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In this talk, we present a recent investigation of the sufficient and necessary conditions for CP
conservation in the leptonic sector with massive Majorana neutrinos in terms of CP-odd weakbasis invariants. The number of weak-basis invariants to guarantee CP conservation in the leptonic
sector is clarified and a new set of invariants are advocated for the description of CP conservation,
given the physical parameters in their experimentally allowed regions.
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1. Introduction
The future long-baseline accelerator neutrino oscillation experiments are about to discover CP
violation in the leptonic sector and precisely measure the relevant CP-violating phase [1]. On the
other hand, CP violation is an indispensable ingredient to dynamically generate cosmological matterantimatter asymmetry [2]. If leptonic CP violation is significantly large, then the matter-antimatter
asymmetry in our Universe may be naturally explained via the leptogenesis mechanism [3]. At the
low-energy scale, the effective Lagrangian with three massive Majorana neutrinos in the leptonic
sector is given by
(1)

where 𝜈LC ≡ C𝜈L T with C ≡ i𝛾 2 𝛾 0 being the charge-conjugation matrix, while 𝑀𝑙 and 𝑀𝜈 denote
the charged-lepton mass matrix and the Majorana neutrino mass matrix, respectively. The last
term in Eq. (1) stands for the charged-current weak interaction with 𝑔 being the gauge coupling
constant of the SU(2)L gauge group. Leptonic flavor mixing and CP violation come from the
mismatch between the diagonalization of the complex charged-lepton and Majorana neutrino mass

b ≡ Diag 𝑚 𝑒 , 𝑚 𝜇 , 𝑚 𝜏 and 𝑀𝜈 =
matrices. When changing to the mass basis where 𝑀𝑙 = 𝑀
𝑙

b𝜈 ≡ Diag 𝑚 , 𝑚 , 𝑚 , the leptonic flavor mixing matrix, also called the Pontecorvo-Maki𝑀
1
2
3
Nakagawa-Sakata (PMNS) matrix [4, 5], appears in the the charged-current interaction and leads
to CP violation. In the standard parametrization [6], the PMNS matrix reads

𝑈PMNS
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𝑐 13 𝑠12
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(2)

where 𝑐 𝑖 𝑗 ≡ cos 𝜃 𝑖 𝑗 and 𝑠𝑖 𝑗 ≡ sin 𝜃 𝑖 𝑗 (for 𝑖 𝑗 = 12, 13, 23) have been defined, {𝜃 12 , 𝜃 13 , 𝜃 23 } are three
flavor mixing angles, and {𝛿, 𝜌, 𝜎} are three CP-violating phases.
In order to describe CP violation and find out the sufficient and necessary conditions for CP
conservation in a basis-independent way, one can construct the CP-odd weak-basis (WB) invarants
following the idea first put forward by Branco and his collaborators [7, 8]. In the leptonic sector,
CP is conserved if and only if the Lagrangian in Eq. (1) is invariant under the following generalized
CP transformation [8]
𝑙L → 𝑈L C𝑙L∗ ,

𝜈L → 𝑈L C𝜈L∗ ,

𝑙R → 𝑈R C𝑙R∗ ,

𝑊 𝜇− → −(−1)

𝛿0𝜇

𝑊 𝜇+ ,

(3)

where the asterisk “∗” indicates the complex conjugation and 𝛿0𝜇 (for 𝜇 = 0, 1, 2, 3) stands for the
Kronecker delta, while 𝑈L and 𝑈R are two arbitrary 3 × 3 unitary matrices in the flavor space. Then
the sufficient and necessary conditions for CP conservation in the leptonic sector are equivalent to
the existence of the unitary matrices 𝑈L and 𝑈R satisfying [8]
𝑈L† 𝑀𝜈 𝑈L∗ = −𝑀𝜈∗ ,

𝑈L† 𝑀𝑙 𝑈R = 𝑀𝑙∗ .

