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Relativistic hadronic plasmas have an intriguing property, coined as hadronic supercriticality,
according to which they can abruptly and efficiently release the energy stored in protons through
photon outbursts. These photon flares may have a direct analogy to those observed from compact
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We consider the injection of relativistic protons in an expanding spherical volume with a radially
decaying magnetic field and seek the parameters (e.g., proton injection luminosity) that drive the
system to supercriticality. We then perform a Monte Carlo simulation for selecting the parameters
of expanding, supercritical blobs and calculate the time-dependent electromagnetic signal from
each one of them. We compute the W-ray light curves and broadband photon spectra from the
superposition of these blobs and present a physical picture for the prompt emission of a typical
long GRB. We also provide the all-flavour neutrino fluxes expected in this model and compare
them with those from the standard internal-shock scenario for GRBs.
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Supercriticality in expanding sources Ioulia Florou

1. Introduction

The prompt emission of Gamma-Ray Bursts (GRBs) is usually characterised by rapid, highly
variable light curves and non-thermal spectra having a peak at approximately 1 MeV. These ob-
servations imply the presence of ultra-relativistic outflows with bulk Lorentz factors greater than
100 and of very compact sources with strong magnetic fields. However, the origin of the prompt
emission is not yet well understood. A possible candidate for the production of the W-rays are
the hadronic models, which also shed some light to the origin of ultra high energy cosmic rays
(UHECRs) and high energy neutrino production.

In this project we adopt such a hadronic interpretation. Specifically, we focus on an intriguing
property of hadronic plasmas, coined as hadronic supercriticality, according to which the emitting
source abruptly and efficiently releases all the energy stored in protons through photon outbursts.
The photon flares that are produced can be highly variable, each lasting a short period of time
and thus having a direct analogy to the GRB phenomenology. While the hadronic supercriticality
has been studied thoroughly in the past [1–5], here we study for the first time this phenomenon
in adiabatically expanding sources. In the following sections we demonstrate that supercriticality
can be achieved even if the emitting region is expanding, and show the ways it is affected by the
expansion velocity. Moreover, we show that certain initial parameters of our model can successfully
reproduce the prompt emission of long GRBs.

2. Model description

To investigate the role of hadronic supercriticalities in the expanding source scenario we adopt
the standard framework of a one-zone radiation model, assuming however that the emitting region
is spherically expanding, with a constant velocity Dexp. The radius of the source is increasing as
A = Ain + DexpC, where Ain is the initial radius and C is measured in the comoving frame of the source.
This spherical region can be thought of as the shell of shocked ejecta in the internal shock scenario
for GRBs. Here, A ≈ 'sh/Γ is the comoving width of the shell, Γ is the bulk Lorentz factor of the
variable outflow producing internal shocks, and 'sh is its distance from the GRB central engine.
Moreover, we assume that the emitting region contains a tangled magnetic field of strength �, which
decreases as the source expands, i.e., � = �in(Ain/A)0, 0 > 0, where �in is the magnetic field value
that corresponds to the initial radius of the source.

Pre-accelerated relativistic protons are injected in the source with a radially dependent lumi-
nosity, !p = !p,in(A/Ain)B, where !p,in is the proton injection luminosity at A = Ain and B is an index
that determines the rate of injection as the source is expanding. We define the instantaneous proton
compactness, a dimensionless measure of the proton luminosity, as:

ℓp =
fT!p

4cA<p23 = ℓp,in

(
A

Ain

)B−1
(1)

where fT is the Thompson electron cross section and <p is the proton mass. Similarly, we define
the instantaneous photon compactness ℓW as:

ℓW =
fT!W

4cA<e23 (2)
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where !W is the bolometric photon luminosity of the source. Relativistic protons interact with
the magnetic field and any soft photons existing inside the source through synchrotron radiation,
proton-photon (Bethe-Heitler) pair production, and proton-photon pion production processes. As a
result, photons and relativistic electron-positron pairs (i.e., secondary particles) are created. Pairs
contribute to the production of photons via synchrotron and Compton processes, while photons are
lost from the system because of synchrotron self-absorption and photon-photon pair production.
Protons, electrons, positrons and photons are the main stable species inside the source, since pions
and muons decay instantaneously, neutrons do not interact with soft photons, and neutrinos escape
the source freely. Protons, in general, do not cool fast and accumulate inside the source. Therefore,
as their number density builds up, they can become “targets” to their own radiation, leading to the
abrupt and efficient exponentiation of photons and eventually, severe proton losses.

