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1. Introduction

The introduction of hadronic light-cone distribution amplitudes (LCDA) dates back to the
seminal works on hard exclusive reactions in perturbative QCD [1–5]. These nonperturbative
and scale-dependent functions can be understood as the closest relative of quantum mechanical
wave functions in quantum field theory. They describe the longitudinal momentum distribution
of valence quarks in a hadron in the limit of negligible transverse momentum, here given by the
leading Fock-state contribution to its light-front wave function, the so-called leading-twist LCDA.
In particular, the light-front formulation of a wave function allows for a probability interpretation
of partons not readily accessible in an infinite-body field theory, since particle number is conserved
in this frame. In other words, φ(x, µ) expresses the light-front fraction of the hadron’s momentum
carried by a valence quark.

In this work, we focus on the study of the LCDAs of heavy-light systems. The interest in these
light-front wave functions stem from decade-old calculations in QCD factorization (QCDF), which
only employed asymptotic distributions of the form φ(x) ≈ x(x − 1) or simple model distributions.
The motivation for these calculations is due to the desire to reduce theoretical uncertainties, so as
to make more reliable predictions for CP violation (matter-antimatter asymmetry) and the Cabibbo-
Kobayashi-Maskawa parameters (CKM) which could indicate the presence of new physics [6].

This is because in weak heavy-meson decays, such as non-leptonic D decays into two lighter
mesons, direct CP violation originates in the interference of at least two amplitudes with different
weak and strong phases. The weak phase, determined by combining CKM matrix components,
is extracted from a CP violating asymmetry. The strong phase has to be calculated from some
given theoretical framework, be it effective quark models, lattice QCD or within the framework
of the Bethe-Salpeter equation applied to QCD. In the framework of QCDF the weak effective
Hamiltonian of the Standard Model [7, 8] allows to express the amplitude of a heavy-meson decay
into two light mesons as a sum of effective QCD Wilson coefficients (short distance or hard
contributions) multiplied by a product of two currents (long-distance or soft terms), one of which
generates a final meson from the vacuum and is nothing else but the weak decay constant, while
the other describes the transition from a heavy meson into the second light meson [9]. One of the
nonperturbative ingredients in these calculations are precisely the LCDA of the initial heavy meson
and the light(er) daughter meson. Obtaining the broader, non-asymptotic LCDA for the D mesons
will allow for much needed improvement in this field.

Herein we re-appreciate earlier work on heavy-light mesons and quarkonia [10–16] within a
continuum approach to the hadron bound-state problem in order to compute the LCDA. The crucial
difference in the present approach is the flavor-dependence of the interaction in the ladder truncation
of the Bethe-Salpeter kernel, as we effectively take into account that the quark-gluon vertex dressing
has a different impact for a light quark than for a charm or bottom quark. In general, D and B
mesons are of particular interest, as they offer a rich laboratory to study two limiting mass-scale
sectors of QCD with associated emergent approximate symmetries: chiral symmetry in the sector
of light quarks, where mq � ΛQCD, and heavy quark symmetry for masses mq � ΛQCD [17, 18].
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2. Bethe-Salpeter Amplitudes and Dressed-Quark Propagators

The calculation of a meson’s distribution amplitude requires the knowledge of its wave func-
tion, which is obtained from the solution of a continuum bound state problem described by the
homogeneous Bethe-Salpeter equation (BSE) in a symmetry-preserving truncation [19].

For a given meson made up of a quark of flavor f and an antiquark of flavor g, the BSE reads,

Γ
f g
M (k, P)=

∫ Λ d4q
(2π)4

K f g(k, q; P)χM (qη, qη̄), (1)

where K f g(q, k; P) is the fully-amputated quark-antiquark scattering kernel and the Dirac- and
color-matrix indices are implicit. The term χM (qη, qη̄) = Sf (qη)Γ

f g
M (q, P)Sg(qη̄) defines the Bethe-

Salpeter wave function of the meson, where Sf (qη) and Sg(qη̄) are the dressed quark and antiquark
propagators with the shorthand for the quark momenta, qη = q + ηP and qη̄ = q − η̄P, with the
momentum-fraction parameters, η + η̄ = 1, η ∈ [0, 1]. Γ f gM (q, P) is the Bethe-Salpeter amplitude
(BSA) of the meson.

