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1. Introduction

Quark-gluon plasma (QGP) is a deconfined phase of QCD with quarks and gluons as effective
degrees of freedom. This phase of matter exists at high temperature and/or high baryon density,
e.g., in the heavy-ion collision experiments such as Relativistic Heavy Ion Collider (RHIC) and
Large Hadron Collider (LHC). Heavy quarks, like charm and bottom, are created mostly in the early
stage of the collision through the hard scattering process. Due to their large mass (<�&) relative to
the QGP temperature ()), they do not thermalize with the fireball and acts as an effective probe to
study the QGP properties [1–5]. Heavy quark traversing through the QCD medium suffers energy
loss due to collision with the plasma constituents and radiation of the soft gluons. Collisional
energy loss is dominant for the heavy quark with low momentum and at high momentum medium
induced gluon radiation becomes dominant. Within Fokker-Planck dynamics, one can treat heavy
quarks to be executing Brownian motion within the plasma where the interactions of the heavy
quarks with the medium constituents are incorporated through the drag and momentum diffusion
coefficients [6–8]. The heavy quark transport coefficients are sensitive to the medium evolution in
presence of the dissipative processes within QGP. The transport coefficients in the hot and dense
QCD medium can be determined from the underlying microscopic theories such as the effective
kinetic theory approach. They could also be extracted experimentally through various observables
at RHIC and LHC. The viscous corrections to the heavy quark transport coefficients due to the
collisional processes have been previously studied [9–13].

We study the sensitivity of the heavy quark drag and diffusion coefficients to the shear and
bulk viscosities of QGP for the radiative process. The realistic equation of state effects is incor-
porated into the analysis through the effective fugacity quasiparticle model (EQPM) description
of the QCD medium [14, 15]. The non-equilibrium distribution function has been obtained by
solving the consistently developed effective Boltzmann equation based on the EQPM by employing
the Chapman-Enskog like iterative method within the relaxation time approximation (RTA) [16].
The mean-field contributions originating from the basic conservation laws are incorporated in the
estimation of the near-equilibrium momentum distribution functions. Here, we present the result
for the effect of shear and bulk viscous corrections to the radiative process of the heavy quark in
terms of its transport coefficients and compare it to the collisional process. We observe a consid-
erable modification in the drag and diffusion coefficients of the heavy quark due to these corrections.

In section 2, the formulation of the heavy quark transport coefficients is discussed for collisional
and radiative processes followed by the EQPM description of viscous corrections to the momentum
distribution function of quasiparticles. Section 3 focuses on the results for drag and diffusion
coefficients of the charm quark including shear and bulk viscous corrections. We summarize with
the conclusion in section 4.
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2. Formalism

2.1 Heavy quark transport coefficients for collision and radiative processes

The heavy quark (�&) undergoes collisions with the medium constituents, 8.4., light quarks
(;@), light antiquarks ( ;̄@) and gluons (6). The elastic (2→ 2) process is,

�& (?) + ;@/;@̄/6 (@) → �& (?′) + ;@/;@̄/6 (@′).

Considering soft scattering approximation, the Boltzmann transport equation for the evolution of
the heavy quark momentum distribution ( 5�&) reduces to the Fokker-Planck equation [6],

m 5�&

mC
=

m

m?8

[
�8 (p) 5�& +

m

m? 9

(
�8 9 (p) 5�&

)]
, (1)

where �8 (p) corresponds to the drag force acting on the heavy quark given as,

�8 (p) =
1

2�?W�&

∫
33q
(2c)3�@

∫
33q′

(2c)3�@′

∫
33p′

(2c)3�?′
×

∑
|M2→2 |2 (2c)4

× X (4) (? + @ − ?′ − @′) 5: (�@) (1 ± 5: (�@′)) [(? − ?′)8] = 〈〈(? − ?′)8〉〉
= ?8 �(?2), (2)

and �8 9 (p) gives the diffusion in momentum space expressed in the above form of thermal average
as,

�8 9 (p) =
1
2
〈〈(? − ?′)8 (? − ?′) 9〉〉 =

[
X8 9 −

?8? 9

?2

]
�0(?2) +

?8? 9

?2 �1(?2), (3)

where W�& = #B × #2 is the heavy quark degeneracy factor with #B = 2, # 5 = 3 (D, 3, B), and
#2 = 3 (for (* (3)). |M2→2 | represents the scattering amplitude for 2→ 2 process explicitly spec-
ified in the Appendix A of ref. [17] and ? = |p| is the magnitude of heavy quark initial momentum.
5: (�@) denotes the distribution function for quarks, antiquarks (: = ;@, ;@̄) and gluons (: = 6). We
have also incorporated the Fermi suppression (1 − 5;@ (�@′)) and Bose enhancement (1 + 56 (�@′))
factors for the final state phase space of the light quarks and gluons, respectively.