To study the evolution of the energy distribution of stable particles in the source as a function
of the increasing comoving source radius, we developed a numerical code that solves a system of
coupled differential equations summarised below:

Dexp
m=j

mA
+ Dexp

3=j

A
+

=j

Cesc,j
+ L 9 = & 9 (3)

where Cesc,j is the escape timescale of species 9 from the source, =j is the respective differential
number density, and index 9 = ?, 4, W refers to protons, electrons/positrons and photons, respec-
tively. Photons can escape from the source on the light crossing times, while protons and electrons
remain in the source for much longer. The remaining terms in the equation describe the injection
(&j) and loss (Lj) processes of different species (see e.g. [1, 6] for the physical processes included).
Pre-accelerated protons are injected in the expanding source with a power-law distribution, having
an injection term:

&(Wp, A) =
!p(A)

(<p22)2
∫ Wmax
Wmin

W
−?+1
p 3Wp

, (4)

where ? is the power-law slope, while Wmin, Wmax are the minimum and maximum proton Lorentz
factors, respectively. To better study the properties of hadronic supercriticality, we assume that
the injection luminosity of accelerated electrons is much lower than the proton luminosity. Hence,
the source is loaded with pairs indirectly from photohadronic and photon-photon pair production
processes.

3. The supercritical behaviour in expanding systems

Hadronic supercriticality is manifested when a feedback condition and a marginal stability
criterion are simultaneously satisfied [2, 7]. The former depends on the maximum energy of the
proton distribution and the latter on the density of relativistic protons inside the source. The
decreasing number density and adiabatic energy losses of protons in an adiabatically expanding
source might hinder the development of hadronic supercriticalities. To search for the onset of
supercriticality in an expanding source, we choose a small expansion velocity (Dexp = 10−2.52)
and run first our numerical code with a set of initial conditions (ℓp,in = 10−4.25, Ain = 1011 cm,
Wp,max = 108, and �in = 104 G)1 that drives a non-expanding system to supercriticality [5]. For

1We set Wmin = 1 and ? = 2 in all simulations. Here we also assume that B = 0 and 0 = 0.
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Figure 1: Left panel: Photon compactness (in log scale) as a function of time in Ain/2 units for different
values of ℓp,in and for Dexp = 10−2.52. Right panel: Log-log plot of the radiative efficiency, as a function of
ℓp,in, computed for Cend = 300 Ain/2, for Dexp = 10−2.52 and Dexp = 10−22 (green and purple lines respectively).
The initial parameters are Ain = 1011 cm, Wp,max = 108, and �in = 104 G, while we assume that the magnetic
field and the proton injection are constant in time (B = 0 and 0 = 0).
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Figure 2: Photon compactness (in log scale) as a function of time for different values of Dexp and for ℓp,in
values for which the system firstly reenters the supercritical regime. The initial parameters are Ain = 1011 cm,
Wp,max = 108, �in = 104 G, B = 0 and 0 = 0.
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these values, however, when expansion is included, no transition to supercriticality is found. Higher
proton compactnesses are needed to counterbalance the decrease in the number density due to
expansion. For ℓp,in = 10−3.52 we recapture the non-linear behaviour (green solid line on the
left panel of Fig 1. For higher values of ℓp,in, more frequent outbursts are manifested, while the
first burst progressively appears at earlier times. The internally produced photons are increased
exponentially and as a result the abrupt increase of the system’s radiative efficiency can be seen in
the right panel of Fig 1. The green dashed curve is constructed from the parameters of our example
case. The marker corresponds to the ℓp,in that results in the first bursty lightcurve. This preliminary
result shows that expansion can indeed suppress the supercritical behaviour, by dropping the proton
density under its critical value and thus making the problem more energy demanding.