We observe that iEq. (1) requires the dressed-quark propagators which can be obtained from
the solution of the quark Dyson-Schwinger equation, namely,

S−1
f (p) = Z f

2

(
i γ · p + mbm

f

)
+ Z f

1 g
2
∫ Λ d4k
(2π)4

Dab
µν (q)

λa

2
γµSf (k)Γbν, f (k, p) , (2)

where mbm
f

is the bare current-quark mass, Z f
1 (µ,Λ) and Z f

2 (µ,Λ) are the vertex and wave-function
renormalization constants at the renormalization point µ, respectively. The integral is over the
dressed-quark propagator Sf (k), the dressed-gluon propagator Dµν(q) with momentum q = k − p
and the quark-gluon vertex, Γaµ (k, p) = 1

2 λ
aΓµ(k, p), with the SU(3) color matrices λa in the

fundamental representation;Λ is a Poincaré-invariant regularization scale, chosen such thatΛ � µ.
The general form of the BSA of a pseudoscalar meson is written in terms of four scalar functions

and Lorentz covariants and is given by,

Γ
f g
M (k, P) = γ5

[
iE f g

M (k, P) + γ · P F f g
M (k, P) + γ · k k · P G f g

M (k, P) + σµνkµPν H f g
M (k, P)

]
, (3)

while the quark propagator is written in terms of two scalar functions

Sf (p) = −iγ · pσ f
v (p

2) + σ
f
s (p

2) = Z f (p2)/
[
iγ · p + Mf (p2)

]
. (4)

The scalar functions are σ f
s (p2) and σ f

v (p2), respectively, whereas Z f (p2) defines the quark’s wave
function and Mf (p2) = Bf (p2)/Af (p2) is the running mass function. In a subtractive renormaliza-
tion scheme the two renormalization conditions,

Z f (p2) = 1/Af (p2)
��
p2=µ2 = 1 , (5)

S−1
f (p) |p2=µ2 = iγ · p + m f (µ) , (6)

are imposed, where m f (µ) is the renormalized current-quark mass related to the bare mass by,

Z f
4 (µ,Λ)m f (µ) = Z f

2 (µ,Λ)m
bm
f (Λ) , (7)
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and Z f
4 (µ,Λ) is the renormalization constant associated with the mass term in the QCD Lagrangian.
The solution of Eq. (1) yields the mass and the Bethe-Salpeter wave function of the meson,

which can be projected on the light-front to extract the distribution amplitudes. It also allows
to obtain the leptonic decay constant, which directly tests the wave function normalization of the
meson:

fMPµ =
NcZ2
√

2

∫ Λ d4k
(2π)4

TrD
[
γ5γµ χM (kη, kη̄)

]
. (8)

The rainbow-ladder (RL) truncation of the integral equation (2) and of the BSE kernel has
proven to be a robust and successful symmetry-preserving approximation of the full tower of
equations in QCD, and allows for the description of light ground-state mesons in the isospin-
nonzero pseudoscalar and vector channels, as well as of the N , N∗ and ∆ baryons [11, 20–25]. The
RL truncation is realized by limiting the fully dressed quark gluon vertex to the perturbative vertex:
Γν, f → γν. We proceed the same way, however we introduce a flavor-dependent ansatz for the
interaction model as follows:

Z f
1 g

2Dµν(q)Γν, f (k, p) =
(
Z f

2
)2
Gf g(q2)Dfree

µν (q)
λa

2
γν , (9)

K f g(k, q; P) = −Z2
2
Gf g(l2)

l2
λa

2
γν
λa

2
γν . (10)

Namely, in Eqs. (9) and (10) we combine the wave-function renormalization constant of both quarks,
Z2(µ,Λ) =

