ <2
g−4<2

c

2<g .

(40)

Further, interchanging B↔ �W , we get

�2DCW ≤ �W (B) ≤ <2
g−B

2<g ,

4<2
c ≤ B ≤ <g (<g − 2�2DCW ).

(41)

References

[1] S.L. Glashow, The renormalizability of vector meson interactions, Nucl. Phys. 10 (1959) 107.

[2] A. Salam and J.C. Ward, Weak and electromagnetic interactions, Nuovo Cim. 11 (1959) 568.

[3] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 (1967) 1264.

[4] Muon g-2 collaboration, Measurement of the Positive Muon Anomalous Magnetic Moment
to 0.46 ppm, Phys. Rev. Lett. 126 (2021) 141801 [2104.03281].

[5] Muon g-2 collaboration, Final Report of the Muon E821 Anomalous Magnetic Moment
Measurement at BNL, Phys. Rev. D73 (2006) 072003 [hep-ex/0602035].

[6] T. Aoyama et al., The anomalous magnetic moment of the muon in the Standard Model, Phys.
Rept. 887 (2020) 1 [2006.04822].

[7] M. Davier, A. Höcker, B. Malaescu, C.-Z. Yuan and Z. Zhang, Update of the ALEPH
non-strange spectral functions from hadronic g decays, Eur. Phys. J. C 74 (2014) 2803
[1312.1501].

[8] J. Miranda and P. Roig, Effective-field theory analysis of the g− → c−c0ag decays, JHEP 11
(2018) 038 [1806.09547].

[9] V. Cirigliano, A. Falkowski, M. González-Alonso and A. Rodríguez-Sánchez, Hadronic g
Decays as New Physics Probes in the LHC Era, Phys. Rev. Lett. 122 (2019) 221801
[1809.01161].

[10] S. Gonzàlez-Solís, A. Miranda, J. Rendón and P. Roig, Exclusive hadronic tau decays as
probes of non-SM interactions, Phys. Lett. B 804 (2020) 135371 [1912.08725].

[11] S. Borsanyi et al., Leading hadronic contribution to the muon magnetic moment from lattice
QCD, Nature 593 (2021) 51 [2002.12347].

[12] J. Bĳnens, G. Ecker and J. Gasser, Radiative semileptonic kaon decays, Nucl. Phys. B396
(1993) 81 [hep-ph/9209261].

[13] V. Cirigliano, G. Ecker and H. Neufeld, Radiative tau decay and the magnetic moment of the
muon, JHEP 08 (2002) 002 [hep-ph/0207310].

16

https://doi.org/10.1016/0029-5582(59)90196-8
https://doi.org/10.1007/BF02726525
https://doi.org/10.1103/PhysRevLett.19.1264
https://doi.org/10.1103/PhysRevLett.126.141801
https://arxiv.org/abs/2104.03281
https://doi.org/10.1103/PhysRevD.73.072003
https://arxiv.org/abs/hep-ex/0602035
https://doi.org/10.1016/j.physrep.2020.07.006
https://doi.org/10.1016/j.physrep.2020.07.006
https://arxiv.org/abs/2006.04822
https://doi.org/10.1140/epjc/s10052-014-2803-9
https://arxiv.org/abs/1312.1501
https://doi.org/10.1007/JHEP11(2018)038
https://doi.org/10.1007/JHEP11(2018)038
https://arxiv.org/abs/1806.09547
https://doi.org/10.1103/PhysRevLett.122.221801
https://arxiv.org/abs/1809.01161
https://doi.org/10.1016/j.physletb.2020.135371
https://arxiv.org/abs/1912.08725
https://doi.org/10.1038/s41586-021-03418-1
https://arxiv.org/abs/2002.12347
https://doi.org/10.1016/0550-3213(93)90259-R
https://doi.org/10.1016/0550-3213(93)90259-R
https://arxiv.org/abs/hep-ph/9209261
https://doi.org/10.1088/1126-6708/2002/08/002
https://arxiv.org/abs/hep-ph/0207310


P
o
S
(
C
H
A
R
M
2
0
2
0
)
0
4
3

Isospin-breaking corrections to g− → c−c0ag decays and the muon 6 − 2 Alejandro Miranda

[14] F.E. Low, Bremsstrahlung of very low-energy quanta in elementary particle collisions, Phys.
Rev. 110 (1958) 974.

[15] G. Ecker, J. Gasser, A. Pich and E. de Rafael, The Role of Resonances in Chiral Perturbation
Theory, Nucl. Phys. B321 (1989) 311.

[16] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Chiral Lagrangians for Massive
Spin 1 Fields, Phys. Lett. B223 (1989) 425.