In order to confirm this hypothesis we rerun the code for a higher value of expansion velocity,
e.g. Dexp = 10−22. For the same initial parameters the supercritical behaviour is once again lost.
One needs to increase ℓp,in even more (by a factor of 0.4 in logarithmic scale) to recapture the first
burst. We compute again the system’s radiative efficiency and overplot the result in the right panel
of Fig. 1, in order to compare with the one that corresponds to lower expansion velocity. The growth
of the efficiency curve is not so abrupt in this case, confirming the hypothesis that expansion makes
the supercritical behaviour less efficient. In Fig. 2 we show the light curves we obtain for different
expansion velocities. Each light curve is computed for the minimum ℓp,in required for producing
a photon burst. In this plot we also observe that the increase of the expansion velocity makes the
flare last longer. Moreover, for Dexp ≥ 10−22 we no longer find multiple bursts but only a single
flare with a fast rise and a slow decay.

4. The GRB prompt emission case

To apply the expanding supercritical model to the GRB prompt emission we seek the initial
parameters that satisfy the supercritical conditions and are relevant to the GRB phenomenology.
We fix �in = 104 G and Ain = 1011 cm and search for different values of the maximum proton
energy in the source, Yp,max, that will lead to instability. For these simulations, we assume that the
source is expanding with Dexp = 10−2.52, the magnetic field strength drops linearly as the radius
increases (0 = 1) inspired by magnetohydrodynamical models of GRB jets and the proton injection
rate increases linearly with radius (B = 1).

In Fig. 3 we plot the photon luminosity released at the moment of the peak of the first
supercritical flare, LW,pk, as a function of the photon energy Ypk that corresponds to the peak of the
photon spectrum (in Y� (Y) units) at that moment, both measured in the observer’s frame. The size
of the markers indicates the ratio of the proton energy density to magnetic energy density at the
samemoment. The colour in the plot corresponds to different values of the maximum proton energy
Yp,max injected in the source. The obtained photon peak luminosities fall in the range of observed
GRB luminosities. However, only the lower values of maximum proton energy yield photon spectra
with Ypk ∼ 1 MeV. For Yp,max & 1017 eV, the photon spectra peak at Y & 10 MeV. For this reason,
in the following analysis we use low proton Lorentz factors, i.e. Wmax ' 104 − 105.

In order to simulate a variable central engine, we assume that a discrete number of blobs (#)
separated by short periods without any ejection is produced at the base of the GRB jet due to
an episodic energy injection there. In particular, each blob is released after 3C = 60 Ain/2 from
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Figure 3: Scatter plot of the photon luminosity at the moment of the peak of the first flare, LW,pk, as a function
of the photon energy that corresponds to the peak of the photon spectrum released at the same moment Ypk.
The different values of maximum proton energy Yp,max are shown in colour while the size of the source
corresponds to the*p,pk/*B,pk value at the same moment. The results are computed in the observer’s frame.
The fixed initial parameters are Ain = 1011 cm, �in = 104 G and Dexp = 10−2.52 while we have assumed that
Γ = 100 and z=2 as typical values for Bulk Lorentz factor and redshift of a GRB.

the previous one and the central engine emits # = 10 blobs. For simplicity, we assume that the
blobs are moving with the same bulk Lorentz factor Γ and expand adiabatically at the same rate
(Dexp = 10−2.52).