√
Z f

2 Zg
2 , and use a flavored interaction ansatz [19],

Gf g(l2)

l2 = GIR
f g(l

2) + 4πα̃PT(l2), (11)

which leads to a different treatment of the light and heavy quarks and where the averaged interaction
in the low-momentum domain is described by,

GIR
f g(l

2) =
8π2

(ω fωg)
2

√
D f Dg e−l

2/(ω fωg ) , (12)

while the perturbative part is the usual one,

4πα̃PT(q2) =
8π2γmF (q2)

ln
[
τ +

(
1 + q2/Λ2

QCD

)2] , (13)

with γm = 12/(33 − 2Nf ) being the anomalous dimension and Nf the active flavor number,
ΛQCD = 0.234 GeV, τ = e2 − 1, F (q2) = [1 − exp(−q2/4m2

t )]/q
2 and mt = 0.5 GeV. The set of

parameters used for the IR part are reported in Ref. [19].
The last step to compute meson properties implies the knowledge of the quark propagator for

complex momenta,
Sf (qη) = −iγ · qη σ

f
v (q

2
η) + σ

f
s (q

2
η) , (14)

and likewise for Sf (qη̄), as in Euclidean space the arguments q2
η and q2

η̄ define parabolas on the
complex plane,

q2
η = q2 − η2m2

M + 2iηmM |q |zq , (15)
q2
η̄ = q2 − η̄2m2

M − 2iη̄mM |q |zq , (16)

4
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mP Mexp
P εmP [%] fP f exp/lQCD

P ε fP [%]
π(ud̄) 0.140 0.138 1.45 0.094+0.001

−0.001 0.092(1) 2.17
K(us̄) 0.494 0.494 0 0.110+0.001

−0.001 0.110(2) 0
D(cd̄) 1.867+0.008

−0.004 1.864 0.11 0.144+0.001
−0.001 0.150 (0.5) 4.00

Ds(cs̄) 2.015+0.021
−0.018 1.968 2.39 0.179+0.004

−0.003 0.177(0.4) 1.13
ηc(cc̄) 3.012+0.003

−0.039 2.984 0.94 0.270+0.002
−0.005 0.279(17) 3.23

ηb(bb̄) 9.392+0.005
−0.004 9.398 0.06 0.491+0.009

−0.009 0.472(4) 4.03
B(ub̄) 5.277+0.008

−0.005 5.279 0.04 0.132+0.004
−0.002 0.134(1) 4.35

Bs(sb̄) 5.383+0.037
−0.039 5.367 0.30 0.128+0.002

−0.003 0.162(1) 20.5
Bc(cb̄) 6.282+0.020

−0.024 6.274 0.13 0.280+0.005
−0.002 0.302(2) 10.17

Table 1: Masses and decay constants [in GeV] of pseudoscalar mesons [19]. Experimental masses and
leptonic decay constants are taken from the Particle Data Group [26]. The D and Ds decay constants are
FLAC 2019 averages [27] and fηc is from Ref. [28]. The relative deviations from experimental values are
given by εvr = 100% |vexp. − vth. |/vexp..

where zq = q · P/|q | |P |, −1 ≤ z ≤ +1, is an angle. The meson’s masses are obtained from the
solutions of the eigenvalue problem of the BSE. They are listed along with the leptonic decay
constants of ground-state pseudoscalar mesons in Table 1, from which it is clear that they are in
very good agreement with experimental data, when available, or lattice-QCD results otherwise.

Along with the bound-state masses, we also obtain the Bethe-Salpeter amplitudes and in
Figure 1 we plot the dominant scalar functions of the D(cū) meson.

