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In the following paper we are going to study a special kind of solitons, called vortices. We will
define the topological number for them, called the vortex number. Switching to complex variables
and using a different approach from the one used by Jaffe and Taubes in the famous monograph
"Vortices and monopoles”, 1980, in particular, using the theorems known in pseudoanalytic
function theory, we construct the vortex solutions of the field equations for our problem and write
out the vortex numbers for them that will be characterized by the zeroes of each possible solution.
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1. Introduction

In quantum field theory there is a class of solutions of field equations called "solitons". They
are solutions of nonlinear field equations and have finite energy. They can be identified as lumps
of energy that are localized in some finite area of space. We can consider either static or time-
dependent solutions. A so-called topological number can be assigned to them to characterize and
distinguish them from each other. The systems possessing this type of solutions are realizable in
condensed matter physics, though there is no evidence of them being associated with point-like
particles.

When we have a couple of solitons, they may interact with each other: either repel or attract
one another. The nature of the interaction depends on their respective topological numbers and
the parameters of the system. Some of the examples of solitons are objects like: strings, vortices,
instantons. The simplest soliton appears in the case of a single real scalar field in (1+1)-dimensional
space-time with Higgs potential. Other than the classical vacuum solution there exists a non-trivial
solution called kink. Each kink carries its own topological number that is determined, as in the
general case, from the mapping of the configuration space to the field space.

In systems possessing local symmetry vortex is the simplest soliton. It can appear as a
solution in complex scalar field theory with U(1) local symmetry, including Higgs potential in
(2 + 1)-dimensional space-time. In the cosmological context they can be created during the phase
transitions that occurred after the Big Bang; in this context they are called cosmic strings. The fact
that they have not been discovered can be accounted for by the inflation era.

One of the interesting solitons is the 't Hooft—Polyakov monopole (1974). Here the existence
of soliton-type solutions, i.e., monopoles, is related to the topology of the system, in particular,
the second homotopy group of the quotient space ¢/u (viewed as a smooth manifold), 7 (G/u),
where G is a local gauge group and H is the subgroup of G which leaves the field space of solutions
invariant.

The possibility of the theoretical existence of solitons can be seen from the scale arguments
(Derrick 1964). Here we see the importance of the dimension and the symmetry of the system
under consideration as well as whether there is a Higgs potential or not. For example, in case a
system does not possess the local symmetry, there are no solitons in (d + 1)-dimensional space-time
with d > 2. They are also absent in purely gauge theories for d # 4.

2. Physical picture

Consider the following Lagrangian for a complex scalar field ¢(x) in (2 + 1) - dimensional
space-time with U(1) gauge symmetry and Higgs potential [4]:

| S
L=~ FuF* +(Dug)(DFg) = V() )

where u,v = 0,1,2. (DH*¢)— denotes complex conjugation and summation is considered via the
repeated indices with the Minkowski metric tensor 17, = (1,—1,-1). Here D, = 9, —ieA, , 0, =

FTe is a covariant derivative and e = const.
X
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Fuy = 04A, —0,A,,

V() = 5(Igl? = v)?

are the field tensor and Higgs potential, respectively, v and A are real parameters.
The local U(1) transformation for scalar field and gauge potential has the following form:

ia(x)

p(x) — " " Ho(x),
Au(x) — Ay(x) + éaﬂa/(x).

We are interested only in static configurations, that is ¢ = ¢(x), A; = A;(x), Ap = 0, where
i =1,2and ¢(x) = ¢(x1,x2), then for the energy functional we have

1 y — 4
E[Ai,cp]=/Rz d’x [ZFi,»F’f+(Diso)(Dlso)+§(|¢|2—v)2 : @)

For finiteness of the energy we require

{|so| — v,
(Dip) — 0,
when |x| — oo.

3. Formulation of problem

Looking at the same problem from the differential geometrical viewpoint, since solutions are
time independent, we will need two bundles with the base space R%:

1. Principal bundle with the fiber G = U(1),

2. vector bundle associated with this principal bundle.

In our case, we have C as a fiber and G group acts on it by the simple multiplication of two
complex numbers.

From now on, we will look at the complex field ¢(x) = ¢1(x) + ip2(x) as the section of
Hermitian line bundle over the R?. A;(x)— now are components of the connection on R?. In the
coordinates (x1, xp) the connection will be

A(X) = A] (x)dx1 + Az(X)dXQ.