We perform a Monte Carlo simulation and randomly select the physical parameters of each
blob which ensure the onset of supercriticality. We assume that the initial magnetic field strength is
following a Gaussian distribution, having a mean value at ℓog Bin = 4.3 G and a standard deviation
ℓog f = 0.2. The initial proton luminosity injected is derived under the assumption that it is in
equipartition with the initial magnetic field energy density*B,in = �

2
in/8c,

!p,i = 0.5^�2
inA

2
in2. (5)

Here, ^ is the equipartition ratio, which we set equal to 100. For the adopted parameters, all emitted
blobs show supercritical behaviour. We compute the W-ray light curve and the broadband photon
spectrum from the superposition of blobs, without taking into account the time delay between
the photons emitted by the previous and following blobs. We therefore present a physical picture
of a typical GRB prompt emission in the two top panels of Fig 4. On the left plot we show the
superposition of the blobs’ light curves in black and in the inset plot each blob contribution in colour.
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Table 1: The energetics of the supercritical model,e.g the radiative efficiency of the model neff (defined as the
ration of the photon energy released to the proton energy injected during the episode), the isotropic energy
�iso, the photon Ypk and neutrino Yapk energies at the peak of the total spectrum, the ratio of the photon to
neutrino fluences at the peak of the spectra FW,pk/Fa,pk and the duration of the flaring episode T90. The peak
values of the Gaussian distributions used are �pk,in = 104.3 G, !p,pk,in = 1042.7 erg/sec, Wmax,pk = 105 and
the standard deviation f = 1.58. In this example case we use the redshift value of GRB 130505A, I = 2.27
in order to compare the spectral results.

Γ neff % �iso [erg] Ypk [eV] Yapk [eV] FW,pk/Fa,pk T90 [sec]
100 23.7 5.68 × 1051 9 × 105 1.6 × 1013 7.9 60

The result is a multi-burst pulse that lasts approximately a minute and has luminosity comparable
to observed GRB light curves. On the right panel of the same figure we show the superposition of
the photon fluence with the dashed black line and each blob’s contribution in colour. The energy
that corresponds to the peak of the photon total fluence, has got a typical value observed in a GRB
prompt emission. We also provide the all-flavour neutrino flux expected under the assumptions we
have made and compare our result with the expected fluence of GRB 130505A (red dotted line)
studied in [8]. It seems that the neutrino energy at the peak of the spectrum is lower by a factor
of two in logarithmic scale compared to the example case of the standard internal shock neutrino
model. Moreover, the numerically calculated neutrino fluence is one order of magnitude lower than
that of the example case. In Table 1 we summarise the results of our supercritical GRB model.

We also calculate the isotropic energy released in photons emitted by integrating the total
fluence FW (Y) (black dashed line of Fig 3) over the observed photon energies:

�iso = 4c32
L

∫ Ymax,obs

Ymin,obs

FW (Y)3Y (6)

where 3L is the luminosity distance of the central engine and Ymin,obs, Ymax,obs the minimum and
maximum photon energies of the observed spectrum respectively.

5. Conclusions

In this project we show that hadronic supercriticality exists even in expanding sources. As
the expansion velocity is increased, the manifestation of supercriticality becomes more energy
demanding while the spectral behaviour of the system changes from a multi-burst to a broader
single burst one. We work on a model of randomly emitted supercritical blobs that are expanding
with the same velocity and do not collide with each other in order to reproduce a typical long
GRB. The initial paramerers used fall in the case of GRB prompt emission as well as lead the
expanding blobs to supercriticality. We choose the lower values of maximum proton energy
(i.e. Wmax ' 104 − 105), because such values yield photon spectra that peak at 1 MeV. The
computed isotropic energy released as well as the produced spectra are in good agreement with
the observations. Moreover, the constructed all-flavour neutrino spectrum peaks at lower neutrino
energies compared to a standard internal shock model [8]. We infer that this is the result of the low
values of Wmax used in the present example case. As well as that the peak neutrino fluence is lower
in our case. Overall, our model can rather satisfactorily mimic a GRB prompt emission.

*
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Figure 4: Left panel: The superposition of supercritical lightcurves (black line) and the contribution of each
blob in the inset plot. Right panel: The superposition of the photon (dashed black line) and neutrino (dotted
black line) spectra. In colour we show the photon spectrum of each blob. The red dotted and dashed-dotted
lines correspond to the expected fluence and ANTARES 90 per cent C.L. upper limits on the selected GRB
[8] respectively. We have rescaled the latter fluences for comparison reasons. In this example we assume the
redshift value of the example GRB, I = 2.27 and as Bulk Lorentz factor Γ = 100.
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