Figure 1: Dominant Bethe-Salpeter amplitudes of the D(cū) meson.
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3. Distribution Amplitudes

Consider a pseudoscalar meson with mass mM constituted from a quark of flavor f and an
antiquark of flavor g; then, one may define a distribution amplitude for this system as the following
light-front projection of the meson Poincaré-covariant Bethe-Salpeter wave function [19, 29]:

fMφM (x, µ) =
Z2Nc
√

2
TrD

∫ Λ d4k
(2π)4

δ(n · kη − xn · P)γ5 γ · n χM (kη, kη̄) , (17)

where fM is the weak decay constant of the pseudoscalar meson, n is an auxiliary light-like four-
vector with n2 = 0, x is the momentum fraction of the quark and n · P = −mM in the rest-frame of
the meson.

Our DSE and BSE framework is formulated in Euclidean metric, analogous to lattice QCD,
and therefore a direct calculation of a light-like correlation function, such as φM (x, µ), is difficult,
although a potential solution within this approach is provided by the Nakanishi representation [29].
In this work we use the Mellin moments method to determine the leading-twist LCDA. We define
the Mellin moment m of a LCDA by,

〈xm〉 =
∫ 1

0
dx xmφM (x, µ) , (18)

using Eq. (17) and then reconstruct the LCDA from thesemoments. In particular, the zerothmoment
serves to normalize the distribution amplitude and we choose,

〈x0〉 =

∫ 1

0
dx φM (x, µ) = 1 . (19)

With this, one may apply the integral in Eq. (18) to both sides of Eq. (17) which, employing the
property of the Dirac function

∫ 1
0 dx xmδ(a − xb) = am

bm+1 θ(b − a), leads to the integral,

〈xm〉 =
Z2Nc
√

2 fM
TrD

∫ Λ d4k
(2π)4

(n · kη)m

(n · P)m+1 γ5 γ · n χM (kη, kη̄) . (20)

The moments 〈xm〉 and therefore the reconstructed distribution amplitudes are valid at a given scale
at which the BSA was calculated. All our results are given for a fixed scale: µ = 2 GeV. Then, in
order to compute the moments 〈xm〉, we first parametrize our solutions for the quark propagators
by using a complex conjugate pole (ccp) parametrization written as the sum,

Sf (q) =
N∑
k=1

[
z f
k

iγ · q + m f
k

+

(
z f
k

)∗
iγ · q +

(
m f
k

)∗ ] , (21)

where m f
k
and z f

k
are complex numbers [30]. These parameters are fitted to the DSE solution (4)

for N = 2 on the real space-like axis p2 ∈ [0,∞), and the thus obtained ccp representation is then
analytically extended to complex momenta. On the other hand, for the case of the meson’s BSAs
we use a Nakanishi representation [29] (perturbation theory integral representation) of the scalar
amplitudes Fi = EM , FM , GM , HM :

Fi(k, P) =
2∑

σ=0

∫ 1

−1
dz ρνσ (z)

UσΛ
2nσ
Fi

(k2 + z k · P + Λ2
Fi
)nσ

, (22)

6
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usingU0 = U0 −U1 −U2,U1 = U1 andU2 = U2, and the spectral density is given by,

ρνσ =
Γ (νσ + 3/2)
√
π Γ (νσ + 1)

(1 − z2)νσ . (23)

The scalar amplitude H(k, P) is negligibly small, has little impact, and is thus neglected. The
advantage of using such representations is that it allows us to write the moments in Eq. (20) in terms
of Feynman integrals. Details of the set of parameters obtained for the ccp representation for the
quark propagators and the Nakanishi representation for BSAs can be found in Ref. [19].

4. Calculated Distribution Amplitudes

In order to reconstruct the distribution amplitudes φM (x, µ) from the light-meson moments,
we write them in terms of Gegenbauer polynomials, Cα

n (2x − 1), of order α which form a complete
orthonormal set on x ∈ [0, 1] with respect to the measure [x(1 − x)]α−1/2. In general, for a flavored
meson such as the kaon, we reconstruct its LCDA with the parity decomposition,

φrec.
M (x, µ) = φ

E
M (x, µ) + φ

O
M (x, µ) , (24)

where we employ one and two Gegenbauer polynomials, respectively, in the even and odd compo-
nents,

