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We present and develop a general dispersive framework allowing us to construct representations of
the amplitudes for the processes 𝑃𝜋 → 𝜋𝜋, 𝑃 = 𝐾, 𝜂, valid at the two-loop level in the low-energy
expansion. The construction proceeds through a two-step iteration, starting from the tree-level
amplitudes and their S and P partial-wave projections. The one-loop amplitudes are obtained for
all possible configurations of pion masses. The second iteration is performed in the cases where
either all masses of charged and neutral pions are equal or for the decay into three neutral pions.
Issues related to analyticity properties of the amplitudes and their lowest partial-wave projections
are given particular attention.
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1. Introduction

2. Model-independent description of the data
Traditionally, for comparing experimental data with theories, the Dalitz plot parametrization
has been used (see, e.g. [11]). For instance, for 𝜂(𝑘) → 𝜋1 ( 𝑝 1 ) 𝜋2 ( 𝑝 2 )𝜋3 ( 𝑝 3 ), with Mandelstam
variables 𝑠𝑖 = (𝑘 − 𝑝 𝑖 ) 2 , one introduces kinematic variables
√
3
3
𝑥=
(𝑠2 − 𝑠1 ),
𝑦=
((𝑚 𝜂 − 𝑚 3 ) 2 − 𝑠3 ) − 1,
(1)
2𝑚 𝜂 𝑄
2𝑚 𝜂 𝑄
where 𝑄 is the energy of the reaction, 𝑄 = 𝑚 𝜂 − 𝑚 1 − 𝑚 2 − 𝑚 3 . The square of the invariant
amplitude of the considered process is then parametrized using the polynomial


|M | 2 = | 𝐴| 2 1 + 𝑎𝑦 + 𝑏𝑦 2 + 𝑐𝑥 + 𝑑𝑥 2 + 𝑒𝑥𝑦 + 𝑓 𝑦 3 + 𝑔𝑥 2 𝑦 + · · ·
with real parameters 𝑎, 𝑏, . . . .
However, from the unitarity of the theory, we know that amplitudes can possess some nonanalyticities. For instance, the two-pion loop generates a branching point at 4𝑚 2𝜋 . For data analyses,
usually, only amplitudes within the physical region are relevant. It can happen that this point is
sufficiently outside of the physical region, thereby unaffecting the experimental parametrization.
But various intermediate particles can manifest themselves as non-analyticities in the physical
region. For example, in the processes with the neutral pion pair in the finite state, there could be
a contribution of the charged-pion pair intermediate state and as 𝑚 𝜋 0 < 𝑚 𝜋 ± , the charged pion
branching point occurs in the physical region and it leads to the cusp effect. (Note that its strength
is sensitive to 𝜋 + 𝜋 − → 𝜋 0 𝜋 0 scattering and can be used for an analysis of this process.)
Therefore, polynomial parametrizations cannot describe well the amplitudes with these effects.
One has to use more complicated theory-inspired parametrizations (sometimes partially giving up
model independence). Nowadays, dominantly those following from the non-relativistic effective
field theory [12] or various dispersive appoaches [13] are used.
Our aim has been to construct a fully relativistic parametrization valid at the two-loop level in
the low-energy expansion possessing all the analytic properties correctly and taking into account the
isospin breaking connected to the 𝑚 𝜋 0 ≠ 𝑚 𝜋 ± difference. The isospin breaking effects stemming
2
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This contribution is partially based on [1], where a more detailed discussion of the technical
aspects and also a more complete list of references can be found.
During the last decades, the experimental knowledge of the 𝐾 ± , 𝐾 𝐿 and 𝜂 decays to three
pions has greatly improved. We have high statistics data for them (see, e.g., [2–5]). In all the
relevant cases, there exist observations and also analyses of the cusp effect. There are also other
measurements and analyses on-going or planned [6, 7].
These decays live in the realm of low-energy quantum chromodynamics (QCD), so the applicable theories are chiral perturbation theory, lattice QCD and similar. These processes are important
for the studies of QCD in this regime. The studies of decays of 𝜂 lead to the determination of the
𝑚 𝑢 − 𝑚 𝑑 quark masses (see, e.g. [8]) and can give limits on CP violations [9]. Those processes
with the cusp effect can be used for the determination of the 𝜋𝜋 scattering lengths [10].
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Figure 1: The typical reconstruction procedure of the amplitude for scattering process 𝑃𝜋 → 𝜋𝜋. 𝑡0,1 (𝑠)
and 𝑓0,1 (𝑠) are S and P partial waves of 𝑃𝜋 → 𝜋𝜋 and 𝜋𝜋 → 𝜋𝜋 amplitudes, respectively.

from the electromagnetic interactions (such as the exchange of the virtual photons, photon emission)
are neglected.

