Higgs boson pair production at N3 LO QCD
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Understanding the Higgs potential by measuring its self-interactions is fundamental in answering
several big questions, such as electroweak symmetry breaking, electroweak baryogenesis, electroweak phase transition, and electroweak vacuum stability. The most promising way to probe
the Higgs potential is to detect Higgs boson pair final state at high-energy colliders. In this talk,
we report a recent perturbative calculation for the di-Higgs gluon-fusion process by taking into
account N3 LO QCD radiative corrections in the approximation of infinite top quark mass limit.
Finite top quark mass effects are also incorporated with several approximate schemes, which are
known to be crucial in phenomenological applications. We show a very good asymptotic perturbative convergence at O(αs5 ), and demonstrate that the remaining scale uncertainty is only at
percent level.
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1. Introduction
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Figure 1: Schematic illustrations of Higgs potential at finite temperature for (a) first-order phase transition
and (b) second-order phase transition, and of (c) Higgs potential at zero temperature.

Among all possible Higgs self couplings that characterise the Higgs potential, the Higgs
trilinear coupling λhhh is understood as the most viable quantity that can be measured precisely.
The precision of λhhh is therefore crucial to disentangle the different phase transitions, and to probe
BSM dynamics that might be at very high scales [8]. The determinations of λhhh , either indirectly
through single Higgs or directly via di-Higgs production, at future experiments are expected to be
at the level of 50% (20%, 5%) accuracy at HL-LHC (future e+ e− machines, FCC-hh) with respect
to its SM value [9]. In particular, it has been suggested that a 100 TeV pp collider could be an
ultimate precision machine for this quantity [10].
In this talk, we will focus on the Higgs boson pair process at pp colliders, such as LHC,
HE-LHC and FCC-hh, which is dominantly produced via gluon-gluon fusion (ggF). Our discussion
will also be mainly in the context of the SM. The precision theoretical calculations of gg → hh
in the literature mainly follow two different routes. The first one is to carry out computations
with full top-quark mass mt dependence, which are very hard to improve because the lowest order
2
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It is widely acknowledged that the discovery of the Higgs boson at the LHC has singled out a
unique route to deepen our understanding of the fundamental laws of nature at subatomic scales. One
of the most peculiar features in the Standard Model (SM) is the shape of the Higgs potential, which
drives the electroweak symmetry breaking and therefore the mass acquirements of the observed
particles. Many people believe that there must be a (unknown) microscopic interpretation of the
Higgs potential, an analogy for the Bardeen-Cooper-Schrieffer theory to the superconductivity.
The Higgs potential is also crucial in answering several other big questions related to cosmology.
In the thermal history of early universe, different Higgs potentials predict that our universe has
undergone different types of electroweak phase transitions. Lattice calculations show that there is
no phase transition (i.e., a crossover) in the setup of SM [1, 2]. Generic Higgs sectors in many
extensions of the SM (BSM) predict phase transitions in the electroweak epoch, in which most
of them are first order (like Fig. 1a) while the rest could be second order (like Fig. 1b, known
with infinite correlation length). The first-order phase transition is very interesting to explain the
matter-antimatter asymmetry in the universe (known as baryogenesis) [3]. The first-order phase
transition may also leave detectable cosmic imprints, such as primordial gravitational waves [4, 5]
and magnetic fields [6]. The Higgs potential also determines the stability of our current vacuum as
illustrated in Fig. 1c. If it is like the green curve in the figure, as what most likely the case in the
SM [7], our universe may decay to a lower vacuum through quantum tunneling at some point.
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2. N3 LO QCD corrections in the infinite top quark mass limit
Before discussing our N3 LO results, we need to briefly review a few technical aspects of the
calculation. The three-loop and four-loop Wilson coefficients for the effective interactions between
one and two Higgs bosons and gluons from top-quark loops can be found in Refs. [21, 23, 36–41].
According to the number of effective vertices after squaring amplitudes, gg → hh can be organised
into three classes: (a) two-, (b) three-, (c) four-effective vertices. The class (a) shares the same
topology as gg → h(∗) , and therefore we can recycle the existing N3 LO calculation of the single
Higgs process [42–45]. Due to the power counting of αs , we need to carry out NNLO corrections to
the class (b), where the two-loop amplitude has been computed in Ref. [46]. We adopt the NNLO
qT subtraction/slicing approach [47] to deal with infrared divergences, where some universal
ingredients are from Refs. [48–53], while the NLO corrections to di-Higgs plus a jet, which also
constitute parts of the computation, were evaluated with the help of the MadGraph5_aMC@NLO
framework [54, 55]. Because the lowest order of the class (c) is O(αs4 ), we only need to compute the
NLO QCD corrections, which were taken care of by MadGraph5_aMC@NLO too. The validation
of our results is guaranteed by several careful cross checks we have done as shown in Ref. [26].
Figure 2a reports the total cross sections of gg → hh in the infinite top quark mass limit as
√
a function of the centre-of-mass energy s from the LHC energies to 100 TeV. Results with LO
(red), NLO (green), NNLO (brown hatched), and N3 LO (blue) accuracies are shown. In the lower
inset, the ratios of these cross sections over the central N3 LO cross section are displayed. The
conventional renormalisation and factorisation scale uncertainties are represented by the bands. It
turns out that the N3 LO QCD corrections enhance the NNLO cross sections by around 3%, while
the scale uncertainty is significantly reduced by almost a factor of four. The remaining N3 LO
scale uncertainty is below the parton distribution function (PDF) parameterisation uncertainty.
Meanwhile, we observe very good (asymptotic) perturbative convergence at this order. Besides the
3
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is already a loop-induced process. Thus, the full next-to-leading order (NLO) QCD corrections,
as well as their matching to parton shower (PS) programmes, were only known recently [11–18].
Several lessons we have learned from these studies. The intrinsic theoretical uncertainty only
from renormalisation and factorisation scale variations may be underestimated significantly due to
the ignorance of other possible sources, such as those stemming from the ambiguities in the top
quark mass scheme, the PS matching scheme, and the PS shower scale choices. Besides, the usual
reasonable approximations to extend top-quark mass mt corrections by rescaling full mt Born and
even real radiation [19] can fail the true QCD corrections significantly. The second approach usually
being taken is to approach the infinite/heavy/large top quark mass limit (mt → ∞), which is well
motivated in the single Higgs case. The obvious advantage of this approach is that the process starts
to feature non-zero tree-level contribution, whose precision is easier to be improved. Indeed, the
NLO computation has been known since two decades [20]. Next-to-next-to-leading order (NNLO)
was also available [21–24] for a while, and recently we have carried out the first next-to-next-tonext-to-leading order (N3 LO) calculation [25, 26], which is the main content of this talk. In the same
approximation, the soft-gluon resummation effects have also been considered in Refs. [27–29]. On
the other hand, the mt → ∞ approximation is insufficient for the phenomenological applications.
Thereby, many theoretical efforts have been devoted to investigate the finite mt corrections based
on this approximation [19, 30–35].
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Figure 2: (a) Total cross sections vs s from LO to N3 LO in the mt = ∞ limit. (b) The comparisons of
three mt approximations at N3 LO. (c) NNLO vs N3 LO with a mt approximation. Plots from Refs. [25, 26].