[17] V. Cirigliano, G. Ecker, M. Eidemuller, R. Kaiser, A. Pich and J. Portolés, Towards a
consistent estimate of the chiral low-energy constants, Nucl. Phys. B753 (2006) 139
[hep-ph/0603205].

[18] K. Kampf and J. Novotný, Resonance saturation in the odd-intrinsic parity sector of
low-energy QCD, Phys. Rev. D84 (2011) 014036 [1104.3137].

[19] J.A. Miranda and P. Roig, New g-based evaluation of the hadronic contribution to the
vacuum polarization piece of the muon anomalous magnetic moment, Phys. Rev. D 102
(2020) 114017 [2007.11019].

[20] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. 37B (1971)
95.

[21] E. Witten, Global Aspects of Current Algebra, Nucl. Phys. B223 (1983) 422.

[22] A. Pich, Colorless mesons in a polychromatic world, in Phenomenology of large N(c) QCD.
Proceedings, Tempe, USA, January 9-11, 2002, pp. 239–258, 2002, DOI
[hep-ph/0205030].

[23] S. Weinberg, Precise relations between the spectra of vector and axial vector mesons, Phys.
Rev. Lett. 18 (1967) 507.

[24] M.F.L. Golterman and S. Peris, The 7/11 Rule: An Estimate of m(rho) / f(pi), Phys. Rev. D61
(2000) 034018 [hep-ph/9908252].

[25] M. Jamin, J.A. Oller and A. Pich, S wave K pi scattering in chiral perturbation theory with
resonances, Nucl. Phys. B587 (2000) 331 [hep-ph/0006045].

[26] M. Jamin, J.A. Oller and A. Pich, Strangeness changing scalar form-factors, Nucl. Phys.
B622 (2002) 279 [hep-ph/0110193].

[27] P. Roig and J.J. Sanz Cillero, Consistent high-energy constraints in the anomalous QCD
sector, Phys. Lett. B733 (2014) 158 [1312.6206].

[28] S.-Z. Jiang, Z.-L. Wei, Q.-S. Chen and Q. Wang, Computation of the $ (?6) order
low-energy constants: An update, Phys. Rev. D 92 (2015) 025014 [1502.05087].

[29] A. Flores-Tlalpa, Modelo de dominancia de mesones para decaimientos semileptónicos de
sabores pesados, Ph.D. thesis, CINVESTAV, IPN, 2008.

17

https://doi.org/10.1103/PhysRev.110.974
https://doi.org/10.1103/PhysRev.110.974
https://doi.org/10.1016/0550-3213(89)90346-5
https://doi.org/10.1016/0370-2693(89)91627-4
https://doi.org/10.1016/j.nuclphysb.2006.07.010
https://arxiv.org/abs/hep-ph/0603205
https://doi.org/10.1103/PhysRevD.84.014036
https://arxiv.org/abs/1104.3137
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.102.114017
https://arxiv.org/abs/2007.11019
https://doi.org/10.1016/0370-2693(71)90582-X
https://doi.org/10.1016/0370-2693(71)90582-X
https://doi.org/10.1016/0550-3213(83)90063-9
https://doi.org/10.1142/9789812776914_0023
https://arxiv.org/abs/hep-ph/0205030
https://doi.org/10.1103/PhysRevLett.18.507
https://doi.org/10.1103/PhysRevLett.18.507
https://doi.org/10.1103/PhysRevD.61.034018
https://doi.org/10.1103/PhysRevD.61.034018
https://arxiv.org/abs/hep-ph/9908252
https://doi.org/10.1016/S0550-3213(00)00479-X
https://arxiv.org/abs/hep-ph/0006045
https://doi.org/10.1016/S0550-3213(01)00605-8
https://doi.org/10.1016/S0550-3213(01)00605-8
https://arxiv.org/abs/hep-ph/0110193
https://doi.org/10.1016/j.physletb.2014.04.034
https://arxiv.org/abs/1312.6206
https://doi.org/10.1103/PhysRevD.92.025014
https://arxiv.org/abs/1502.05087


P
o
S
(
C
H
A
R
M
2
0
2
0
)
0
4
3

Isospin-breaking corrections to g− → c−c0ag decays and the muon 6 − 2 Alejandro Miranda

[30] M. Gourdin and E. De Rafael, Hadronic contributions to the muon g-factor, Nucl. Phys. B10
(1969) 667.

[31] S.J. Brodsky and E. De Rafael, SUGGESTED BOSON - LEPTON PAIR COUPLINGS AND
THE ANOMALOUS MAGNETIC MOMENT OF THE MUON, Phys. Rev. 168 (1968) 1620.

