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Bekenstein bound from the Pauli principle: a brief
introduction
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Here we briefly resume the idea, originally introduced in Phys. Rev. D 102, 106002 (2020), that
the Bekenstein bound on entropy is a consequence of the fermionic nature of fundamental degrees
of freedom, which arrange themselves to form matter and spacetime. The main point is discussed
by means of a toy-model of black hole evaporation, which describes the dynamics of such degrees
of freedom, called 𝑋ons. An intrinsic notion of interior/exterior of the black hole during the
evaporation process is given and both von Neumann and black hole/environment entropies are
computed.
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The Bekenstein Bound [1] states that a bounded physical system at fixed energy can store a
finite amount of entropy; such bound is exactly saturated for a black hole (BH), in which case its
entropy coincides with the Bekenstein-Hawking one. In [2] two main consequences of this bound
have been presented: i) the degrees of freedom (DoF) responsible for the BH entropy have to take
into account both matter and spacetime and hence must be of a new, more fundamental nature than
the DoF we know: here we call such DoF “𝑋ons”; and ii) the Hilbert space of the 𝑋ons of a given
BH is necessarily finite dimensional [3]. Here we adopt the opposite point of view [4]: by focusing
on the 𝑋ons level, where there are no separate notions of fields and geometry, we assume that in
a BH only free 𝑋ons exist, and that they are finite in number and fermionic in nature. Hence any
quantum level can be filled by no more than one fermion: this assures that the Hilbert space H of
physical states with a finite number of levels is finite dimensional. Given the total number 𝑁 of
quantum levels available to the BH, the evaporation is the process 𝑁 → (𝑁 − 1) → (𝑁 − 2) → · · ·
in which the number of free 𝑋ons steadily decreases in favor of the 𝑋ons that are rearranged into
quasi-particles and the spacetime they propagate on. At the 𝑋ons level: i) there is no pre-existing
time, because the natural evolution parameter is the average number of free 𝑋ons; and ii) there is no
pre-existing space. However, the steady process of evaporation described above gives us a natural
distinction between the outside (region I) and the inside (region II) of the BH. The Hilbert space of
physical states H is built as a subspace of a larger kinematical Hilbert space K ≡ HI ⊗HII , and it
has dimension Σ ≡ dimH = 2𝑁 . We introduce the fermionic ladder operators{

𝑎𝑛 , 𝑎
†
𝑛′

}
=

{
𝑏𝑛 , 𝑏

†
𝑛′

}
= 𝛿𝑛𝑛′ , (1)

with 𝑛, 𝑛′ = 1, . . . , 𝑁 and 𝑎, 𝑏 represents environment and black hole modes, respectively. All
other anticommutators equal to zero. We initialize the system in a pure state representing the BH
at the beginning of the evaporation process, with all the slots occupied by free 𝑋ons. In the final
state the 𝑋ons are all recombined to form fields and spacetime. A toy-model corresponding to such
boundary conditions is defined by the entangled state

|Ψ(𝜎)〉 =

𝑁∏
𝑖=1

∑︁
𝑛𝑖=0,1

𝐶𝑖 (𝜎)
(
𝑎
†
𝑖

)𝑛𝑖 (
𝑏
†
𝑖

)1−𝑛𝑖
|0〉I ⊗ |0〉II , (2)

with 𝐶𝑖 = (sin𝜎)𝑛𝑖 (cos𝜎)1−𝑛𝑖 . The parameter 𝜎 can be seen as an interpolating parameter, which
describes the evolution of the system from 𝜎 = 0 until 𝜎 = 𝜋/2, respectively the beginning and the
end of the evaporation. Following the framework of Thermofield dynamics (TFD) [5], we quantify
entanglement for environment and BH modes at each stage through the entropy operators

𝑆I (𝜎) = −∑𝑁
𝑛=1

(
𝑎
†
𝑛 𝑎𝑛 ln sin2 𝜎 + 𝑎𝑛 𝑎

†
𝑛 ln cos2 𝜎

)
. (3)

𝑆II (𝜎) = −∑𝑁
𝑛=1

(
𝑏
†
𝑛 𝑏𝑛 ln cos2 𝜎 + 𝑏𝑛 𝑏

†
𝑛 ln sin2 𝜎

)
. (4)

As it must be for bipartite systems, the averages of the two operators coincide:

SI (𝜎) = SII (𝜎) = −𝑁
(
sin2 𝜎 ln sin2 𝜎 + cos2 𝜎 ln cos2 𝜎

)
. (5)

Such average is the von Neumann entropy quantifying the entanglement between environment and
BH: it starts and ends in zero, while its maximum value is S𝑚𝑎𝑥 = 𝑁 ln 2 = lnΣ, so that
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Σ = 𝑒S𝑚𝑎𝑥 . Hence, in our model dimH is related to the maximal entanglement entropy of the
environment with the BH. This happens exactly when the modes have half probability to be inside
and half probability to be outside the BH, and then the largest amount of bits are necessary to
describe the system. The system has thus an intrinsic way to know how big is the physical Hilbert
space, which is related to the initial size of the BH: the maximal entanglement S𝑚𝑎𝑥 tells how big
was the original BH. Hence S𝑚𝑎𝑥 must be some function of the original mass M0 of the BH. This
is the Bekenstein bound in this picture, obtained as a consequence of a Pauli principle at 𝑋ons level.
It is important to stress that only a subspace H ⊆ HI ⊗ HII (with dimH = 2𝑁 ) of the full Hilbert
space is the one of physical states. Nonetheless, one could think that the physical Hilbert spaces
of the two subsystems should take into account only the number of modes truly occupied at any
given stage of the evaporation. Hence, the actual dimensions would be 2𝑁I (𝜎) and 2𝑁II (𝜎) , where
the mean numbers of modes on |Ψ(𝜎)〉 are

𝑁I (𝜎) = 𝑁 sin2 𝜎 , 𝑁II (𝜎) = 𝑁 − 𝑁I (𝜎) = 𝑁 cos2 𝜎 . (6)

It becomes clear that 𝜎 is a discrete parameter in the interval [0, 𝜋/2], essentially counting the
diminishing number of free 𝑋ons. When we take this view it is natural to consider the partition
2𝑁 = 2𝑁II (𝜎) × 2𝑁I (𝜎) ≡ 𝑛 × 𝑚, with 𝑛 = 2𝑁 , 2𝑁−1, . . . , 1, and 𝑚 = 1, . . . , 2𝑁−1, 2𝑁 . Hence we
define the Bekenstein and environment entropy as

S𝐵𝐻 ≡ ln 𝑛 = 𝑁 ln 2 cos2 𝜎 , S𝑒𝑛𝑣 ≡ ln𝑚 = 𝑁 ln 2 sin2 𝜎 , (7)

which satisfy the inequality SI ≤ S𝐵𝐻 + S𝑒𝑛𝑣 = S𝑚𝑎𝑥 . In the figure, we plot S𝐵𝐻 (black), S𝑒𝑛𝑣

(green) and S𝐼 (red) for 𝑁 = 1000.
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For a full identification of S𝑚𝑎𝑥 with the entropy S𝐵𝐻 of the initial BH, one would have (for a
non-rotating, uncharged black hole) 𝑁 =

4 𝜋 M2
0

𝑙2
𝑃

ln 2 , where 𝑙𝑃 is the Planck length.
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