total cross sections, the Higgs pair invariant mass distributions are also known exactly at N3 LO.
Other differential distributions are only presented in an approximated way. This is because the
N3 LO corrections to the class (a) are not available, and we have to use the global N3 LO over NNLO
K factors for the partial results of this class (a). We refer the interested readers to Ref. [26] for more
details. The overall message is that for all the differential distributions we have considered, except a
few regimes that populated by soft-gluon radiation, N3 LO changes their shapes in a very mild way.
This gives us the confidence of the asymptotic αs perturbative convergence in the process.

3. Finite top quark mass corrections at N3 LO
The inclusion of finite top quark mass corrections are essential to scrutinise the (differential)
cross sections of gg → hh. Since the full mt results have been computed only at NLO, we have
to take into account the finite mt corrections in the NNLO and N3 LO corrections. We have used
three different top quark mass approximation schemes [26]. A comparison of them can be found
in Figure 2b, where the full mt NLO result (NLOmt ,grey) from Powheg-Box [15, 17, 56] is also
shown. Our best prediction is that obtained within the N3 LO⊗NLOmt scheme (blue band), where
the N3 LO in the mt = ∞ limit has been rescaled with full mt NLO. One can attribute to the difference
between N3 LO⊗NLOmt and N3 LOB−i ⊕NLO (green hatched) as a way to estimate the missing top
quark mass uncertainty. Such an uncertainty is around 5% at N3 LO. Figure 2c compares NNLO
and N3 LO results with our best finite mt scheme. As it should be, this scheme inherits the scale
uncertainties of the infinite mt results. Therefore, as expected, the band width of N3 LO⊗NLOmt
(blue) is significantly reduced with respect to that of NNLO⊗NLOmt (brown hatched). Again, we
refer to the interested readers to Ref. [26] for the complete results, i.e., at other centre-of-mass
energies and/or for other differential distributions.

4. Conclusions
In this talk, we have reported the first N3 LO calculations for Higgs pair production in the
gluon fusion channel with the infinite top quark mass limit. At this order, the scale uncertainty has
been significantly reduced to be below 3% (2%) at 13 (100) TeV, where the PDF parameterisation
uncertainty is bigger than the scale uncertainty. Our results show pretty good asymptotic αs
perturbative convergence at N3 LO. For the purpose of phenomenological applications, we have also
taken into account the approximated finite top quark mass effects at NNLO and N3 LO together with
the known full mt NLO results. It provides the state-of-the-art predictions for the future di-Higgs
measurements at the LHC and at other proposed high-energy accelerators.
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(a) Cross sections with mt = ∞ limit (b) Three finite mt approximations (c) NNLO vs N3 LO with finite mt
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