[32] V. Cirigliano, G. Ecker and H. Neufeld, Isospin violation and the magnetic moment of the
muon, Phys. Lett. B513 (2001) 361 [hep-ph/0104267].

[33] A. Sirlin, Radiative corrections to g(v)/g(mu) in simple extensions of the su(2) x u(1) gauge
model, Nucl. Phys. B 71 (1974) 29.

[34] A. Sirlin, Current Algebra Formulation of Radiative Corrections in Gauge Theories and the
Universality of the Weak Interactions, Rev. Mod. Phys. 50 (1978) 573.

[35] A. Sirlin, Large m(W), m(Z) Behavior of the O(alpha) Corrections to Semileptonic Processes
Mediated by W, Nucl. Phys. B 196 (1982) 83.

[36] W. Marciano and A. Sirlin, Radiative Corrections to beta Decay and the Possibility of a
Fourth Generation, Phys. Rev. Lett. 56 (1986) 22.

[37] W. Marciano and A. Sirlin, Electroweak Radiative Corrections to tau Decay, Phys. Rev. Lett.
61 (1988) 1815.

[38] E. Braaten and C.-S. Li, Electroweak radiative corrections to the semihadronic decay rate of
the tau lepton, Phys. Rev. D 42 (1990) 3888.

[39] W.J. Marciano and A. Sirlin, Radiative corrections to pi(lepton 2) decays, Phys. Rev. Lett. 71
(1993) 3629.

[40] J. Erler, Electroweak radiative corrections to semileptonic tau decays, Rev. Mex. Fis. 50
(2004) 200 [hep-ph/0211345].

[41] J.S. Schwinger, PARTICLES, SOURCES, AND FIELDS. VOL. 3 (1989).

[42] M. Drees and K.-i. Hikasa, Scalar top production in e+ e- annihilation, Phys. Lett. B 252
(1990) 127.

[43] D. Gómez Dumm and P. Roig, Dispersive representation of the pion vector form factor in
g → ccag decays, Eur. Phys. J. C 73 (2013) 2528 [1301.6973].

[44] F. Guerrero and A. Pich, Effective field theory description of the pion form-factor, Phys. Lett.
B 412 (1997) 382 [hep-ph/9707347].

[45] Particle Data Group collaboration, Review of Particle Physics, PTEP 2020 (2020)
083C01.

[46] BABAR collaboration, Precise Measurement of the 4+4− → c+c−(W) Cross Section with the
Initial-State Radiation Method at BABAR, Phys. Rev. D86 (2012) 032013 [1205.2228].

18

https://doi.org/10.1016/0550-3213(69)90333-2
https://doi.org/10.1016/0550-3213(69)90333-2
https://doi.org/10.1103/PhysRev.168.1620
https://doi.org/10.1016/S0370-2693(01)00764-X
https://arxiv.org/abs/hep-ph/0104267
https://doi.org/10.1016/0550-3213(74)90254-5
https://doi.org/10.1103/RevModPhys.50.573
https://doi.org/10.1016/0550-3213(82)90303-0
https://doi.org/10.1103/PhysRevLett.56.22
https://doi.org/10.1103/PhysRevLett.61.1815
https://doi.org/10.1103/PhysRevLett.61.1815
https://doi.org/10.1103/PhysRevD.42.3888
https://doi.org/10.1103/PhysRevLett.71.3629
https://doi.org/10.1103/PhysRevLett.71.3629
https://arxiv.org/abs/hep-ph/0211345
https://doi.org/10.1016/0370-2693(90)91094-R
https://doi.org/10.1016/0370-2693(90)91094-R
https://doi.org/10.1140/epjc/s10052-013-2528-1
https://arxiv.org/abs/1301.6973
https://doi.org/10.1016/S0370-2693(97)01070-8
https://doi.org/10.1016/S0370-2693(97)01070-8
https://arxiv.org/abs/hep-ph/9707347
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1103/PhysRevD.86.032013
https://arxiv.org/abs/1205.2228


P
o
S
(
C
H
A
R
M
2
0
2
0
)
0
4
3

Isospin-breaking corrections to g− → c−c0ag decays and the muon 6 − 2 Alejandro Miranda

[47] Belle collaboration, High-Statistics Study of the tau- —> pi- pi0 nu(tau) Decay, Phys. Rev.
D 78 (2008) 072006 [0805.3773].

[48] ALEPH collaboration, Branching ratios and spectral functions of tau decays: Final ALEPH
measurements and physics implications, Phys. Rept. 421 (2005) 191 [hep-ex/0506072].