F;; are components of the curvature associated with this connection. It is known that in general

F=dA+AANA=

| =

2
Z F,-jdx,- A de, 3)
ij=1

where d : QF(R?) — QF*1(R?) is exterior derivative of the smooth k—forms Q¥ (R?) and A is a
wedge product between the differential forms. In our case the second term in (3) vanishes and we
are left with
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F=dA,

SO
Fij = aiAj - ain,

as we had for the Field tensor. To summarize the objects we have in the language of differential
forms:

¢ — C-valued 0-form;
A — u(l)-algebra valued 1—form;
F — u(1)-algebra valued 2—form.

Using these and constructing so called "Yang-Mills-Higgs" action with U(1) local symmetry,
we arrive to

— A
FaN*Fpo+(Dag) Ax(Dag) + 7+ (lel* = 1)?|, “)

1
ﬂ[Ai,so]=§/Rz

which is an analogue of the energy functional (2). Here ” * " is a Hodge star operator * : QF (R?) —
Qdim(Rz)—k(RZ) and
Dag = (Va)ipdxr + (Va)pdxa,

where (V 4);¢ is a covariant derivative of ¢ and gives us again a section in the following way

(Va)ig =Vip+p(A) . )

Here V; = 9; and p(A;) is a representation of the Lie algebra corresponding to the considered
group. The representation space is chosen to be a fiber of the associated vector bundle. In our case
from (5) follows that (V4);¢ = (8; —iA) .

Let us now define the vortex number

T

1
N:—/F,NGZ. (6)
R2
For the field equations we will take a variance of (4) with respect to ¢ and A and get:
i —_— _ pl 2
dxFp=2*(¢Dag=9Day),  DaxDap=7+(l¢l" = Do,

or in components
i = — . o
OiFij = —5(p(0; +1A;)@ —9(9; —iAj)¢) = Im((Va)j¢) = Jj, (M

1
Vip= 590(|90|2 - 1). (8)

It is clear that they coincide with the field equations for the stationary case, when the Lagrangian
has (1) form.
Taking the special case 4 = 1, we can rewrite (4) as
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1
AlA;, @] = /2 dx {5[(51901 +A192) F (022 — Argr) ]+
R

1

+ 5[(32471 +Arpa) £ (0192 — Arg1) ]+ )
1

L, 2 2 1/ 2
Fip+ = -1 + — d°xFp, .
+2[ 12+2(901+902 )] }+2 - XIr2

From (9) follows that A > x|N|, where N is defined by (6). If N > 0, minimum of the action

is achieved when

(0191 + A1@2) — (0202 — Az1) =0, (10)

(021 + Ara) + (0192 — Arg1) = 0, (11)
1

F12+§(¢%+¢§— 1) =0. (12)

Solutions of these equations also satisfy the equations (7), (8). For N < 0, similar equations are

obtained.

4. Complex variables

Next step is to go to the complex variables via

9
9z

0 1 1
Z=X1+ix2, Z=Xx1—1ix3, — =0;,==(01 —id), 0z = = (01 +i0h).
0z 2 2
Decomposing ¢ into its real and imaginary parts and writing A in the new coordinates (z,7)

Y= +ipy, A=adz+adz,

1 1
where o = E(Al —iAy), @ = = (A1 +iAy).
The equations (10), (11), (12) 1n complex variables will become

(0; +ia)p + (07 —ia)p =0, (13)
(0; +ia)p — (97 —ia)p =0, (14)
2i(0za — d,a@) = 4Im(dza) = %(1 - 0P). (15)

It is clear that (13) and (14) are real and imaginary parts of the expression

DA¢—1*DA¢=2((')Z—15)¢dE:O,

from which follows that
(0z — i@)g = 0. (16)

This is the main equation that we are going to study in this paper.



Bogomolny Equations from the Pseudoanalytic Functions Viewpoint Tinatin Supatashvili

Note that
DAQD = ((9 - iAl)gadxl + (3 - iAz)(,DdXz
1 1
= 5[((’& +0z) —i(a+a@)]p(dz+dz) + z—i[i(c?z —07) +i(e —@)]¢(dz — dz)

= (0; —ia)pdz + (07 — ia)pdz.

