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Local quartic interaction of scalars with higher spin gauge fields and commutator of . . . Ruben Manvelyan

1. Motivation

The problem of construction of complete Higher Spin (HS) Interaction Lagrangian is one
of the tasks with smoldering interest for the last forty years [1]-[7]. From time to time this
complicated and puzzling problem came to a relative center of interest when some even small
progress was observed in interaction construction or when the HS theories start to play some role
in the development of other important fields like AdS/CFT. Moreover, we can say that this task is
interesting in itself due to the complexity and the necessity to develop and use nontrivial computing
techniques even for small advances and achievements.

Even though during the last ten-twelve years we observed significant progress in the under-
standing of construction and structure of cubic interaction in different approaches, dimensions and
backgrounds [8]-[20], our knowledge about quartic one is far from being complete and always
bounded by the idea that this one should be nonlocal in general [21]-[26]. We should mention
also that all these activities supplemented with the parallel development of Vasiliev’s nonlinear
and nonlagrangian theory of interacting HS field equations of motion in AdS background, where
the questions of possible nonlocality beyond cubic level also arose and discussed. Nevertheless, it
seems that in some special cases it is possible to construct some local quartic interactions between
fields with different spins at least as a part of a more complicated covering theory (maybe nonlocal)
including other gauge fields and symmetries.

In this paper, we construct some special local quartic interaction of two scalars and two spin
four fields using standard Noether’s procedure. The interesting points of this special construction
are the following:

• First we see that to close Noether’s procedure we should add additional cubic interaction of
scalar with other spin gauge fields and corresponding HS gauge symmetries.

• Second important point that we constructing quartic vertex we derive fixed linear in gauge
field gauge transformation of our HS field 𝛿

(𝜖 )
1 and then be able to investigate closure of

commutators of two such a transformation

[𝛿 (𝜂)1 𝛿
(𝜖 )
1 ] ∼ 𝛿

(<<𝜂,𝜖 >>)
1 + additional terms

and understand whether it leads to nonlocality or not.

We organize our paper in the following way: in the next section, we show spin 2 exercise for
construction similar quartic interaction in spin two cases. Then the essential Noether’s construction
is shown in section two with the final derivation of interaction Lagrangian and first order on HS
gauge field gauge transformation. The last section is devoted to the investigation of the commutator
of two 𝛿1 transformations and classification of terms different from the same 𝛿1 with the composed
parameter on the right-hand side. These Notes are based on the long calculations which we
performed using the technique and notation developed in the past in [27]-[32].

2. Illustration: Spin two case

For better understanding how we should construct special quartic interaction in higher spin
case we start first from the following lagrangian for the interaction of scalar with spin 2 gauge field
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in the flat background:
𝑆ΦΦℎ (2)

= 𝑆0(Φ) + 𝑆1(Φ, ℎ (2) ) (1)

where

𝑆0(Φ) =
1
2

∫
𝑑𝑑𝑥𝜕𝜇Φ𝜕𝜇Φ, (2)

𝑆1(Φ, ℎ (2) ) =
1
2

∫
𝑑𝑑𝑥ℎ (2)𝜇𝜈

[
− 𝜕𝜇Φ𝜕𝜈Φ +

𝜂𝜇𝜈

2
𝜕𝜆Φ𝜕𝜆Φ

]
(3)

This is a well known minimal coupling of scalar with gravity, linearized in flat background and the
bracket in (3) is the usual energy-momentum tensor for massless scalar field. The spliting of (1)
into the quadratic and cubic parts allows us to formulate the Noether’s equations

𝛿1𝑆0(Φ) + 𝛿0𝑆1(Φ, ℎ (2) ) = 0 (4)

where:

𝛿0ℎ
(2)
𝜇𝜈 = 𝜕(𝜇𝜀

(1)
𝜈) = 𝜕𝜇𝜀

(1)
𝜈 + 𝜕𝜈𝜀

(1)
𝜇 (5)

𝛿0Φ = 0 (6)
𝛿1Φ = 𝜀 (1)𝜆𝜕𝜆Φ (7)

The crucial point here that we can discover interacting part (3) solving functional equation (4)
variating known free part (2) in respect to admitting first order diffeomorphism of scalar (7) and
using a zero-order variation of gauge field as an integration rule. Note also that the scalar field has
no zero-order variation being matter field here.