[49] KLOE collaboration, Precision measurement of f(4+4− → c+c−W)/f(4+4− → `+`−W) and
determination of the c+c− contribution to the muon anomaly with the KLOE detector, Phys.
Lett. B720 (2013) 336 [1212.4524].

[50] BESIII collaboration, Measurement of the 4+4→c+c cross section between 600 and 900 MeV
using initial state radiation, Phys. Lett. B 753 (2016) 629 [1507.08188].

[51] M. Benayoun, P. David, L. DelBuono and F. Jegerlehner, Upgraded Breaking Of The HLS
Model: A Full Solution to the g−4+4− and q Decay Issues And Its Consequences On g-2
VMD Estimates, Eur. Phys. J. C 72 (2012) 1848 [1106.1315].

[52] M. Benayoun, P. David, L. DelBuono and F. Jegerlehner, An Update of the HLS Estimate of
the Muon g-2, Eur. Phys. J. C 73 (2013) 2453 [1210.7184].

[53] M. Benayoun, P. David, L. DelBuono and F. Jegerlehner, Muon 6 − 2 estimates: can one
trust effective Lagrangians and global fits?, Eur. Phys. J. C 75 (2015) 613 [1507.02943].

[54] M. Benayoun, L. Delbuono and F. Jegerlehner, BHLS2, a New Breaking of the HLS Model
and its Phenomenology, Eur. Phys. J. C 80 (2020) 81 [1903.11034].

[55] CLEO collaboration, Hadronic structure in the decay tau- —> pi- pi0 neutrino(tau), Phys.
Rev. D 61 (2000) 112002 [hep-ex/9910046].

[56] OPAL collaboration, Measurement of the strong coupling constant alpha(s) and the vector
and axial vector spectral functions in hadronic tau decays, Eur. Phys. J. C 7 (1999) 571
[hep-ex/9808019].

[57] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic vacuum
polarisation contributions to the muon anomalous magnetic moment and to "(m2

Z), Eur.
Phys. J. C80 (2020) 241 [1908.00921].

[58] A. Guevara, P. Roig and J.J. Sanz-Cillero, Pseudoscalar pole light-by-light contributions to
the muon (6 − 2) in Resonance Chiral Theory, JHEP 06 (2018) 160 [1803.08099].

[59] V. Cirigliano, G. Ecker, M. Eidemuller, A. Pich and J. Portolés, The < VAP > Green function
in the resonance region, Phys. Lett. B596 (2004) 96 [hep-ph/0404004].

[60] V. Cirigliano, G. Ecker, M. Eidemuller, R. Kaiser, A. Pich and J. Portolés, The < SPP >
Green function and SU(3) breaking in K(l3) decays, JHEP 04 (2005) 006
[hep-ph/0503108].

19

https://doi.org/10.1103/PhysRevD.78.072006
https://doi.org/10.1103/PhysRevD.78.072006
https://arxiv.org/abs/0805.3773
https://doi.org/10.1016/j.physrep.2005.06.007
https://arxiv.org/abs/hep-ex/0506072
https://doi.org/10.1016/j.physletb.2013.02.029
https://doi.org/10.1016/j.physletb.2013.02.029
https://arxiv.org/abs/1212.4524
https://doi.org/10.1016/j.physletb.2015.11.043
https://arxiv.org/abs/1507.08188
https://doi.org/10.1140/epjc/s10052-011-1848-2
https://arxiv.org/abs/1106.1315
https://doi.org/10.1140/epjc/s10052-013-2453-3
https://arxiv.org/abs/1210.7184
https://doi.org/10.1140/epjc/s10052-015-3830-x
https://arxiv.org/abs/1507.02943
https://doi.org/10.1140/epjc/s10052-020-7611-9
https://arxiv.org/abs/1903.11034
https://doi.org/10.1103/PhysRevD.61.112002
https://doi.org/10.1103/PhysRevD.61.112002
https://arxiv.org/abs/hep-ex/9910046
https://doi.org/10.1007/s100529901061
https://arxiv.org/abs/hep-ex/9808019
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://arxiv.org/abs/1908.00921
https://doi.org/10.1007/JHEP06(2018)160
https://arxiv.org/abs/1803.08099
https://doi.org/10.1016/j.physletb.2004.06.082
https://arxiv.org/abs/hep-ph/0404004
https://doi.org/10.1088/1126-6708/2005/04/006
https://arxiv.org/abs/hep-ph/0503108

	Introduction
	–0 decays
	Amplitude
	Vector Form Factors
	Axial-Vector Form Factors
	SD constraints

	Decay observables
	Decay spectrum
	Branching ratio

	Hadronic Vacuum Polarization
	Conclusions
	Short-distance constraints
	Fit results
	Kinematics