φEM (x, µ) =
Γ(2α + 1)
[Γ(α + 1/2)]2

[x x̄]α−
1
2
[
1 + a2Cα

2 (2x − 1)
]
, (25a)

φOM (x, µ) =
Γ(2β + 1)
[Γ(β + 1/2)]2

[x x̄]β−
1
2
[
b1Cβ

1 (2x − 1) + b3Cβ
3 (2x − 1)

]
. (25b)

These even and odd parts of the distribution amplitudes are then determined independently by
separately minimizing,

εE (α, a2) =
∑

m=2,4,...,2mmax

���� 〈ξm〉Erec.
〈ξm〉M

− 1
���� , (26)

εO(β, b1, b3) =
∑

m=1,3,...,2mmax−1

���� 〈ξm〉Orec.
〈ξm〉M

− 1
���� , (27)

with

〈ξm〉M =

∫ 1

0
dx (2x − 1)mφK (x, µ) , ξ = x − (1 − x) = 2x − 1 , (28)

and the reconstructed moments 〈ξm〉E,Orec. are obtained with the distribution amplitudes in Eqs. (25a)
and (25b). For equal valence-quark mesons like the pion, which are eigenstates of charge conju-
gation, the odd contributions in Eq. (24) vanish. We remind that in the asymptotic limit the pion
LCDA tends to [4]:

φπ(x, µ)
µ→∞
−→ φasy = 6x(1 − x) = 6x x̄ . (29)

The heavy mesons are treated similarly, yet we employ a different functional form for φrec.
H given

by [31],
φrec.
H (x, µ) = N(α, β) 4x x̄ e4αxx̄+β(x−x̄) . (30)

7
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〈xm〉D
〈xm〉rec

Figure 2: Values of the moments 〈xm〉D and 〈xm〉rec as a function of the power m..

We take the opportunity to correct an error in the expression for the normalization N(α, β) in
Eq. (58) of Ref. [19]. With the definition of the error function, Erf(x) = 2√

π

∫ x

0 dt et
2 , this becomes:

N(α, β) = 16α5/2

[
4
√
α (β sinh(β) + 2a cosh(β))

+
√
π eα+

β2
4α

(
−2α + 4α2 − β2

) {
Erf

(
2α − β
2
√
α

)
+ Erf

(
2α + β
2
√
α

)} ]−1

. (31)

The reason for this choice is that the Gegenbauer procedure sketched above is appropriate for
broader and concave amplitudes, whereas a distribution amplitude with a convex-concave behavior
reminiscent of the δ-function in the infinite-mass limit is more appropriately described by Eq. (30).
Moreover, using the separation in even and odd components with Eqs. (25a) and (25b) for the
D and B mesons requires the computation of a large number of Mellin moments to fix their
coefficients. The larger moments suffer numerical instabilities in that case and we therefore prefer
the representation in Eq. (30). We thus reconstruct the LCDA by minimizing,

ε(α, β) =

mmax∑
m=1

���� 〈xm〉rec.〈xm〉H
− 1

���� , (32)

with 〈xm〉rec. calculated as described before and making use of Eq. (30). In Figure 2 we present
the results obtained in our reconstruction process for the D-meson with α = 0.038 ± 0.005 and
β = 1.431 ± 0.085 [19].

In the left panel of Figure 3 we observe that φπ(x, µ) is a concave and symmetric function of
x, much broader than the asymptotic limit φasy(x) as a consequence of dynamical chiral symmetry
breaking (DCSB). The symmetrical shape of the pion’s LCDA is precisely due to the fact that it is
made of two quarks of the same flavor, each carrying the same fraction of the bound state’s total
momentum on the light front. On the other hand, φK (x, µ) turns out to be also concave and wider
than φasy(x), but with a pronounced asymmetry and its maximum is located at x = 0.61. This
is a clear signal of flavor SU(3) symmetry breaking and demonstrates that the heaviest valence

8
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0.0
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2.0