Then we can formulate task for construction of the next order interaction of the two scalars
with two spin two fields in the similar way:

𝛿2𝑆0(Φ) + 𝛿1𝑆1(Φ, ℎ (2) ) + 𝛿0𝑆2(Φ, ℎ (2) ) = 0 (8)

admitting that: 𝛿2Φ = 0 we see that in this case we need to solve again two terms functional equation

𝛿1𝑆1(Φ, ℎ (2) ) + 𝛿0𝑆2(Φ, ℎ (2) ) = 0 (9)

using the same transformations (5)-(7) and introducing an assumption about the form of first order
transformation of spin 2 gauge field:

𝛿1ℎ
(1)
𝜇𝜈 = 𝜀 (1)𝜆𝜕𝜆ℎ

(2)
𝜇𝜈 + 𝛿1ℎ

(2)
𝜇𝜈 (10)

where 𝛿1ℎ𝜇𝜈 we should find from equation (9) together with 𝑆2(Φ, ℎ (2) ). To show technology of
solution we present variation of 𝑆1(Φ, ℎ (2) ) in the following form (after some algebra and partial
integrations)

𝛿1𝑆1(Φ, ℎ (2) ) =

∫
𝑑𝑑𝑥

{
− 1

2
𝜕𝜇Φ𝜕𝜈Φ[𝛿1ℎ

(2)
𝜇𝜈 − 𝜕(𝜇𝜀

(1)𝜆ℎ (2)
𝜈)𝜆 + 2ℎ (2)𝜆𝜇 𝜕(𝜈𝜀

(1)
𝜆) ]

+ 1
2
𝜕𝜇Φ𝜕𝜈Φ[𝜕𝜆𝜀 (1)𝜆ℎ (2)𝜇𝜈 + 1

2
𝜕(𝜇𝜀

(1)
𝜈) ℎ

(2)𝛼
𝛼 ]

+ 1
4
𝜕𝜆Φ𝜕𝜆Φ[𝛿1ℎ

(2)𝛼
𝛼 − 𝜕𝛽𝜀

(1)𝛽ℎ (2)𝛼𝛼 ]
}

(11)
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From first line of (11) we can derive that if we define

𝛿1ℎ
(2)
𝜇𝜈 = 𝜕(𝜇𝜀

(1)𝜆ℎ (2)
𝜈)𝜆 (12)

then last term of first line can be integrated to 𝛿0 [−1
2𝜕

𝜇Φ𝜕𝜈Φℎ𝜆𝜇ℎ𝜈𝜆]
Then taking into account that

𝛿0ℎ
(2)𝛼
𝛼 = 2𝜕𝜆𝜀 (1)𝜆, (13)

𝛿1ℎ
(2)𝛼
𝛼 = 2𝜕𝜆𝜀 (1)𝛼ℎ (2)

𝜆𝛼
=

1
2
𝛿0 [ℎ (2)𝜆𝛼ℎ (2)𝜆𝛼

] (14)

we see that we can immediately integrate second and third line of (11) also and arrive to the
following quartic action:

𝑆2(Φ, ℎ (2) ) =

∫
𝑑𝑑𝑥

{1
2
𝜕𝜇Φ𝜕𝜈Φℎ

(2)𝜆
𝜇 ℎ

(2)
𝜈𝜆

− 1
4
𝜕𝜇Φ𝜕𝜈Φℎ

(2)
𝜇𝜈 ℎ

(2)𝛼
𝛼

− 1
8
𝜕𝜆Φ𝜕𝜆Φℎ (2)𝛼𝛽ℎ (2)

𝛼𝛽
+ 1

16
𝜕𝜆Φ𝜕𝜆Φℎ

(2)𝛼
𝛼 ℎ

(2)𝛽
𝛽

}
(15)

with expected Lie derivative as a solution for first order variation of spin two fluctuation:

𝛿
(𝜀)
1 ℎ

(2)
𝜇𝜈 = 𝜀 (1)𝜆𝜕𝜆ℎ

(2)
𝜇𝜈 + 𝜕𝜇𝜀

(1)𝜆ℎ (2)
𝜈𝜆

+ 𝜕𝜈𝜀
(1)𝜆ℎ (2)

𝜇𝜆
= L𝜀 (1)𝜆ℎ

(2)
𝜇𝜈 (16)

with standard algebra
[𝛿 (𝜂)1 , 𝛿

(𝜀)
1 ]ℎ (2)𝜇𝜈 = 𝛿

(<<𝜀,𝜂>>)
1 ℎ

(2)
𝜇𝜈 (17)

where composite parameter is the usual Lie commutator of vectors:

<< 𝜂, 𝜀 >>= [𝜂 (1) , 𝜀 (1) ]𝜆 = 𝜂 (1)𝜈𝜕𝜈𝜀
(1)𝜆 − 𝜀 (1)𝜈𝜕𝜈𝜂

(1)𝜆 (18)