(4)

In terms of 𝐻𝑙 ≡ 𝑀𝑙 𝑀𝑙† , 𝐻 𝜈 ≡ 𝑀𝜈 𝑀𝜈† and 𝐺 𝑙𝜈 ≡ 𝑀𝜈 𝐻𝑙∗ 𝑀𝜈† , it has been suggested in Ref. [9] that
the minimal set of sufficient and necessary conditions for CP conservation in the leptonic sector are
2
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1
𝑔
Llepton = −𝑙L 𝑀𝑙 𝑙R − 𝜈L 𝑀𝜈 𝜈LC + √ 𝑙L 𝛾 𝜇 𝜈L𝑊 𝜇− + h.c. ,
2
2
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given by the following three identities
 3o
=0,
𝐻 𝜈 , 𝐻𝑙
 

≡ Im Tr 𝐻𝑙 𝐻 𝜈 𝐺 𝑙𝜈 = 0 ,
n
 3o
≡ Tr 𝐺 𝑙𝜈 , 𝐻𝑙
=0.

I1 ≡ Tr
I2
I3

n

(5)
(6)
(7)

4

𝑙𝜈

𝑙

𝜈

An immediate question is whether the number of sufficient and necessary conditions for leptonic
CP conservation is three or four.
In this talk, motivated by this question, we reexamine the sufficient and necessary conditions
for leptonic CP conservation with massive Majorana neutrinos. An intuitive answer would be three,
which is also the total number of independent phases in the PMNS matrix in Eq. (2). However, as
we shall show by a counter example, the vanishing of all the three invariants I𝑖 (for 𝑖 = 1, 2, 3) is in
general not sufficient to guarantee CP conservation. Moreover, we suggest a new set of three WB
invariants, and demonstrate that the vanishing of them indeed serves as the sufficient and necessary
conditions for CP conservation at least in the whole experimentally allowed parameter space of
lepton masses and mixing angles [10].

2. Sufficient and necessary conditions
Now we show a counter example for the statement that I𝑖 = 0 (for 𝑖 = 1, 2, 3) are sufficient for
CP conservation [10]. First, in the basis where both 𝑀𝑙 and 𝑀𝜈 are diagonal, one can explicitly
calculate I1 by using the PMNS matrix in Eq. (2). It turns out that
I1 = −6iΔ21 Δ31 Δ32 Δ𝑒𝜇 Δ 𝜇𝜏 Δ 𝜏𝑒 J ,

(12)

where Δ𝑖 𝑗 ≡ 𝑚 𝑖2 − 𝑚 2𝑗 (for 𝑖, 𝑗 = 1, 2, 3) and Δ 𝛼𝛽 ≡ 𝑚 2𝛼 − 𝑚 2𝛽 (for 𝛼, 𝛽 = 𝑒, 𝜇, 𝜏) denote the
mass-squared differences for neutrinos and charged leptons, respectively. In addition, the Jarlskog
invariant [11, 12] is given by J ≡ 𝑠12 𝑐 12 𝑠23 𝑐 23 𝑠13 𝑐213 sin 𝛿. Given the best-fit values of neutrino
mass-squared differences {Δ21 = 7.39 × 10−5 eV2 , Δ31 = 2.523 × 10−3 eV2 } and three mixing angles
{𝜃 12 = 33.82◦ , 𝜃 13 = 8.61◦ , 𝜃 23 = 48.3◦ } from Ref. [13],1 together with the charged-lepton masses
1Note that we take normal neutrino mass ordering for illustration, and the case of inverted mass ordering can be
analyzed in a similar way.