From Eq.(2), the heavy quark drag coefficient (�), transverse diffusion (�0) and longitudinal
diffusion (�1) coefficients are defined as,

� = 〈〈1〉〉 − 〈〈p.p
′〉〉

?2 , (4)

�0 =
1
4

[
〈〈?′2〉〉 − 〈〈(p.p

′)2〉〉
?2

]
, (5)

�1 =
1
2

[
〈〈(p.p′)2〉〉

?2 − 2〈〈(p.p′)〉〉 + ?2〈〈1〉〉
]
, (6)
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In the centre-of-momentum frame of the system, the thermal average of a function � (p), in
general, for 2→ 2 process becomes,

〈〈� (p)〉〉2>; =
1

(512 c4)�?W�&

∫ ∞

0
3@

(
B − <2

�&

B

)
5: (�@) (1 ± 5: (�@′))

∫ c

0
3j sin j

×
∫ c

0
3\2< sin \2<

∑
|M2→2 |2

∫ 2c

0
3q2< � (p), (7)

where j is the angle between the heavy quark and medium particles in the lab frame and
B = (�? + �@)2 − |p|2 − |q|2 − 2|p| |q| sin j. The zenith \2< and azimuthal q2< angles are
defined in the center-of-momentum frame. The Debye screening mass (<�) is inserted at leading
order for C-channel gluonic propagator to the in-medium matrix elements.

Along with collision, the heavy quarks can also radiate soft gluons induced by the QGP
medium. The inelastic (2→ 3) process is,

�& (?) + ;@/;@̄/6 (@) → �& (?′) + ;@/;@̄/6 (@′) + 6 (: ′),

where : ′ ≡ (�:′, k′⊥, : ′I) is the four-momentum of the final state soft gluon (: ′ → 0) emitted by
the heavy quark. Comparing this process with the collision case, only the kinematical and the
interaction parts are modified in Eq. (7). The general expression for the thermal averaged � (p) for
2→ 3 process is [18],

〈〈� (p)〉〉A03 = 〈〈� (p)〉〉2>; ×
∫

33k′

(2c)3�:′
∑
|M2→3 |2 X (4) (? + @ − ?′ − @′ − : ′)

× (1 + 5: (�:′)) \1(�? − �:′) \2(g − g� ), (8)

where the theta function \1(�? − �:′) allows the initial heavy quark energy �? to be greater than
the radiated soft gluon energy �:′ in the final state and \2(g − g� ) ensures that the collision time
g of the heavy quark with the medium particles is greater than the gluon formation time g� (LPM
Effect) [19]. (1 + 56 (�:′)) is the Bose enhancement factor for the radiated gluon and |M2→3 |2 is
the matrix element squared for the radiative process, which can be written as [20],

|M2→3 |2 = |M2→2 |2 ×
1262

B

(: ′⊥)2

(
1 +

<2
�&

B
42H:′

)−2

, (9)

where H:′ is the rapidity of the emitted soft gluon and
(
1 +

<2
�&

B
42H:′

)−2
is the dead cone factor for

the heavy quark. The evaluation of the soft gluon 3-momentum integral is discussed in detail in
Appendix B of ref. [17].
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2.2 EQPM distribution function for a viscous QCD medium

The realistic hot QCD medium equation of state can be interpreted in terms of non-interacting
quasiparticles having temperature-dependent effective fugacities. The effects of the thermalmedium
interactions are included through the EQPM based on the lattice QCD equation of state [14, 15].
For the system close to the local equilibrium, the momentum distribution function of the medium
particles takes the form,

5: = 5 0
: + X 5: with X 5:/ 5 0

: � 1, (10)

where 5 0
:
is the EQPM equilibrium distribution function X 5: is the non-equilibrium component.

The EQPM distribution functions for the light quarks/antiquarks and gluons is defined in terms
of effective fugacity parameter I: which encodes the QCD medium interactions as follows (for
vanishing baryon chemical potential),

5 0
;@/;@̄ =

I;@/;@̄ exp[−V(D ·@)]
1 + I;@/;@̄ exp[−V(D ·@)] , 5 0

6 =
I6 exp[−V (D ·@)]

1 − I6 exp[−V (D ·@)] . (11)

The parameters I;@/;@̄ and I6 are effective fugacities that encode theQCD interactions for quarks/antiquarks
and gluons. These temperature-dependent parameters modify the single-particle dispersion relation
as,

@̃:
` = @

`

:
+ Xl: D`, Xl: = )

2 m) ln(I:), (12)

where @̃`
:
= (l: , q:) and @`: = (�@, q:) are the quasiparticle and bare particle momenta, re-

spectively, D` is the normalized fluid velocity such that D`D` = 1 with metric tensor 6`a =
diag(1,−1,−1,−1), and @̃:0 ≡ l: = �@ + Xl: , is the quasiparticle energy. The effective strong
coupling constant (U4 5 5 ) is introduced through EQPM based Debye mass [21].

