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Transverse momentum dependent (TMD) distributions at small x exhibit a rich infinite twist
structure that encompasses the leading twist (partonic) distributions as well as the physics of
gluon saturation. Progress to further the connection between the standard TMD framework at
moderate x and small x has been recentlymade. In this context, we show that light coneWilson line
operators at small-x can be formulated in terms of transverse gauge links. This new formulation of
small x operators allows a direct matching with the standard leading twist gluon TMD distributions
and provides an efficient and general prescription for computing TMD distributions at small x
beyond leading twist.
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1. Introduction

The partonic picture of the proton arises naturally in the Bjorken limit, where the hard scale
Q and center-of-mass energy s tend to infinity, while x ∼ Q2/s ∼ 1. Long distance physics where
confining forces take place is then encoded into parton distribution functions that factorize from
the hard matrix elements that only involves weekly interacting partons. In addition to the Bjorken
limit, there exists another regime of QCD, the so-called Regge limit that is expected to be reached
at high enough energy and small x ∼ Q2/s→ 0. In this regime, where the gluon number increases
rapidly, non-linear recombination effects become important causing the gluon number density to
saturate in the proton. In this high density environment, partons are no longer the pertinent degrees
of freedom and the physics is best described by strong classical fields A ∼ 1/g which are resummed
into light cone Wilson lines acting on hadronic states [1–5].

In the past few years, a lot of progress has been made in relating small-x physics to transverse
momentum dependent (TMD) distributions that have been thoroughly studied in the Bjorken limit.
In [6], the authors showed how to extract the small x limit of a Transverse Momentum Dependent
(TMD) distribution by performing a transverse gradient expansion of Wilson line operators in
the context of dijet production in the forward direction. This twist expansion yields two field
strength tensors F−i at leading twist describing the exchange of two physically polarized gluons
albeit multiplied by gauge links to ensure gauge invariance. Although this small x calculation was
performed in the “wrong” light cone gauge, the final result is manifestly gauge invariant. This
suggests that the reformulation of small x observables in an explicitly gauge invariant way from the
get-go would permit a more transparent connection with the standard TMD framework.

There have been few attempts to unify small and moderate x evolution equations for leading
twist TMD’s recently [7, 8]. However, no equivalence was formulated beyond the leading power in
k⊥/Q until very recently. In [9, 10], it was shown that a class of observables at small x could be
rewritten as the eikonal limit of an infinite twist TMD framework. This new formulation of small-x
physics was based on a reorganization of the twist expansion. Although the final expressions were
fairly simple it would be cumbersome to generalize to other classes of observables.

In this work [11], we revisit the aforementioned equivalence, and uncover the underlying
geometric structure which preserves the explicit gauge invariance of the operators. For this purpose,
we demonstrate that pairs of Wilson line operators have a transparent and powerful formulation in
terms of transverse gauge links. In this new approach for TMD’s at small-x in terms of transverse
gauge link operators it will be straightforward to generalize to other observables.

2. Transverse parallel transport and the dipole operator in DIS dijet production

Before discussing sub-amplitudes involved in computing small x observables, let us first show
how transverse gauge links can naturally arise from light cone Wilson lines. Transverse gauge links
constitute the corner stone of our new formulation of small x in terms of TMD distributions.

In the semi-classical formulations of small x physics it is common to computes scattering
amplitudes in the “wrong” light cone gauge, i.e., A+ = 0 for a left moving target, by fixing the
residual gauge freedom such that the classical transverse field vanishes and x+ infinities. Therefore,
only the − component of the background field is taken into account through light-like Wilson lines
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along the x+ direction. On the other hand, in the light-cone gauge A− = 0, the target gauge field is
a transverse pure gauge Ai = i

gΩ∂
iΩ−1 , where Ω is an element of SU(3).

The connection to TMD physics requires the formulation of the problem in terms of field
strength tensors, typically introduced by performing a gradient expansion in transverse position
space that yields ∂iA− ∼ Fi−. In effect, this corresponds to the parallel transport of Wilson line op-
erators on the transverse plane as will be shown shortly. For any pair of transverse positions (x1, x2)
and defining r = x1 − x2, we can readily write Ωx1(x

+) = Ωx2(x
+) − r i

∫ 1
0 ds (∂iΩ)x2+sr (x

+).
Now, note that ∂iΩx(x+) = igAi(x+, x)Ωx(x+) where Ai (with i = 1, 2) is the target pure
gauge field. Combining the two remarks above then multiplying by Ω−1

x2 (x
+) on the right yields

Ωx1(x
+)Ω−1

x2 (x
+) = 1 − ig r i

∫ 1
0 ds Ai(x+, x2 + sr)Ωx2+sr (x

+)Ω−1
x2 (x

+). Notice that the latter equa-
tion defines a Wilson line along the straight line trajectory parametrized by the real number s with
values between 0 and 1 and such that z(0) = x2 and z(1) = x1, that is z(s) = x2 + sr . This Wilson
line, that we denote as Ωx1(x

+)Ω−1
x2 (x

+) ≡ [x1, x2]x+ , solves the following equation:

[x1, x2]x+ = 1 − ig
∫ x1

x2

dz · A(x+, z)[z, x2]x+ . (1)

Although this transverse gauge link was constructed for a straight line trajectory it can be easily
shown that it is independent of the trajectory connecting the endpoints so long as the transverse
field is a pure gauge.