3
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Note that all the masses of charged leptons and neutrinos are assumed to be non-degenerate, which
is consistent with experimental observations [6]. With the help of the transformations of 𝑀𝑙 and
∗ , and verify that
𝑀𝜈 in Eq. (4), one can obtain 𝑈L† 𝐻𝑙 𝑈L = 𝐻𝑙∗ , 𝑈L† 𝐻 𝜈 𝑈L = 𝐻 𝜈∗ and 𝑈L† 𝐺 𝑙𝜈 𝑈L = 𝐺 𝑙𝜈
I𝑖 (for 𝑖 = 1, 2, 3) are indeed WB invariants and they all vanish if CP is conserved. On the other
hand, it has been proved in Ref. [8] that the vanishing of another set of four WB invariants serves
as sufficient and necessary conditions for CP conservation with non-degenerate lepton masses, i.e.,
 

b ≡ Im Tr 𝐻 𝐻 𝐺
I
=0,
(8)
1
𝑙 𝜈 𝑙𝜈
 

b ≡ Im Tr 𝐻 𝐻 2 𝐺
I
=0,
(9)
2
𝑙 𝜈 𝑙𝜈
 

2
b ≡ Im Tr 𝐻 𝐻 𝐺 𝐻
I
=0,
(10)
3
𝑙 𝜈 𝑙𝜈 𝜈



b ≡ Im Det 𝐺 + 𝐻 𝐻
I
=0.
(11)
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𝑚 𝑒 = 0.511 MeV, 𝑚 𝜇 = 105.658 MeV and 𝑚 𝜏 = 1776.86 MeV [6], one can see that I1 vanishes if
and only if the Dirac CP phase 𝛿 takes a trivial value (i.e., 0 or 𝜋). As long as I1 = 0 holds, I2 = 0
and I3 = 0 give two nonlinear equations of the Majorana CP phases 𝜌 and 𝜎, namely,
I20 = −2.092 sin(2𝜌) − 8.754 sin(2𝜎) − 0.035 sin(2𝜌 − 2𝜎) = 0 ,
I30

(13)

= +0.471 sin(2𝜌) − 3.535 sin(2𝜎) + 1.177 sin(2𝜌 − 2𝜎)
−0.199 sin(2𝜌 + 2𝜎) − 2.574 sin(2𝜌 − 4𝜎) − 0.934 sin(2𝜎 − 4𝜌) = 0 ,

(14)

This numerical counter example proves that I𝑖 = 0 (for 𝑖 = 1, 2, 3) are not sufficient conditions for
leptonic CP conservation.
Generally speaking, since the vanishing of three WB invariants supplies three independent
but nonlinear equations of three CP phases, the trivial values of three CP phases are not the
unique solution to these equations. Certainly the nontrivial solutions depend on all the physical
parameters. Thanks to the elegant neutrino oscillation experiments, we now have quite a precise
knowledge about neutrino mass-squared differences and flavor mixing angles. Furthermore, the
charged-lepton masses are precisely measured, so the only unknown parameter that the nontrivial
solutions of CP phases depend on is the absolute mass of the lightest neutrino 𝑚 1 . This allows
us to find another set of three WB invariants such that the vanishing of these invariants renders
all the CP phases to take only trivial values, at least in the physical allowed parameter space,
i.e., 0 ≤ 𝑚 1 < 0.04 eV. The construction of new WB invariants is straightforward, given the
transformation rules of 𝐻𝑙 , 𝐻 𝜈 and 𝐺 𝑙𝜈 under the WB transformation. One can write down a series