Note that one can work with restricted external field also. As an example we can choose at once
traceless ℎ (2)𝜇𝜈 supplemented with the corresponding constraint on gauge parameter 𝜕𝜇𝜀 (1)𝜇 = 0.
This means that in expression (11) survive only first line and first term of the last line. Then we see
from (12) and (14) that 𝛿1ℎ

(2)
𝜇𝜈 is not traceless but can be integrated. So we arrive to the first and

third terms of interaction (15) describing interaction of ℎ (2)𝜇𝜆ℎ (2)𝜈
𝜆

with traceless part of current
𝐽
(2)
𝜇𝜈 = 𝜕𝜇Φ𝜕𝜈Φ.

3. Spin four case

setup

Our main task is to construct similar quartic interaction for spin 4 using prescriptions developed
in the previous simple spin 2 case. In our previous articles [27], [28] we prove that in both 𝐴𝑑𝑆

and flat backgrounds after corresponding field redefinition interaction of even spin 𝑠 gauge field
with spin 𝑠 current constructed from scalar and derivatives should be supplemented with the whole
tower of invariant actions for couplings of the same scalar with all gauge fields of smaller even spin.
So the starting lagrangian for our task we take from [28] rewriting all terms in the flat background:

𝑆ΦΦℎ (4) (Φ, ℎ (2) , ℎ (4) ) = 𝑆0(Φ) + 𝑆1(Φ, ℎ (2) ) + 𝑆1(Φ, ℎ (4) ), (1)
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where 𝑆0(Φ) , 𝑆1(Φ, ℎ (2) ) are defined in (1)-(3) and

𝑆1(Φ, ℎ (4) ) = 1
4

∫
𝑑𝑑𝑥ℎ (4)𝜇𝜈𝛼𝛽 [𝜕𝜇𝜕𝜈Φ𝜕𝛼𝜕𝛽Φ − 𝜂𝜇𝜈𝜕𝛼𝜕

𝛾Φ𝜕𝛽𝜕𝛾Φ] (2)

From now on to avoid cumbersome notation and overlapping with symmetrization brackets
we reserve notation ℎ and 𝑣𝑎𝑟𝑒𝑝𝑠𝑖𝑙𝑜𝑛 for gauge field for spin four ℎ(4) and corresponding gauge
parameter 𝜀 (3) except cases when we do not explicitly write out indices. In the case of other spin
(rank) fields and parameters, we use these letters with exact indication of rank.

The action (1)is invariant with respect to the gauge transformations of the spin four field with
an additional spin two field gauge transformation inspired by the second divergence of the spin four
gauge parameter1

𝛿1Φ(𝑥) = 𝜀𝜇𝜈𝜆(𝑥)𝜕𝜇𝜕𝜈𝜕𝜆Φ(𝑥), (3)
𝛿0ℎ

𝜇𝜈𝜆𝜌 = 𝜕 (𝜇𝜀𝜈𝜆𝜌) = 𝜕𝜇𝜀𝜈𝜆𝜌 + 𝜕𝜈𝜀𝜇𝜆𝜌 + 𝜕𝜆𝜀𝜇𝜈𝜌 + 𝜕𝜌𝜀𝜇𝜈𝜆, (4)
𝛿0ℎ

𝜇𝜈

(2) = 𝜕 (𝜇𝜖𝜈) , (5)

𝜖𝜈 = 𝜕𝛼𝜕𝛽𝜀
𝜈𝛼𝛽 . (6)

For further simplification in calculation of quartic terms in spin four case we will use physical
traceless and transfer gauge for our external spin four field:

𝜕𝜇ℎ
𝜇𝜈𝜆𝜌 = 0 (7)
ℎ
𝜇𝜆𝜌
𝜇 = 0 (8)

which leads to the corresponding restrictions on already traceless spin four gauge parameter:

𝜕𝛼𝜀
𝛼𝛽𝛾 = 0 (9)

𝜕𝜇𝜕
𝜇𝜀𝛼𝛽𝛾 = 2𝜀𝛼𝛽𝛾 = 0 (10)

Note that because in our gauge the gauge parameter is transfer, we should get decoupling of spin
two mode from spin four due to degeneration of the additional gauge transformation (5). Another
convention is that from now on we will admit integration everywhere where it is necessary. So we
work with a Lagrangian as with action and therefore we will neglect all d dimensional space-time
total derivatives when making a partial integration.

variation of cubic term

So we arrive to the following simplified task: Starting from a single cubic term due to (7)-(10)2

𝐿1 ∼ ℎ𝜇𝜈𝜆𝜌𝜕𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌Φ (11)

and using known variation:

𝛿1Φ = 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾Φ (12)
𝛿0ℎ

𝜇𝜈𝜆𝜌 = 𝜕 (𝜇𝜀𝜈𝜆𝜌) (13)

1Note that the spin two part of our action continues to be invariant in respect of usual linearized reparametrization
2As usual in our articles we widely use Lagrangian instead of Action performing Noether procedure admitting

possibility for partial integration
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we try to solve functional equation:

𝛿1𝐿1(Φ, ℎ (4) ) + 𝛿0𝐿2(Φ, ℎ (4) ) = 0 (14)

and construct unknown quartic interaction and first order gauge variation of spin four field 𝛿1ℎ
𝜇𝜈𝜆𝜌.

Duing that and taking into account that according to (7) and (9) 𝛼, 𝛽, 𝛾 derivatives commute with
𝜀 and 𝜇, 𝜈, 𝜆, 𝜌 derivatives commute with ℎ and after long manipulations and multiple partial
integrations we arrive to the following important variation:

𝛿1(ℎ𝜇𝜈𝜆𝜌𝜕𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌Φ) =
1
3
𝛿1(ℎ𝜇𝜈𝜆𝜌𝐽 (4)𝜇𝜈𝜆𝜌

) = 𝛿1ℎ
𝜇𝜈𝜆𝜌𝜕𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌Φ

+ 1
50

[
𝜀𝜇 (𝛼𝛽𝜕𝜇ℎ

𝛾𝜈𝜆𝜌) − 𝜕𝜇𝜀
(𝛼𝛽𝛾ℎ𝜈𝜆𝜌)𝜇

]
𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

+ 1
5

[
𝜕𝛼𝜀

𝜇𝜈 (𝛽𝜕𝜇𝜕𝜈ℎ
𝛾𝜆𝜌)𝛼 − 𝜕𝜇𝜕𝜈𝜀

𝛼(𝛽𝛾𝜕𝛼ℎ
𝜆𝜌)𝜇𝜈

]
𝐽
(4)
𝜆𝜌𝛽𝛾

+ 2
15

[
𝜕𝛼𝜕𝛽𝜕𝛾𝜀

(𝜇𝜈𝜆ℎ𝜌)𝛼𝛽𝛾 − 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾ℎ
𝜇𝜈𝜆𝜌

]
𝐽
(4)
𝜇𝜈𝜆𝜌

+ 1
5
[𝜕𝜇𝜕𝜈𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾ℎ𝜇𝜈𝜆𝜌 − 𝜕𝜇𝜕𝜈𝜕𝛾𝜀

𝛼𝛽 (𝜆𝜕𝛼𝜕𝛽ℎ
𝜌)𝜇𝜈𝛾]𝐽 (2)

𝜆𝜌

+ 1
5
𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌𝜀

𝛼𝛽𝛾𝜕𝛼ℎ
𝜇𝜈𝜆𝜌𝐽

(2)
𝛽𝛾

(15)

Here 𝐽 (6) , 𝐽 (4) , 𝐽 (2) are symmetrized currents:

𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

= 𝜕(𝜈𝜕𝜆𝜕𝜌Φ𝜕𝛼𝜕𝛽𝜕𝛾)Φ = 𝜕𝜈𝜕(𝜆𝜕𝜌Φ𝜕𝛼𝜕𝛽𝜕𝛾)Φ, 10 terms =
6!

3!3!2
=

5!
3!2!

, (16)

𝐽
(4)
𝜇𝜈𝜆𝜌

= 𝜕(𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌)Φ = 𝜕𝜇𝜕(𝜈Φ𝜕𝜆𝜕𝜌)Φ, 3 terms =
4!

2!2!2
=

3!
2!1!

, (17)

𝐽
(2)
𝜇𝜈 = 𝜕𝜇Φ𝜕𝜈Φ, 1 term (18)

From (15) we see several differences from spin two case:

• From second line of (15) follows that we cannot integrate Noether’s equation without intro-
duction of the cubic interaction with a gauge field of spin 6 coupled to the spin 6 current:

ℎ
𝜈𝜆𝜌𝛼𝛽𝛾

(6) 𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

(19)

• From third and fourth lines we see that 𝐽 (4) terms arose with different weight 1
5 and 2

15 .
But we will see below that they should come with same weight to complete integration for
interaction terms.

• In last two lines we have three unwanted 𝐽 (2) terms. We should discover way to get rid of
them.

