The Shape of the Correlation Function
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The correlation function measured in ultrarelativistic nuclear collisions is strongly non-Gaussian.
Using two different models we study which effects can influence its shape and how much. In
particular, we focus on the parametrizations expressed with the help of Lévy-stable distributions.
We show that the Lévy index may deviate substantially from 2 due to non-critical effects such as
resonance decays, event-by-event fluctuations and functional dependence on 𝑄 LI or similar. We
also study the corrections including the first-order Lévy expansion.
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1. Introduction
Correlation femtoscopy [1] provides us an information about the sizes of the homogeneity
region of the fireball in relativistic heavy-ion collisions. The two-particle correlation functions
were fitted with a Gaussian form at first, but the real shape turned out to be strongly non-Gaussian
and thus it is better described by a Lévy-stable distribution. Recent experimental results [2] reports
a value of Lévy index well below 2. There are arguments that the value of Lévy index equal to
0.5 may identify matter produced at the critical endpoint of the QCD phase diagram. Nevertheless,
there are some non-critical effects which can affect the value of the Lévy index significantly

Two-particle correlation function probes the momentum-space structure of correlations between pairs of particles produced in heavy-ion collisions. In this work, we focus on correlations
between charged pion pairs. We use the correlation function in the form
2
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where 𝑞 = 𝑝 1 − 𝑝 2 is the momentum difference, 𝐾 = 12 ( 𝑝 1 + 𝑝 2 ) is the average momentum and
𝑆(𝑥, 𝐾) is the emission function which describes the probability that a particle with momentum 𝑝
is emitted from position 𝑥. Also the smoothness approximation 𝐾 ≈ 𝑝 1 ≈ 𝑝 2 is assumed.
The Lévy parametrization is more general
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The parameters 𝜆 0 and 𝑅𝑖2𝑗 are analogous to those used in the Gaussian parametrization, but have no
direct correspondence with the source widths. The Lévy index 𝛼 controls the form of the distribution
used to approximate correlation function: for 𝛼 = 2 Lévy distribution becomes Gaussian, while for
𝛼 = 1 it becomes exponential. The one-dimensional Lévy parametrization has form
𝐶 𝐿 (𝑄) = 1 + 𝜆 0 exp(−|𝑅 0𝑄| 𝛼 ).

(3)

3. Effects Leading to Non-Gaussian Behaviour
We focused on three effects which can lead to non-Gaussian behaviour. The first is event
averaging. Each event differs from the rest due to random fluctuations of size, geometric and
dynamical anisotropies, and so on. The correlation function is conventionally averaged over a large
number of different events. Its formula thus must be replaced by [4, 5]
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The second effect is due to the use of a one-dimensional projection of the relative momentum.
The correlation function is then a function of a single scalar quantity: either the Lorentz-invariant
variable
𝑄 2LI = −𝑞 𝜇 𝑞 𝜇 = 𝑞® · 𝑞® − (𝑞 0 ) 2
(5)
or a longitudinally boost-invariant one [2]
s
𝑄 2LBI =

( 𝑝 1𝑥 − 𝑝 2𝑥 ) 2 + ( 𝑝 1𝑦 − 𝑝 2𝑦 ) 2 +

( 𝑝 1𝑧 𝐸 2 − 𝑝 2𝑧 𝐸 1 ) 2
.
𝐾02 − 𝐾𝑙2

(6)

4. Models
To show that our results are not artifacts due to specific model, we use two different models.
Firstly, the blast-wave model [6], which describes an expanding locally thermalised fireball. It is
characterized by the emission function


 ∗
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𝜏d𝜏
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where Θ (1 − 𝑟) is Heaviside step function, 𝐸 ∗ = 𝑝 𝜇 𝑝 𝜇 is the energy in the rest frame of the fluid
and 𝑟 = 𝑅 (𝑟𝜃) is a scaled radius of fireball in transverse plane.
We used DRAGON [7] to generate events, which is a Monte Carlo event generator based on
the blast-wave model with added resonance decays. For this study we generated sets of 50,000
events with parameters set to: temperature 𝑇 = 120 MeV, the average transverse radius 𝑅0 = 7 fm,
freeze-out time 𝜏fo = 10 fm/𝑐, the strength of the transverse expansion 𝜌0 = 0.8. CRAB [8] was
then used to generate correlation functions from these events.
The second is the hydrodynamic model iEBE-VISHNU [9, 10]. It is a 2+1-D hydrodynamic
simulation with Müller-Israel-Stewart equations and Glauber MC initial conditions. We generated
1,000 events of 0 − 10% Au+Au collisions at 200𝐴 GeV with freeze-out temperature 120 MeV and
𝜂/𝑠 = 0.08. To compute the HBT correlation function we used the HoTCoffeeh code [11], which
directly evaluates Cooper-Frye integrals over the freeze-out surface on an event-by-event basis.