Now let us consider the (non-singlet) dipole operator that one encounters in dijet production in
eA collisions where the target is most commonly described by the A− gauge field,

Mi j ∼

(
Ux1(∞, ξ)U

†
x2(ξ,∞)

)
i j
. (2)

whereUx(∞, ξ) = P exp
[
ig

∫ ∞
ξ

dx+ A−(x+, x)
]
, is a path orderedWilson line along the x+ direction.

Obviously, Eq. (2) is notmanifestly gauge covariant. To remedy this let us performa gauge rotation of
A− field A−(x+, x) → Ωx(x+)A−(x+, x)Ω−1

x (x
+)− 1

igΩx(x+)∂−Ω−1
x (x

+). Under such transformation
the Wilson line yields Ux(∞, ξ) → Ωx(∞)Ux(∞, ξ)Ω

−1
x (ξ). Assuming that the gauge field vanishes

at light-cone infinity for simplicity, one is left with the following structure (see Fig. 1 (left))

M → Ux1(∞, ξ)[x1, x2]ξU†x2(ξ,∞) , (3)

where we have used the transverse gauge link derived previously which connects the quark and the
antiquark at ξ. A diagrammatic depiction of Oξ (x1, x2) is given in Fig. 1, left panel. In Eq. (3), it is
possible to absorb the longitudinal Wilson lines into the transverse link with the following change
of variables Ai(ξ, z) → Âi(ξ, z) ≡ Uz(ξ,∞)Ai(ξ, z)U†z (ξ,∞) +

1
ig (∂

iUz)(∞, ξ)U
†
z (ξ,∞). We have

now established thatM ∼ [x̂1, x̂2]ξ which allows to understand the dipole operator as a transverse
string built from the rotated (hatted) transverse gluon fields.

As a simple application (for more details see [11]) let us now briefly show that given the above
reformulation of the dipole operator it is straightforward to recover the Weizsäcker-Williams (WW)
TMD. By iterating (1) once, one finds

M ∼ 1 + ig
∫ x1

x2

dzi Âi
(ξ, z) + (ig)2

∫ x1

x2

dzi
∫ z

x2

dz ′j Âi
(ξ, z)[ ẑ, ẑ ′]ξ Â

j
(ξ, z ′) . (4)
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Figure 1: Diagrammatic representation of the dipole operator Eq. (3) (left). Gauge link structure of the WW
distribution (right).

The second and third terms correspond to the one-body and two-body amplitudes, respectively,
derived in [10] and we have shown that they emerge from a transverse link where the leading
genuine twist ∝ Ai, corresponding to the exchange of a single (transversely polarized) gluon,
is separated form higher twist. Focusing on the former contribution, we readily obtain, upon
multiplication by the complexe conjugate amplitude,

|M|2 ∼ 〈P |Fi−(
v

2
)U
[+]
v
2 ,−

v
2

F j−(−
v

2
)U
[+]

− v
2 ,

v
2
, |P〉 . (5)

where we have used Âi(ξ, z) =
∫ ∞
ξ

dz+Uz(∞, z+)Fi−(z+, z)U†z (z+,∞) andU[+]’s are "staple" shaped
gauge link structures involving future pointing light cone Wilson lines and we have set z = v/2 and
−v/2 in amplitude and its complex conjugate respectevely. Here we recognize the field strength
and gauge link structure of the WW gluon distribution, depicted in Figure 1, that appears in the
improved-TMD framework [12] and in the all twist formulation derived in Ref. [10]

3. Extension to generic color structures and multiple-line operators

A general prescription for arbitrary color structure and multiple line operators can easily be
inferred from the above dipole operator, based on re-expressing the light cone Wilson lines in
terms of transverse gauge links. More details can be found in the original article [11] which these
proceedings are based upon. Besides the technical benefits of this approach that provides a powerful
tool to extend the TMD/small-x equivalence [9, 10], it also allows for a new geometric interpretation
of hadronic operators at small x. Finally, it will be interesting to investigate implications beyond
tree level and possible connections to the Bjorken limit.
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