To remove these three obstructions we note that there are several connections between our parts
in (15) leading to a redefinition of the initial cubic interactions. In another words we can modify
our initial interaction with higher spin currents adding gradients of lower spin currents with some
coefficients:

𝐽
(6)
𝛼𝛽𝜇𝜈𝜆𝜌

=> 𝐽
(6)
𝛼𝛽𝜇𝜈𝜆𝜌

+ 𝐴𝜕(𝛼𝜕𝛽𝐽
(4)
𝜇𝜈𝜆𝜌) + 𝐵𝜕(𝛼𝜕𝛽𝜕𝜇𝜕𝜈𝐽

(2)
𝜆𝜌) (20)

𝐽
(4)
𝜇𝜈𝜆𝜌

=> 𝐽
(4)
𝜇𝜈𝜆𝜌

+ 𝐶𝜕(𝜇𝜕𝜈𝐽
(2)
𝜆𝜌) (21)
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And it works! Hiding all details of derivations we present final variation we obtained by tuning
procedure (20) instead of (15):

𝛿1(ℎ𝜇𝜈𝜆𝜌𝜕𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌Φ) =
1
3
𝛿1(ℎ𝜇𝜈𝜆𝜌𝐽 (4)𝜇𝜈𝜆𝜌

) = 𝛿1ℎ
𝜇𝜈𝜆𝜌𝜕𝜇𝜕𝜈Φ𝜕𝜆𝜕𝜌Φ

+ 1
50

[
𝜀𝜇 (𝛼𝛽𝜕𝜇ℎ

𝛾𝜈𝜆𝜌) − 𝜕𝜇𝜀
(𝛼𝛽𝛾ℎ𝜈𝜆𝜌)𝜇

]
𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

+ 1
6

[
𝜕𝛼𝜀

𝜇𝜈 (𝛽𝜕𝜇𝜕𝜈ℎ
𝛾𝜆𝜌)𝛼 − 𝜕𝜇𝜕𝜈𝜀

𝛼(𝛽𝛾𝜕𝛼ℎ
𝜆𝜌)𝜇𝜈

]
𝐽
(4)
𝜆𝜌𝛽𝛾

+ 1
6

[
𝜕𝛼𝜕𝛽𝜕𝛾𝜀

(𝜇𝜈𝜆ℎ𝜌)𝛼𝛽𝛾 − 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾ℎ
𝜇𝜈𝜆𝜌

]
𝐽
(4)
𝜇𝜈𝜆𝜌

(22)

where modified 𝐽 (6) is

𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

= 𝐽
(6)
𝜈𝜆𝜌𝛼𝛽𝛾

+ 1
9
𝜕(𝛼𝜕𝛽𝐽

(4)
𝛾𝜈𝜆𝜌) +

1
3
𝜕(𝜈𝜕𝜆𝜕𝜌𝜕𝛼𝐽

(2)
𝛽𝛾) (23)

Supplemented by traceless Stueckelberg like transformation of the spin two gauge field from linear
coupling with 𝐽 (2) current:

𝛿1ℎ
𝛽𝛾

(2) ∼ 𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌𝜀
𝛼𝛽𝛾𝜕𝛼ℎ

𝜇𝜈𝜆𝜌. (24)

Integration and interaction

Now we can start to integrate the last three lines of expression (22). Doing that and hiding
again long but straightforward calculations we finally obtain quartic interactions:

𝑆2(Φ, ℎ (4) ) =
∫

𝑑𝑑𝑥

{ 1
10

ℎ
𝛼𝛽𝛾
𝜇 ℎ𝜈𝜆𝜌𝜇𝐽

(6)
𝜈𝜆𝜌𝛼𝛽𝛾

−2
3
ℎ
𝛼𝛽𝛾
𝜇 𝜕𝛼𝜕𝛽ℎ

𝜇𝜈𝜆𝜌𝐽
(4)
𝜈𝜆𝜌𝛾

+ 1
2
𝜕𝜈ℎ

𝛼𝛽𝛾
𝜇 𝜕𝛼ℎ

𝜇𝜈𝜆𝜌𝐽
(4)
𝜆𝜌𝛽𝛾

− 1
4
𝜕𝛼ℎ

𝛽𝛾
𝜇𝜈𝜕𝛼ℎ

𝜇𝜈𝜆𝜌𝐽
(4)
𝜆𝜌𝛽𝛾

−𝜕𝛽ℎ
𝛼𝛾
𝜇𝜈 𝜕𝛼ℎ

𝜇𝜈𝜆𝜌𝐽
(4)
𝜆𝜌𝛽𝛾

+ 1
3
𝜕𝛽ℎ

𝛾

𝜇𝜈𝜆
𝜕𝛼ℎ𝜇𝜈𝜆𝜌𝐽

(4)
𝜌𝛼𝛽𝛾

− 1
4
ℎ
𝛽𝛾
𝜇𝜈ℎ

𝜆𝜌𝜇𝜈2𝐽
(4)
𝜆𝜌𝛽𝛾

}
(25)

and linear on spin four gauge field transformations fixed by Noether’s procedure:

𝛿1ℎ
𝜇𝜈𝜆𝛼𝛽𝛾

(6) = 𝜀𝜌(𝛼𝛽𝜕𝜌ℎ
𝛾𝜇𝜈𝜆) + 𝜕 (𝛼𝜀𝛽𝛾𝜌 ℎ𝜇𝜈𝜆)𝜌 (26)

𝛿1ℎ
𝜇𝜈𝜆𝜌 ∼ 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾ℎ

𝜇𝜈𝜆𝜌 + 𝜕 (𝜇𝜀 |𝛼𝛽 |
𝛾 𝜕𝛼𝜕𝛽ℎ

𝜈𝜆𝜌)𝛾 + 𝜕 (𝜇𝜕𝜈𝜀
|𝛼 |
𝛽𝛾

𝜕𝛼ℎ
𝜆𝜌)𝛽𝛾 + 𝜕 (𝜇𝜕𝜈𝜕𝜆𝜀𝛼𝛽𝛾ℎ

𝜌)𝛼𝛽𝛾

(27)

𝛿1ℎ
𝛽𝛾

(2) ∼ 𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌𝜀
𝛼𝛽𝛾𝜕𝛼ℎ

𝜇𝜈𝜆𝜌 (28)

4. Commutator of 𝛿1 transformations for spin four

In this section we investigate the structure of linear in gauge field transformation (27)

𝛿
(𝜀)
1 ℎ𝜇𝜈𝜆𝜌 = 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽𝜕𝛾ℎ𝜇𝜈𝜆𝜌 + 𝜕(𝜇𝜀

𝛼𝛽𝛾𝜕|𝛼𝜕𝛽ℎ𝛾 |𝜈𝜆𝜌) + 𝜕(𝜇𝜕𝜈𝜀
𝛼𝛽𝛾𝜕|𝛼ℎ𝛽𝛾 |𝜆𝜌)

+𝜕(𝜇𝜕𝜈𝜕𝜆𝜀𝛼𝛽𝛾ℎ𝜌)𝛼𝛽𝛾 (1)
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The structure of this expression is similar to linear transformation obtained in [29] where nonlinear
curvature for spin three case is considered. Following the ideas of spin three case after some
straightforward manipulations with derivatives we can rewrite (1) in the following form:

𝛿
(𝜀)
1 ℎ𝜇𝜈𝜆𝜌 = 𝜀𝛼𝛽𝛾Γ𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ) + 𝜕(𝜇Λ𝜈𝜆𝜌) (𝜀, ℎ) (2)

Λ𝜈𝜆𝜌 (𝜀, ℎ) = 𝜀𝛼𝛽𝛾𝜕𝛼𝜕𝛽ℎ𝛾𝜈𝜆𝜌 +
1
2
[
𝜕(𝜈𝜀

𝛼𝛽𝛾𝜕|𝛼ℎ𝛽𝛾 |𝜆𝜌) − 𝜀𝛼𝛽𝛾𝜕(𝜈𝜕|𝛼ℎ𝛽𝛾 |𝜆𝜌)
]

+ 1
3

[
𝜕(𝜈𝜕𝜆𝜀

𝛼𝛽𝛾ℎ𝜌)𝛼𝛽𝛾 + 𝜀𝛼𝛽𝛾𝜕(𝜈𝜕𝜆ℎ𝜌)𝛼𝛽𝛾 −
1
2
𝜕(𝜈𝜀

𝛼𝛽𝛾𝜕𝜆ℎ𝜌)𝛼𝛽𝛾

]
(3)

where

Γ
(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ) = 𝜕𝛼𝜕𝛽𝜕𝛾ℎ𝜇𝜈𝜆𝜌 −

1
3
𝜕<𝛼𝜕𝛽𝜕(𝜇ℎ𝜈𝜆𝜌)𝛾> + 1

3
𝜕<𝛼𝜕(𝜇𝜕𝜈ℎ𝜆𝜌)𝛽𝛾>

− 𝜕(𝜇𝜕𝜈𝜕𝜆ℎ𝜌)𝛼𝛽𝛾 (4)

is the third for spin four gauge field (last before Curvature) Christoffel Symbol in deWit-Freedman
hierarchy of connections defined in [32]

The key point of the splitting (2) is the simple form of zero order on field gauge transformation
of connection (3):