Using that *dx; = dxp; *dxy = —dx; — =dz = —idz and * dz = idz, we obtain the variational
equations in complex variables

DaxDap =[(0; —ia)pdz + (07 — ia)pdz] [(-0, —ia)pdz + (07 + ia) pdZ]
= (2i(0,0z — a@)p + 9. (ap) + Oz (ayp) + adzp + @d ) dz A dz,

A A A i _
Sx (el = Do = (5l = Do | day Adxa = {510l = D | 5dz A dZ,
2 2 2 2
A 2 i —_— _ : .
SODA*xDap = 5 * (Jel“ = 1)pand d = Fa = 5 * (@D a9 — @D sp) in components will be:

7
4(9.0z = a@)¢ = 2(3.@ + Oz + a9z + @)@ = S (lel = D¢
and

(0 = ) Im(32) = 1-Im(9(9: + 02)) ~ 5 + Do

(9 + 02)Im(0:0) = - Im(p(0: - 339) ~ 5o ~ Dol

i
respectively.

In the next section we will analyze the following theorem from [4] in spirit of the paper [1]
using the theory of the pseudoanalytic functions [3], [5].

Theorem 1. Given aninteger N > Oand a set{z;},i = 1, ..., N, of N points in C, there exists a finite
action solution to equations (10), (11), (12), unique up to gauge equivalence, with the following
properties:

1. The solution is globally smooth.
2. The zeros of ¢ are the set of point {z;}, and
@(z,2) ~ci(z=z)", ¢; #0,
as 7 — z;. n; is multiplicity of z; in the set {z;}.

1 1
N=— Fi = i = - . 17
27r,/Rz A Zn nﬂ (17

distinct z;
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5. On pseudoanalytic functions

Pseudoanalytic functions are a class of complex-valued functions that obey the generalized
Cauchy-Riemann equations [3], [5]. In this section we give some concepts and basic facts from the
theory of the pseudoanalytic functions.

Let Q be a simply connected domain in R?. A pair of complex functions F and G in the domain
Q. which have Holder continuous partial derivatives with respect to the real variables, is called a
generating pair, if

Im(FG) >0 in Q

inequality holds.
Let w : Q — C be a complex valued function in the domain Q c C. It is clear that there exist
real-valued functions ¢(z) and ¥ (z) such that

w(2) = p(2)F(2) +¥(2)G(2).
We say that w has (F, G)-derivative, denoted by w(zp), at zg € Q if the limit

o(z0) = lim w(z) = ¢(z20)F(2) — ¢ (20)G(z)

220 Z—20

exists and it is finite.

We will call w (F, G)-pseudoanalytic in the domain Q if & exists everywhere in Q. Denote
by Aqa(F, G) the space of (F, G)-pseudoanalytic functions. This space contains the space H(Q)
of analytic functions and main properties of analytic functions extend on Aq(F, G). Namely, the
following important theorem holds.

Theorem 2. A function w is (F,G)-pseudoanalytic in domain Q if and only if w satisfies the
Jollowing generalized nonhomogenous Cauchy-Riemann equation (so called Carleman-Bers-Vekua
equation, see [2])

wz = aw + bw, (18)
where . o
FG; - F;:G b FG; - F5G
a=———————, =
FG-FG FG-FG

are defined on the domain Q and satisfy the regularity conditions (see [2]) a,b € L, >(C).
w3 = Ozw is generalized derivative in the Sobolev sense with respect to Z.

The solutions of the equations are elements of the space Ag(F, G) and the following, so called
similarity principle, is valid:
w = de’, (19)

where ®(z) is analytic and

Tc a+b2
w

S =

, ifw(z) #0 z€Q,

Tela+b], if w(z) =0 z€Q.
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The integral
A
4(2) = Tolg(2)] = /g( ) dgdn, A=¢+in
T

cAd
oT,
for g(z) € L, 2(C), p > 2 is well defined, g(z) € DzC and M = g(z). Here DzC is a

linear space of functions that have generalized derivative in the Sobolev sense with respect to z.
From the representation (19) follows the following important property of pseudoanalytic func-
tions.

Corollary 1. (Carleman’s theorem) A pseudoanalytic function, which does not vanish identically,
has only isolated zeros.