Using the effective covariant kinetic theory approach, the evolution of the distribution function
is described by the effective Boltzmann transport equation based on the EQPM. Within RTA, it is
has a form [16],

@̃
`

:
m` 5: (G, @̃:) + �`: (D · @̃:) m

(@)
` 5: = − (D · @̃:)

X 5:

g'
, (13)

where g' is the thermal relaxation time and �`
:
= −ma (Xl:DaD`) correspond to the mean-field

force term. The viscous corrections to the distribution function are obtained by solving Eq. (13)
by using iterative Chapman-Enskog like method [22] to obtain the leading order correction to the
distribution function as,

X 5: = g'

(
@̃
W

:
mWV +

V @̃
W

:
@̃
q

:

D · @̃:
mWDq − V\ Xl:

)
5 0
: 5̃

0
: , (14)

where 5̃:
0 ≡ (1 − 0: 5 0

:
) (06 = −1 for bosons and 0;@ = +1 for fermions).

The first-order evolution for the shear stress tensor c`a and bulk viscous pressure Π within the
effective kinetic theory has the following forms,

c`a = 2 g' Vc f`a , Π = −g' VΠ \, (15)
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with \ ≡ m`D` as the scalar expansion and f`a ≡ Δ`a
UV
∇UDV where Δ`a

UV
≡ 1

2 (Δ
`
UΔ

a
V
+ Δ`

V
ΔaU) −

1
3Δ

`aΔUV denotes traceless symmetric projection operator orthogonal to the fluid velocity D`.
Here, Vc and VΠ are the first-order coefficients [23].

Using the evolution equation, the shear and bulk viscous corrections to the distribution function
can be expressed as,

X 5: = X 5
shear
: + X 5 bulk: , (16)

X 5 shear: =
V 5 0

:
5̃ 0
:

2Vc (D.@̃:)
@̃U: @̃

V

:
cUV, (17)

X 5 bulk: = −
V 5 0

:
5̃ 0
:

VΠ (D.@̃:)

[
(D.@̃:)222

B −
| q̃: |2

3
− (D.@̃:)Xl:

]
Π. (18)

Substituting the modified in-medium particle distribution functions with the shear and bulk
viscous corrections from Eq. (17) and (18) into Eqs. (4)-(6), we obtain the non-equilibrium cor-
rections to the heavy quark drag and diffusion coefficients in the viscous medium up to first order.
Considering longitudinal boost invariant expansion through Bjorken prescription [24] with Milne
coordinates (g, G, H, [B), the Eq. (17) and Eq. (18) gets simplified to,

X 5 shear: =
5 0
:
5̃ 0
:
s

Vcl:)g

([
s

) [
|qk |2

3
− (@:)2I

]
, (19)

X 5 bulk: =
5 0
:
5̃ 0
:
s

VΠl:)g

(
Z

s

) [
(l:)222

B −
|qk |2

3
− (l:)Xl:

]
, (20)

where g =
√
C2 − I2 is the proper time and [B = tanh−1(I/C) is the space-time rapidity with

D` = (1, 0, 0, 0) and 6`a = (1,−1,−1,−1/g2). Here, \ = 1/g, Π = −Z/g and c`af`a = 4[/3g2.
[ and Z denotes the shear viscosity and bulk viscosity of the QGP respectively, 22

B is the speed of
sound squared and s is the entropy density in the medium.

3. Results

In our analysis, we consider the charm quark mass <2 = 1.3 GeV, quark-hadron transition
temperature )2 = 170 MeV for three massless light quark flavors with zero net baryon density and
the proper time g = 0.25 fm. Fig. 1 (upper panel) displays the effect of shear viscous correction on
the momentum dependence of the charm quark transport coefficients for collisional and radiative
processes. The transport coefficients are scaled with their respective values for [ = 0 case. The
trend of the plots can be described from Eqs. (4)- (8). It is observed that the shear viscosity reduces
the heavy quark drag (�([)/�([ = 0)) (upper-left panel) and is more prominent at low momenta
of the charm quark (? ≈ 1 − 3 GeV) wherein the increase of shear viscosity results in a decrease
in the drag coefficient for both collisional and radiative processes. However, at high momentum
(? ≈ 10 GeV), the drag coefficient increases with an increase in the shear viscosity to entropy
density ratio [/s. This could be realized from the interplay of two terms in Eq. (4) for the low and
high momentum regimes while incorporating the viscous effects through Eq. (19). In contrast to
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Figure 1: Charm quark transport coefficients with shear viscous correction scaled with corresponding value
for non-viscous case ([ = 0) as a function of its initial momentum ? (upper panel) at and as a function of
QGP temperature )/)2 (lower panel).