𝛿
(𝜀)
0 Γ

(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ) = −4𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌𝜀𝛼𝛽𝛾 (5)

So we see that expressions (1)-(5) is really looks like higher spin generalization of the gauge
transformation (16) (Lie derivative) and usual Christoffel symbol for linearized gravity3

𝛿
(𝜀)
1 ℎ𝜇𝜈 = L𝜀𝜆ℎ𝜇𝜈 = 𝜀𝛼Γ

(1)
𝛼;𝜇𝜈 + 𝜕(𝜇

(
𝜀𝛼ℎ𝜈)𝛼

)
(6)

Γ
(1)
𝛼;𝜇𝜈 = 𝜕𝛼ℎ𝜇𝜈 − 𝜕(𝜇ℎ𝜈)𝛼 (7)

𝛿
(𝜀)
0 Γ

(1)
𝛼;𝜇𝜈 (ℎ) = −2𝜕𝜇𝜕𝜈𝜀𝛼 (8)

Using representation (2) and transformation rule (5) we can derive the following expression for
commutator:

[𝛿 (𝜔)
1 , 𝛿

(𝜀)
1 ]ℎ𝜇𝜈𝜆𝜌 = 𝜀𝛼𝛽𝛾Γ

(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (𝛿

(𝜔)
1 ℎ) − 4𝜀𝛼𝛽𝛾𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌Λ𝛼𝛽𝛾 (𝜔, ℎ)

+ 𝜕(𝜇Λ𝜈𝜆𝜌) (𝜀, 𝛿 (𝜔)
1 ℎ) − (𝜀 ↔ 𝜔) (9)

Then taking int account that all symmetrized full gradients in r.h.s we can drop as a trivial 𝛿0

contribution from composite symmetric third rank gauge parameter linear in gauge field, we can
first of all drop second line in (9). Then we can put four 𝜇, 𝜈, 𝜆, 𝜌, derivatives in second term of
first line from Λ𝛼𝛽𝛾 to parameter 𝜀𝛼𝛽𝛾 and integrate using formula (5) and came to the following
expression

[𝛿 (𝜔)
1 , 𝛿

(𝜀)
1 ]ℎ𝜇𝜈𝜆𝜌 ∼ 𝜀𝛼𝛽𝛾Γ

(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (𝛿

(𝜔)
1 ℎ) + Γ

(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ)𝛿

(𝜔)
0 Λ𝛼𝛽𝛾 (𝜀, ℎ) − (𝜀 ↔ 𝜔) (10)

3Note that most common definition of Christoffel symbol Γ𝛽𝜇𝜈 (𝑔) = 1
2𝑔

𝛽𝛼 (𝜕(𝜇𝑔𝜈)𝛼 − 𝜕𝛼𝑔𝜇𝜈) for general metric
𝑔𝜇𝜈 relates with our definition after linearization in the flat background in the following way Γ

𝛽
𝜇𝜈 (𝜂𝜇𝜈 + ℎ𝜇𝜈) =

− 1
2𝜂

𝛽𝛼Γ
(1)
𝛼;𝜇𝜈 (ℎ)

8
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where ∼ means an equality up to any 𝛿0 variations with composed field dependent parameter
described above or delta zero variation with usual parameter 𝜀 or 𝜔 from any second order on gauge
field tensor. At this point it is worth to note that considering perturbative on linearized gauge field
deformation of the initial gauge transformation regulated by Neether’s procedure

𝛿 (𝜖 )ℎ𝜇𝜈𝜆𝜌 = (𝛿 (𝜖 )0 + 𝛿
(𝜖 )
1 + 𝛿

(𝜖 )
2 + . . . )ℎ𝜇𝜈𝜆𝜌, (11)

for commutator on the linear level on gauge field we obtain:{
[𝛿 (𝜔) , 𝛿 (𝜖 ) ]ℎ𝜇𝜈𝜆𝜌

}
1
= ( [𝛿 (𝜔)

1 , 𝛿
(𝜖 )
1 ] + 𝛿

(𝜔)
0 𝛿

(𝜀)
2 − 𝛿

(𝜀)
0 𝛿

(𝜔)
2 )ℎ𝜇𝜈𝜆𝜌 (12)

So we see that we can factorize in right hand side of our commutator of the first order gauge
transformation two type of trivial terms:

• Symmetrized full derivatives from composed gauge parameter linear in gage fields 𝜕(𝜇Λ̃𝜈𝜆𝜌) (𝜀, ℎ)−
(𝜀 ↔ 𝜔).

