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Mass-split composite Higgs models naturally accommodate the experimental observation of a
light 125 GeV Higgs boson and predict a large scale separation to other heavier resonances. We
explore the SU(3) gauge system with four light (massless) and six heavy (massive) flavors by
performing numerical simulations. Since the underlying system with degenerate and massless ten
flavors appears to be infrared conformal, this system inherits conformal hyperscaling and allows
to study near-conformal dynamics. Carrying out nonperturbative lattice field theory simulations,
we present the low-lying particle spectrum. We demonstrate hyperscaling, predict the anomalous
mass dimension of the corresponding conformal fixed point, and show that in the investigated
mass regime the data are described by dilaton chiral perturbation theory. The proximity of a
conformal infrared fixed point leads to a highly predictive particle spectrum which is quite distinct
from QCD. Further we present initial results of our finite temperature investigations.
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1. Introduction

The standard model (SM) very successfully describes the interactions of the electro-weak and
strong forces. It is however an effective theory and new physics is needed to explain e.g. dark
matter or UV complete the Higgs sector. Focusing at the Higgs sector, experiments have revealed a
light, 125 GeV Higgs boson [1–3] but so far no other heavier resonances. This implies that beyond
the standard model (BSM) theories aiming to explain the Higgs sector are required to exhibit a
large separation of scales [4–11] to match experimental observations. Such a large separation of
scales occurs e.g. in near-conformal systems with a “walking” gauge coupling [12, 13]. To explore
the dynamics of near-conformal systems, we use the construction of a mass-split model built on a
conformal infrared fixed point (IRFP) [8, 14, 15]. Specifically we study an SU(3) gauge system
with N` = 4 light flavors of mass m̂` and Nh = 6 heavy flavors of mass m̂h [16, 17] using the same
lattice actions as our investigation of the massless Nf = 10 system [18, 19].

A system with ten massless flavors is conformal i.e. the gauge coupling is irrelevant and runs to
the IRFP. By raising the mass of the heavy flavors, we create a mass-split system that is governed by
the nearby IRFP at high energies. The heavy flavors decouple in the infrared where chiral symmetry
for the light flavors breaks spontaneously and the gauge coupling starts running again. The heavy
flavors play an active role in this setup. Their mass controls the separation between UV and IR
scales and effectively sets the hadronic energy scale [20]. The properties of the low energy system
differ significantly from a QCD-like setup. Most notably, the isosinglet scalar (0++) appears to
be light and may need to enter the effective chiral Lagrangian which requires an extension named
dilaton chiral perturbation theory (dChPT) [21–26]. The particle spectrum of mass-split models is
characterized by the inherited conformal hyperscaling.

In this report we first show conformal hyperscaling in our 4+6 mass-split system and ex-
tend/demonstrate dChPT to mass-split systems. In Section 3 we give a brief outlook on our studies
of the underlying finite temperature phase structure. We aim to explore whether this new strongly
coupled sector extending the SM could give rise to primordial gravitational waves in the early
universe.

2. Hyperscaling and Dilaton Chiral Perturbation Theory

Properties of mass-split systems can be deduced using arguments based on Wilsonian renor-
malization group (RG) methods. We assume that in the UV both mass parameters are much lighter
than the cutoff Λcut = 1/a, i.e. m̂l � 1, m̂h � 1 where a denotes the lattice spacing and m̂`,h are
masses in lattice units. Once the energy scale µ is lowered from the cutoff, the RG flowed lattice
action moves in the infinite parameter action space. Both masses increase according to their scaling
dimension ym, m̂`,h → m̂`,h(aµ)−ym . They remain however sufficiently small such that the system
stays close to the conformal critical surface and gauge couplings run toward the IRFP.

For this scenario we can use standard hyperscaling arguments [27–29] to show that any physical
quantity aMH of mass dimension one follows, at leading order, the scaling form [15]

aMH = m̂1/ym
h
ΦH (m̂`/m̂h) , (1)
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Figure 1: Left: ratio of pseudoscalar mass (Mps) over pseudoscalar decay constant (Fps) demonstrating
hyperscaling for dimensionless ratios. Middle: combined and correlated fit using the hyperscaling relation
(Eq. (1)) to extract the universal scaling dimension ym from measured Fps values. Right: testing dChPT in
the light sector assuming a specific form of the dilaton potential.

where ym = 1+γ?m is the universal scaling dimension of the mass at the IRFP andΦH some function
of m̂`/m̂h. If we consider a ratio of two quantities, Eq. (1) implies that this ratio will only depend
on m̂`/m̂h.

The left panel of Fig. 1 demonstrates this by showing ratios of pseudoscalar masses with
two heavy, two light, or one heavy and one light flavor in the valence sector over the light-light
pseudoscalar decay constant. Despite changing mh from 0.200 to 0.150, data for the three different
ratios (open, filled, and shaded symbols) trace out unique curves. The high quality of our data even
allows us to directly exploit the hyperscaling relation in Eq. (1) as we show in the central panel.
Replacing the unknown functions ΦH by a polynomial of second degree, we perform a combined
and correlated fit to 51 data points for the pseudoscalar decay constants. The fit exhibits an excellent
p-value and finds the universal scaling dimension ym = 1.470(42). Since γ?m is small, this suggests
that Nf = 10 is sufficiently far from the onset of the conformal window [12, 30]. Our value lies in
between values predicted for Nf = 8 and 12 [31–39].