 
𝑛 𝐻𝑟 𝐻 𝑠 𝐺 𝑡 · · ·
of WB invariants in the form of I𝑟𝑘𝑚𝑛
≡ Im Tr 𝐻𝑙𝑘 𝐻 𝜈𝑚 𝐺 𝑙𝜈
, where the power
𝑠𝑡
𝑙 𝜈 𝑙𝜈
indices {𝑘, 𝑚, 𝑛, 𝑟, 𝑠, 𝑡} are non-negative integers and the ellipsis denotes the additional matrices
composed of 𝐻𝑙 , 𝐻 𝜈 and 𝐺 𝑙𝜈 . It is easy to verify these quantities I𝑟𝑘𝑚𝑛
𝑠𝑡 are invariant under the WB
transformations and they are related to all three CP-violating phases.
We find that it is indeed possible to construct a new set of three WB invariants, the vanishing
of which guarantees CP conservation in the the experimentally allowed parameter space. For
b }. As before, I = 0 is equivalent to 𝛿 = 0 or 𝜋. After 𝛿 being
illustration, we choose {I1 , I2 , I
2
1
b = 0 supply two independent and nonlinear equations of 𝜌 and
set to trivial values, I2 = 0 and I
2
𝜎. Then, we fix all the other physical parameters at their best-fit values mentioned before. Finally,
b = 0. In Fig. 1, we show the real and
for a given value of 𝑚 1 , we can numerically solve I2 = I
2
2The precision observations of the cosmic microwave background and the large-scale structures in our Universe give
the upper bound 𝑚 1 + 𝑚 2 + 𝑚 3 < 0.12 eV on neutrino masses, implying 0 ≤ 𝑚 1 < 0.04 eV in the case of normal neutrino
mass ordering.

4
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where the invariants I20 ≡ I2 /(106 eV4 · MeV4 ) and I30 ≡ I3 /(6i · 1024 eV6 · MeV12 ) have been
properly normalized. In Eqs. (13) and (14), the best-fit values of all the physical parameters have
been taken, except for CP phases. In particular, we have assumed the yet-unknown lightest neutrino
mass to be 𝑚 1 = 0.03 eV just for illustration, which is well compatible with the cosmological bound
on neutrino masses [14].2 Apart from the trivial solutions (i.e., 0 or 𝜋/2), Eqs. (13) and (14) do
have nontrivial solutions for 𝜌 and 𝜎, indicating the existence of CP violation,
(
(
𝜌 = 38.551◦
𝜌 = 141.449◦
,
or
.
(15)
𝜎 = 173.146◦
𝜎 = 6.854◦
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b = 0, the real parts (left panel) and imaginary parts (right panel) of the
Figure 1: Given I1 = I2 = I
2
nontrivial solutions of 𝜌 (red dashed curve) and 𝜎 (blue solid curve) are shown as functions of 𝑚 1 .

imaginary parts of the nontrivial solutions of 𝜌 and 𝜎 as functions of 𝑚 1 in the left and right panel,
respectively. Interestingly, both panels of Fig. 1 give a critical point located at
𝑚 1 = 𝑚 ∗ ≈ 0.0557 eV ,

(16)

whose exact value certainly depends on the input values of other physical parameters. For 𝑚 1 > 𝑚 ∗ ,
the nontrivial solutions of 𝜌 and 𝜎 are real and thus physically allowed, so the CP conservation is
violated. For 𝑚 1 ≤ 𝑚 ∗ , the solutions of 𝜌 and 𝜎 become purely imaginary, which is physically
meaningless, so the CP conservation is maintained. As the cosmological bound on neutrino masses
b = 0 is sufficient
enforces 𝑚 1 to be less than 0.04 eV, it is convincing to assert that I1 = I2 = I
2
to guarantee CP conservation for all the physical parameters within their experimentally allowed
b } is by no means
regions. It is worthwhile to notice that the choice of three WB invariants {I1 , I2 , I
2
unique, but the impact of different choices is just a different value of the critical mass 𝑚 ∗ . All we
need to care about is to find a set of three WB invariants with the critical mass 𝑚 ∗ greater than
b, I
b
0.04 eV. For example, the set {I1 , I
2 3 } also works, with the critical mass 𝑚 ∗ ≈ 0.142 eV.

3. Summary
We have found a counter example, in which three WB invariants given in Ref. [9] vanish but CP
violation is still present. Moreover, we advocate a new set of three WB invariants and prove that the
vanishing of them serves as the sufficient and necessary conditions for CP conservation in the whole
physically allowed parameter space. When neutrino masses are partially or completely degenerate,
the number of CP phases and the sufficient and necessary conditions for CP conservation in the
leptonic sector have recently been studied in Ref. [15].
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