• The terms which can be classified as a second part of (12):
𝛿
(𝜔)
0 𝛿

(𝜀)
2 ℎ𝜇𝜈𝜆𝜌 − (𝜀 ↔ 𝜔) and we can throw them out also to understand algebra of two 𝛿1

transformations.

Now following this simple methodology we can present final result for commutator hiding long
and tedious calculation for next journal’s publication:

[𝛿 (𝜔)
1 , 𝛿

(𝜀)
1 ]ℎ𝜇𝜈𝜆𝜌 ∼

[
𝜀𝛿𝜎𝜂𝜕𝛿𝜕𝜎𝜕𝜂𝜔

𝛼𝛽𝛾 + 𝑇 𝛼𝛽𝛾 (𝜕, 𝜀, 𝜔)
]
Γ
(3)
𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ)

+3𝜀𝛿𝜎𝜂𝜕𝛿𝜕𝜎𝜔
𝛼𝛽𝛾𝑅

(4)
𝜂𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ) +

9
20

𝜀
𝜎𝜂

𝛿
𝜕 [𝛿𝜔𝛼]𝛽𝛾𝜕(𝜎𝑅

(4)
𝜂𝛼𝛽𝛾);𝜇𝜈𝜆𝜌 (ℎ)

+[𝑅𝑒𝑚]𝜇𝜈𝜆𝜌 (𝜀, 𝜔, ℎ) − (𝜀 ↔ 𝜔) (13)

where:

𝑇 𝛼𝛽𝛾 (𝜕, 𝜀, 𝜔) =
1
4
𝜕 (𝛼𝜕𝛽𝜀𝛿𝜎𝜂𝛿

(𝜔)
0 ℎ

𝛾)
𝛿𝜎𝜂

− 5
48

𝜕 (𝛼𝜀𝛿𝜎𝜂𝜕𝛽𝛿
(𝜔)
0 ℎ

𝛾)
𝛿𝜎𝜂

+ 7
16

𝜕 (𝛼𝜀𝛿𝜎𝜂𝜕𝛿𝛿
(𝜔)
0 ℎ

𝛽𝛾)
𝜎𝜂

− 1
16

𝜕 𝛿𝜀𝜎𝜂 (𝛼𝜕𝛽𝛿
(𝜔)
0 ℎ

𝛾)
𝛿𝜎𝜂

+ 1
16

𝜕 𝛿𝜀𝜎𝜂 (𝛼𝜕𝛿𝛿
(𝜔)
0 ℎ

𝛽𝛾)
𝜎𝜂 ,

(14)

𝑅
(4)
𝜂𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ) here is de Wit-Freedman higher spin curvature [32]:

𝑅
(4)
𝜂𝛼𝛽𝛾;𝜇𝜈𝜆𝜌 (ℎ

(4) ) = 𝜕𝜂𝜕𝛼𝜕𝛽𝜕𝛾ℎ
(4)
𝜇𝜈𝜆𝜌

− 1
4
𝜕<𝜂𝜕𝛼𝜕𝛽𝜕(𝜇ℎ

(4)
𝜈𝜆𝜌)𝛾>

+ 1
6
𝜕<𝜂𝜕𝛼𝜕(𝜇𝜕𝜈ℎ

(4)
𝜆𝜌)𝛽𝛾> − 1

4
𝜕<𝜂𝜕(𝜇𝜕𝜈𝜕𝜆ℎ

(4)
𝜌)𝛼𝛽𝛾> + 𝜕𝜇𝜕𝜈𝜕𝜆𝜕𝜌ℎ

(4)
𝜂𝛼𝛽𝛾

(15)

and the Remainder [𝑅𝑒𝑚]𝜇𝜈𝜆𝜌 (𝜀, 𝜔, ℎ) is Contributions from Gauge Transformation of Spin four
Field with Mixed Symmetry Tensor Parameter.

So we arrived to the statement that all irrelevant contributions to the r.h.s. of our commutator
is an action of the different mixed symmetry higher spin gauge transformation acting on our spin
four gauge field. Therefore when our quartic vertex is constructed from special fields including
scalars this contribution could be zero due to the commutativity of flat space derivatives working
with scalar field and we can solve Noether’s procedure in the framework of a set of symmetric
tensor fields with spin 2 ≤ 𝑠 ≤ 6.

9
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5. Outlook

Here we just list possible tasks for future investigation. So What can be done

• “Degauging “ and “Off-Shelling” of our quartic interactions constructed for special con-
strained gauge fields

• Generalization for spin higher than four and scalars.

• Inclusion in the game of the generalized Weyl invariance considered in [27] and [28].

• What’s cooking in the case of different spins?

• More special cases?

So we stop here with the hope to continue these investigations.
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