Next we consider the low energy infrared limit of our system. Since chiral symmetry of the light
sector breaks spontaneously, we expect it can be described by a chiral effective Lagrangian smoothly
connecting to the hyperscaling relation Eq. (1) which is valid at the hadronic scale µ = ΛH . First
we express the lattice scale a in terms of the hadronic scale ΛH

MH/ΛH = (aMH ) · m̂
−1/ym
h

= ΦH (m̂`/m̂h) , (2)

and deduce the relation

m f ∝ m̂`(aΛH )
−ym · ΛH = (m̂`/m̂h) · ΛH . (3)

Equation (1) and the predicted ym = 1.470(42) scaling exponent indicate that our data do not
follow the standard chiral perturbative form. We test an extension, dChPT [21–26], that assumes
the presence of a light scalar state. Following [26] we make a specific assumption for the Higgs
potential which leads to the relation

M2
ps

F2
ps

=
1

ymd1
W0

(
ymd1

d2
m f

)
, (4)
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Figure 2: Left: Time history of the plaquette P for 84 and 163 × 8 simulations at β = 4.03. Middle left:
Ensemble averaged plaquette against amh for simulations on 84 lattices. Middle right: Time history of
Polyakov loop for 163 × 8 lattices at β = 4.03. Right: Comparison of the ensemble averaged Polyakov loop
for 84 and 163 × 8 lattices at β = 4.03 for different values of amh . All simulations have m̂`/m̂h = 1.

where W0 is the Lambert W-function and d1, d2 are mass independent constants. Using our data
from the light sector, we can fit for d1 and d2 as shown in the right panel of Fig. 1. This further
demonstrates the beauty of our mass-split model. The relevant parameter is m̂`/m̂h, which is a
continuous variable. Since this fit works well, it can be interpreted that our simulations performed
so far fall into the range of dChPT. Additional simulations at smaller m̂`/m̂h may reveal the need
for higher order terms or the applicability of regular chiral perturbation theory.

3. Investigations of the Finite- and Zero-Temperature Phase Structure

Understanding the phase structure of the Nf = 10 mass-degenerate and 4+6 mass-split systems
provides insight into their continuum thermodynamic properties and their behavior as latticemodels.
On the one hand, the order of the finite-temperature phase transition yields information about these
systems that could be relevant in the early universe. A particularly exciting possibility is the
production of primordial gravitational waves from a first-order finite-temperature transition that
next-generation gravitational wave detectors may unearth [40–43]. On the other hand, we also
expect a zero-temperature bulk phase transition separating a weak coupling phase with a well-
defined continuum limit from a strong coupling “bulk” phase [44–46]. The average plaquette 〈P〉
and average Polyakov loop 〈Pl〉, despite not being true order parameters, are sensitive to both
transitions [44]. We therefore utilize both observables to understand the location and order of each
phase transition. In Fig. 2, we present preliminary results for the phase transitions in the Nf = 10
mass-degenerate system using 163 × 8 and 84 lattices, where the fourth direction (aL4) corresponds
to the inverse temperature.

We map out the bulk phase transition on zero-temperature 84 lattices by keeping the bare gauge
coupling β fixed and varying amh. The left most panel in Fig. 2 shows the time history of the
plaquette, the smallest 1 × 1 Wilson loop, at gauge coupling β = 4.03. We observe that systems
with amh = 0.225 and 0.250 on 84 volumes (amh = 0.250 on 163 × 8) change its phase after
several hundred trajectories in our Markov chain Monte Carlo simulation. The trajectory number
of the transition depends on initial conditions and has no relevance. Calculating ensemble averages
after thermalization effects or observed transitions, we show for the 84 lattices in the second panel
from the left, the ensemble averaged plaquette 〈P〉 as function of amh for several values of the
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bare coupling β. These data reveal a first order phase transition in amh from a weak to a strong
coupling phase for 4.01 . β . 4.03. The bulk transition weakens and turns into a crossover for
β & 4.04. Presently we are performing 164 simulations to verify that we indeed observe a bulk
phase transition.

In addition we study the Polyakov loop to explore the finite temperature phase structure. The
third panel from the left shows the Monte Carlo time histories of the Polyakov loop on 163 × 8
lattices at β = 4.03. Obtaining the ensemble averages for simulations on 163 × 8 and 84 lattices at
β = 4.03, we find the finite temperature structure in the fourth panel. Near amh ∼ 0.2 the averaged
Polyakov loop for both 84 and 163 × 8 lattices sharply drops to zero. There is however a small shift
in the value of amh where this drop occurs. This requires further scrutiny. To better disentangle the
finite temperature from the bulk phase transition, simulations on larger volumes with larger L4 are
required. While bulk phase transitions do not depend on the volume, finite temperature transitions
will move with L4 and hence separate.

In the future, we also plan to measure other observables, such as the chiral condensate,
alongside zero- and finite-temperature simulations on larger lattices for a range of different bare
gauge couplings. We are complementing these investigations studying the phase structure of mass-
split systems exploring different values of the ratio of m̂`/m̂h.
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