3. Construction of the parametrization for a scattering process of stable particles
We generalize the method of the "reconstruction theorem," first established in [14]. The tools
we use for such construction are the following. From the analyticity of the amplitudes (which is
connected to the principle of causality), we can deduce the dispersion relations (DRs) that enable a
construction of the full amplitude from the knowledge of its analytic structure and the values of the
discontinuities along the branch cuts up to a polynomial.
From the unitarity (which is connected to the principle of conservation of the probability), we
can obtain the imaginary part of amplitude from the amplitudes of the intermediate processes.
The importance of individual contributions of various parts and amplitudes is given by the
assumption of the low energy behavior of the partial waves (𝐸 is the energy scale of the process),
Re 𝑡ℓ=0,1 = 𝑂 (𝐸 2 ),

Re 𝑡ℓ ≥2 = 𝑂 (𝐸 4 ),

Im 𝑡ℓ=0,1 = 𝑂 (𝐸 4 ),

Im 𝑡ℓ ≥2 = 𝑂 (𝐸 8 ),

(2)

which stems from the chiral counting in the chiral perturbation theory.
The last tool that matches the output of the unitarity relations and the input of DRs is the real
analyticity of the amplitude. It tells that the discontinuity along the branch cut of the amplitude is
(up to a factor) equal to its imaginary part. (The details for all of the tools are discussed in [1].)
The typical reconstruction procedure of the scattering process proceeds as illustrated in Fig. 1.
We take the leading order amplitudes as the input. The unitarity tells us the imaginary part of
the amplitude to the higher order in 𝑂 (𝐸), which is afterward used in the dispersion relations that
gives us up to a polynomial the considered amplitude to this higher precision. In a similar way, we
can construct the 𝜋𝜋 scattering amplitudes, which enables us to perform the second step, thereby
obtaining the amplitude to the two-loop level. It is parameterized by coefficients of the polynomials.
3
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Im 𝑡0,1 (𝑠)
at 𝑂 (𝐸 4 )
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4. Construction of the parametrization for processes with unstable particles

5. Two-loop parametrization of 𝐾 → 3𝜋 and 𝜂 → 3𝜋 amplitudes
Using the methods and prescriptions given in the previous sections, we have obtained the
wanted parametrizations [1]. As an example, we show here the structure of the one for 𝜂 → 3𝜋 0
decay amplitude for 𝑚 𝜋 0 ≠ 𝑚 𝜋 ± .
The amplitude consists of two parts,
𝜂

𝜂

𝜂

M00 = 𝑃00 (𝑠, 𝑡, 𝑢) + 𝑈00 (𝑠, 𝑡, 𝑢) + 𝑂 (𝐸 8 ),

(3)

where the polynomial part

𝜂
𝑃00 (𝑠, 𝑡, 𝑢)

= 𝐴𝜂 + 𝐶𝜂

(𝑠 − 𝑠0 ) 2 + (𝑡 − 𝑠0 ) 2 + (𝑢 − 𝑠0 ) 2
𝐹 𝜋4




+ 𝐸𝜂

(𝑠 − 𝑠0 ) 3 + . . .

depends on three parameters 𝐴 𝜂 , 𝐶 𝜂 and 𝐸 𝜂 and the unitary part


𝜂
𝑈00 (𝑠, 𝑡, 𝑢) = 16𝜋 W𝜂;00 (𝑠) + W𝜂;00 (𝑡) + W𝜂;00 (𝑢)

𝐹 𝜋6


(4)

(5)

as its name suggests follows from the unitarity and within W𝜂;00 (𝑠), it contains various kinematic
functions1 𝐾˜ 𝑖 , 𝑖 = 1, . . . , 17 multiplied by polynomials in 𝑠 depending (linearly) on the parameters
1The correct analytic structure is hidden in those kinematic functions 𝐾˜ 𝑖 . We have a closed form for some of them,
but the majority has to be computed using dispersive integrals
∫ ∞
𝑑𝑥 e
𝑘 𝑖 (𝑥)
e𝑖 (𝑠) = 𝑠
.
(6)
𝐾
𝜋 4𝑀 𝜋2 𝑥 𝑥 − 𝑠 − i0
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The procedure described in the previous section works well for scattering processes of stable
particles [15, 16]. In order to obtain the amplitude of a decay process, one can, in principle, perform
an analytic continuation in Mandelstam variables into the decay region. However, there appears a
complication for an unstable particle 𝑃 as the real analyticity is lost and there is no direct connection
between the imaginary part and the discontinuity. One way to overcome this obstacle is to construct
the amplitudes in a fictitious world, where the mass of particle P is stable, i.e., 𝑀 𝑃 < 3𝑚 𝜋 0 and
perform afterwards an analytic continuation in 𝑀 𝑃 . The main question of such a procedure is how
to find the correct analytic continuation that leads to the right physical amplitude.
For that end, we use the fact that for our procedure, it is enough to require the right analytic
procedure only in the region where the low-energy expansion works, and there it should be the same
as the one obtained by using the Feynman diagram method in some effective theory with the same
expansion. Therefore, the study of the analytic properties of all the possible diagrams that could
contribute to such a process leads us to the correct continuation in 𝑀 𝑃 .
For the various cases, it is the following. The analysis at the one-loop level is simple even
if we consider different masses of the pions, 𝑚 𝜋 0 ≠ 𝑚 𝜋 ± . At the two-loop level for 𝑚 𝜋 0 = 𝑚 𝜋 ± ,
the analysis was performed already in [17, 18]. In [1], we have succeeded in its extension for the
isospin breaking in the decays of the neutral particles that possess the cusp effect, 𝐾 𝐿 → 3𝜋 0 and
𝜂 → 3𝜋 0 . The analyses for the remaining processes at the two-loop level remain to be done.
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𝐴 𝜂 , 𝐶 𝜂 and the other parameters of the one-loop 𝜂 → 𝜋 ± 𝜋 ∓ 𝜋 0 and 𝜋𝜋 scattering processes. If we
take these other parameters as known from some additional analyses, the amplitude merely depends
on three parameters. Note, however, that we need a square of the amplitude for a data fit, so there
is a quadratic dependence on the parameters.

6. Conclusions and the outlook
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