the drag coefficient, the transverse diffusion coefficient (�0([)/�0([ = 0)) (upper-middle panel)
increases with the shear viscous correction near ? ≈ 1 GeV which further gets suppressed after
? & 3 GeV. The longitudinal momentum diffusion coefficient (�1([)/�1([ = 0)) (upper-right
panel) of the charm quark is considerably reduced at low momenta (? . 2 GeV) affecting both
collisional and radiative curves equally with the variation of [/s. For momenta ? & 6 GeV, the
longitudinal diffusion coefficient increases compared to its value in the absence of shear viscosity
and higher [/s results in a larger deviation.

Fig. 1 (lower-left panel) shows the effect of variation of the scaled drag coefficient �([)/�([ =
0) as a function of the scaled QGP temperature )/)2 . It is seen that the shear viscous effect
reduces the charm quark drag coefficient throughout the considered temperature range at ? = 5
GeV. This behaviour can be accounted by the negative contribution from the factor

[
|qk |2

3 − (@:)
2
I

]
in Eq. (19) for X 5 shear

:
. The shear viscous effect is more pronounced near the transition temper-

ature () ≈ 1.5)2) as observed from the temperature dependence of Vc , i.e., Vc ∝ )4 such that
s

Vc)
∝ 1
) 2 in the definition of X 5 shear

:
in Eq. (19). The temperature dependence indicate suppres-

sion of the transverse diffusion coefficient �0([)/�0([ = 0) (lower-middle panel) of the charm
quark with an increase in shear viscosity. This suppression, however, is observed to be relatively
more for the radiative process compared to the collision. The longitudinal momentum diffusion
(�1([)/�1([ = 0)) (lower-right panel) seems to increase with an increase in [/s for both collision

7
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Figure 2: Charm quark transport coefficients with bulk viscous correction scaled with corresponding value
for non-viscous case (Z = 0) as a function of its initial momentum ? (left panel) at and as a function of
temperature )/)2 (right panel).

and radiative processes for ) < 4)2 . The shear viscous effect to the diffusion coefficients is more
visible near the low temperature regimes.

In Fig. 2 (left panel), the effect of bulk viscous correction to the momentum dependence of
the charm quark drag coefficient (�(Z)/�(Z = 0)) is shown. The bulk viscosity seems to reduce
the heavy quark drag with a constant dependence throughout the considered momentum range.
The drag coefficient ratio decreases with an increase in bulk viscosity to entropy density ratio Z/s.
This can be understood by the suppression of X 5 bulk

:
due to the negative terms in Eq. (20) with an

increase in Z/s. Fig. 2 (right panel) shows the effect of the variation of the scaled drag coefficient as
a function of the scaled QGP temperature )/)2 . It is clear that the bulk viscosity effect is prominent
near the transition temperature ) ≈ 1.5)2 and the drag coefficient approaches the conformal limit
(22
B ≈ 1

3 ) at high temperatures ) & 4)2 . This behaviour can be explained from Eq. (20) where in
the limit ) >> )2 , we have I: → 1 (ideal equation of state) and the medium modified part of the
dispersion relation vanishes, 8.4., Xl: → 0 in Eq. (12). The remaining two terms get cancelled in
our case of the massless quasiparticles, leading to effectively zero contribution from X 5 bulk

:
at high

temperature. We also notice that both collisional and radiative processes show identical behaviour
with the variation in bulk viscosity.

4. Conclusion

We have investigated the transport coefficients of the heavy (charm) quark in the viscous QGP
by considering its Brownian motion in the hot QCD medium using the Fokker-Planck dynamics.
The inelastic process of soft gluon radiation by the heavy quark is studied along with the elastic
collision interactions with the medium constituents. The thermal medium interactions are included
in the analysis through EQPM effective degrees of freedom. The shear and bulk viscous corrections
are incorporated at leading order into the quarks, antiquarks, and gluon momentum distribution
functions which are obtained by solving the effective Boltzmann equation based on the EQPM
framework. The viscous corrections to the charm quark drag and diffusion coefficients have been
estimated as a function of its initial momentum and QGP temperature. We observe that the shear

8
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viscous correction to the heavy quark transport coefficients is prominent for low momentum as well
as near the transition temperature. The preliminary result for leading order bulk viscous correction
is also presented for the charm quark drag coefficient. In future, we plan to include the shear and
bulk viscous corrections up to the second-order into the in-medium particle distribution function.
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