2.5

0.0 0.2 0.4 0.6 0.8 1.0
x

ϕDu(x, ζ)
ϕDs

(x, ζ)
ϕK(x, ζ)
ϕπ(x, ζ)
ϕηc(x, ζ)
ϕasy(x)

0

1

2

3

4

5

0.0 0.2 0.4 0.6 0.8 1.0
x

φBu(x, µ)
φBs(x, µ)
φBc

(x, µ)
φDu(x, µ)
φDs(x, µ)
φηb(x, µ)
φηc(x, µ)

Figure 3: Distribution amplitudes on the light front at a renormalization point µ = 2 GeV [19]. Left
panel: Comparison of the light-meson distribution amplitudes φπ(x, µ), φK (x, µ) with φDu (x, µ), φDs (x, µ),
φηc (x, µ), and φasy(x) = 6x x̄ is the asymptotic LCDA. Right panel: Comparison of the LCDAs of the
charmonium, bottonium and the different D and B mesons. Seer Ref. [19] for the origin of the error bands.

quark inside the kaon carries a greater amount of meson momentum. From the DSE solutions we
also find the ratio ME

u /M
E
s = 0.73, where ME

f is the Euclidean constituent quark mass defined by:
ME

f = {p
2 |p2 = M2(p2)}. With respect to the charmedmesons, Du and Ds, we note that their LCDA

are now convex-concave as a function of x and that the distributions are even more asymmetric than
that of the kaon. Here, the heavier charm quark carries most of the meson’s momenta. We also
note that φDu (x, µ) is slightly more asymmetric than φDs (x, µ), which is primarily due to the mass
difference between light and strange quarks for which we obtain the ratio of constituent quarks:
ME

u /M
E
c = 0.30 and ME

s /M
E
c = 0.42. Conversely, the ηc consists of two equal quarks and is

evenly distributed about x = 0.5, however it is narrower than the asymptotic limit.
Moving our attention to the heaviest mesons, we present a comparison between the results for

the bottom and the charmed mesons in the right panel of Figure 3. In this case, the B-mesons are
characterized by a highly asymmetric momentum distribution and we see that the b-quark inside
the Bu and Bs carries almost all of the momentum. Their maxima are located at x = 0.92 and
x = 0.90, respectively, while for φDu (x, µ) and φDs (x, µ) the peaks are located at x = 0.76 and
x = 0.63. The Bc-meson is made of two heavy quarks, though one of them is heavier, and we
note that its LCDA is less shifted towards x > 0.5 with a peak at x = 0.74. In this case we find:
ME

u /M
E
b
= 0.10, ME

s /M
E
b
= 0.12 and ME

c /M
E
b
= 0.32. Finally, we observe that the LCDA of the

ηb is much narrower than that of the ηc.

5. Conclusions

Working within a modified RL truncation of the combined Dyson-Schwinger and Bethe-
Salpeter equations, we computed the leading-twist light cone distribution amplitudes of heavy-light
pseudoscalar mesons. The modified RL truncation consists in the introduction of a different flavor
dependence in the heavy-quark sector of the Bethe-Salpeter ladder kernel, which allows for an
improved calculation of the mass spectrum and leptonic decay constants of heavy-light mesons and
quarkonia at a physical pion mass. With these results, we project the Bethe-Salpeter amplitudes of
the pseudoscalar mesons on the light front and compute moments of the corresponding LCDA.
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The distribution amplitudes we obtain follow the expected pattern, i.e. the pion distribution
amplitude is a concave function, much broader than the asymptotic one. The same is observed for the
kaon which in addition is not symmetric about the midpoint x = 1/2, a visual expression of SU(3)
flavor breaking due to DCSB, and this asymmetry is growing with increasing mass of the heavier
quark. The distribution amplitudes of the D and B mesons describe a convex-concave function,
whereas for the ηc and ηb the symmetric distribution amplitude is of convex-concave-convex form
which tends to a Dirac δ function in the infinite-mass limit.
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