Returning to the equation ¢z = i@y and comparing it to (18), we conclude that b = 0 and
a = ia. We will look at ¢ as the pseudoanalytic function and use the representation (19) to get

p(z) = el 14] = cp(z)ex,,{ a(ﬂ) e }
= ‘D(Z)ww{ Mdgd }
= d(g)exp { <A1 +1_A§)u) i dn} (20)

The same result is obtained by using the d—Poincaré lemma [4].
For it to be a solution of our problem, it needs to satisfy the following condition:

(A1 +1A2)(1)

el T2 d/le}|—>1 as |z| — oo.

lo(2)| = |¢(Z)exz?{

Now using the Corollary 2.1, we arrive to the statement: if ¢ has zeros, they are isolated.

For asymptotic behavior near zeros of ¢(z), we use the same arguments as in [4]. Namely,
suppose ¢(zx) = 0, zx € Q. according to our representation of ¢, ®(z;) = 0 and since ®(z) is
analytic, in the neighborhood of z; we have

D(z) = g(2)(z —z)"™,

where ny is multiplicity of zx, g(z) is analytic function and g(zx) # 0. Furthermore, for ¢ in the
neighborhood of z; we can write:

¢ =8(2)(z—zK)™e = h(2)(z—z)"™,
where h(z) = g(z)e® and h(zy) # 0. We can rewrite the previous expression as
<P(Z) — |h(z)|eiarg(h(z)) |Z _ Zklnkeinkarg(z—zk) = eu+i6' Q1)

From it we see that all zeros of ¢(z) are at the same time singular points for the "phase”, i.e
0(z) = arg(h(z)) + nrarg(z — zx) and the singularity comes from the second term, since /(z) does
not vanish at zj.
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6. Winding and vortex numbers

Let us construct a map f: S' — §’!, where S! is the unit circle in R?> = C, and S’! is a set of
values of ¢(z), when |z| — oo. For this consider the function

f(Z) — eiﬁ(z)
and its restriction

B(z) = B(lz|, arg(z) + 27) = B(|z], arg(z)) + 2ndeg (f).
The degree of this map, as well as the winding number is

1 0
deg(f) = Winding number = i —fdz. (22)
i

Sl

Construct f from ¢ in the following way

f= |1im ¢(2),

z|—>o0

so 8! is a circle with radius 1 in the space of the values of ¢. Using (21), we can represent f of the

f=exp {2,- D ars(z- Zk)} : (23)

form

k
Putting this into (22) we obtain

1 [af 1 1
deg(f)—% sz—% Z_deZ—Zni,
S! S!

distinct z;

SO
deg(f) = Winding number = Z n; .

distinct z;

Now, using the asymptotic behavior, we can compute components of the connection in the
coordinates (z,Z7). In particular, when |z| — oo, |¢| — 1 and D o¢ = (d¢ — iAp) — 0, that means
dy — iAgp. On and beyond a sufficiently large circle |¢| = 1, dp = iAgp. Writing the latter one in
components

0,¢pdz + Oz¢dz = iapdz + iaed?.

From this we obtain two equations

{(52 —~i@)g =0, o8

(0, —ia)p =0.

The first one is the same as the equation (16) that we were studying. With the use of (23) for the ¢,
when |z] — oo, let us solve the second equation
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(0; —ia)exp {21' Z arg(z — zk)} =

k
of the system (24) with respect a:

— 1
a(z) =0 22 arg(z —zx) = —i Z |ZZ_ szk|2 _ Z g (25)

k

here z € §! with sufficiently large radius. For any z € C we have the representation of

a(z) =

where X (z,7) is an arbitrary function with the property |llim X(z,7Z) = 1 and now compute the
Z|—00

vortex number:

1 1
N = Fa=— — |- dz + =
27r/Rz AT 27r ’}'{Zz—zk ¢ Z%ZZ—Zk
St(lz|—>0)
-3 n

distinct z;

Therefore, we have obtained another proof of the Theorem 1.

7. Conclusion

The opportunity to use the theorems known in pseudoanalytic functions theory was provided
to us by the form of the equation (16). As we have shown, looking at ¢ as the pseudoanalytic
function of the first kind was useful since from this one can get important information regarding
the solutions of our problem. For the future, we would like to mention that equation (12), which in
terms of the function u, defined in (21), has the form of the Liouville equation, can also be related
to one of the equations known in pseudoanalityc functions theory, called the Beltrami equation. It
will be interesting for the future to also analyze it with this viewpoint in mind and possibly make
novel conclusions.
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