5. Results
We calculated 1D and 3D correlation functions and obtained the Lévy index with a 1D fit using
Eq. (3) or a 3D fit using Eq. (2). We focus on the 𝐾𝑇 -dependence of the Lévy index. First, we used
the hydrodynamic model to check the relative importance of several of the effects discussed above.
In Figure 1 we see the impact of three of them: correlation function with resonances vs. without
resonances, single event vs. event-averaged, and finally 𝑄 LI vs. 𝑄 LBI .
From this figure, we can say that the latter two effects do not affect the Lévy index significantly.
We find that the inclusion of resonances reduces the value of the Lévy index by 0.2-0.3. Nevertheless,
3
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The third effect we studied is the impact of resonance decays on the Lévy index. Different
resonances contribute to the correlation function with different lengthscales and timescales, while
the Gaussian function is given by only a single lengthscale. Therefore, the correlation function
must deviate from a Gaussian form once resonance effects are included.
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as we show below, the largest effects are concentrated mainly at low 𝐾𝑇 and are due to the use of
the 1D projection of the relative momentum.
To estimate the model-independent impact of resonances on the Lévy index, we calculated its
𝐾𝑇 -dependences using both our models (Figure 2). This plot shows that, regardless of the model
used in calculations, resonances reduce the value of the Lévy index by ∼0.2. The figure contains also
the comparison of the 1D (left) and 3D (right) Lévy fit of the correlation function. By comparing
them it can be seen that the 1D projection cause a large decrement of Lévy index.
To find out why does the 1D projection affect Lévy index so significantly we look at different
directions of 3D correlation function (Figure 3). These plots show, that while the correlation
function behaves similarly in outward and sideward direction, the 𝐾𝑇 -dependence in longitudinal
direction behaves differently. Moreover, it seems that the resonances do not affect the correlation
function in the longitudinal direction as much as in the transverse plane.
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Figure 2: The Lévy index of the 1D fit to the correlation function in 𝑄 LI (left) and the Lévy index of the 3D
fit to the correlation function according to Eq. (2) (right). The blue circles show results from a source without
resonances, while the green squares show results from a source with resonances. The solid points correspond
to the blast-wave model and the open points represent the hydrodynamic results for event-averaged (solid)
and single-event (dashed) correlation functions.
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Figure 1: A comparison of 𝛼(𝐾𝑇 ) with and without different non-Gaussian effects in the hydrodynamic
model: with and without event averaging and for different choices of 𝑄 (solid blue and dashed green vs.
dotted red and dash-dotted cyan). The comparison is made both for thermal pions only (left panel) and for
the full thermal and resonance contributions added together (right panel).
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Figure 3: The Lévy index of the 1D fits to the correlation function in 𝑞® along different axes, with or without
resonances. In this figure 𝑥 corresponds to outward, 𝑦 to sideward and 𝑧 to longitudinal direction. Left panel:
blast-wave model. Right panel: hydrodynamics.

6. Corrections
Even Lévy parametrization cannot describe our correlation functions perfectly. Thus we need
to study the corrections to higher orders. We decompose the data into Lévy expansion up to first
order [12]
𝛼 𝛼
𝐶 (𝑄) = 1 + 𝜆𝑒 −𝑅 𝑄 [1 + 𝑐 1 𝐿 1 (𝑄|𝛼)] ,
(8)
where 𝑐 1 is a complex expansion coefficient and 𝐿 1 is the Lévy polynomial given by the formula
  
 
1
1
2
𝐿 1 (𝑡|𝛼) =
Γ
𝑡−Γ
.
(9)
𝛼
𝛼
𝛼
Unfortunately, we found such fits very unstable. We have been able to obtain the coefficient 𝑐 1 but
not the higher order corrections. The dependence of 𝑐 1 on 𝐾𝑇 is shown in Figure 4 for a 3D fit to
a 3D correlation function. It can be seen that the 𝑐 1 is closer to 0 for higher 𝐾𝑇 , but the general
conclusion is that the first-order is not negligible and thus our correlation functions are neither
Lévy-shape.
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Figure 4: The first-order correction coefficient 𝑐 1 as a function of 𝐾𝑇 obtained from 3D fit to the correlation
function according to Eq. (2).
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7. Conclusions
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We have shown that the shape of the correlation function, as well as the index of the Lévystable parametrization fitted to the correlation function, may be influenced by a variety of different
mechanisms. All our results show that the Lévy index may deviate substantially from the value of
2 due to non-critical effects. Not all of the studied effects have significant influence, but two of
them are found to cause notable deviations. The first arise from the projection of the 3D relative
momentum 𝑞® onto a scalar 𝑄, and the second arise from the inclusion of resonance decays. Since we
used two different models, these results appear to be robust and not merely artifacts of the models we
have used. For this reason, the conclusions presented here may be regarded as model-independent.

