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Spectra in astroparticle physics are commonly approximated by simple power laws. The steeply
falling nature of these power laws, however, makes the detection of additional components rather
challenging. This holds true especially, if the additional components are small compared to the
established ones. Energy spectra of muon neutrinos are an interesting example of such a scenario,
where the conventional and astrophysical components to the spectra have been established by
the use of different analysis methods, such as likelihood fits or spectral deconvolution. The
prompt component, although expected from theoretical models, has not yet been experimentally
observed. Furthermore, the extraction of physics parameters is challenged by the large systematic
uncertainties, especially at high energies. This contribution presents a different approach to the
analysis of power-law spectra, which is based on functional data analysis. The method itself and
its implications are discussed using muon and neutrino energy spectra as an example.
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Figure 1: Muon neutrino energy spectra measured by Antares (red) and IceCube (green), compared to
theoretical fluxes obtained with MCEq for the cosmic ray models by Gaisser and Hoerandel using SYBILL-
2.3c as a hadronic interaction model.

1. Introduction

The measurement of lepton energy spectra via the use of deconvolution techniques has become
a routine task for state-of-the-art neutrino telescopes (cf. [1–3]). An observed flattening of the
spectrum for energies exceeding 105 GeV has been attributed to a diffuse flux of high energy
neutrinos from astrophysical sources [2]. Flux measurements therefore not only complement other
analysis techniques, but also have the capability to confirm results in more model-independent
analyses.

Atmospheric neutrino spectra are expected to consist of three components, the first one being
conventional atmospheric neutrinos, which originate from the decay of pions and kaons [4–6]. Due
to their relatively long lifetime (τ ≈ 10−8 s [7]), the parent mesons can lose energy in collision
before decaying into neutrinos. Hence, the flux of conventional neutrinos is one power steeper
(approximately dΦ

dE ∝ E−3.7), compared to the spectrum of the incident cosmic rays. So-called
prompt neutrinos, which are expected from the decay of charmed mesons, but have not yet been
experimentally detected, are the second component [4, 5, 8]. A diffuse flux of neutrinos from
astrophysical sources, contributes to the spectrum as a third component(cf. [9, 10]).

Figure 1 shows muon neutrino energy spectra, obtained with Antares [3] and IceCube-79 [2].
In addition, theoretical predictions obtained with MCEq [11] for the cosmic ray models by Hoeran-
del [12] and Gaisser [13] are depicted. For both models, the zenith-averaged muon neutrino fluxes
were computed, using SYBILL-2.3c [14] as a hadronic interaction model. The depicted fluxes also
include a diffuse flux of astrophysical neutrinos, which is modelled as a power law of the form:

dΦ
dE
= Φ0,astro ×

(
Eν

100 TeV

)γastro
, (1)
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using the best fit parameters reported in [9] (Φ0,astro = 1.44 × 10−18 and γastro = −2.28). From
Fig. 1 one finds that although the experimental results agree with the predictions, the discriminative
power of the spectra with respect to different cosmic ray models is limited, due to the large
uncertainties, especially at high energies. Furthermore, the spectra hardly allow for the extraction
of physics parameters, which limits the quantitative comparability to results obtained with different
analysis techniques. In addition, a possible contribution of prompt neutrinos cannot be identified.

This paper presents a complementary analysis approach, which utilises the positions Emin of
the minima of energy weighted differential lepton energy spectra Em dΦ

dE , obtained by neutrino
telescopes. In case the position of the minima is known with sufficient precision, the presented
method allows for a more accurate discrimination between different cosmic ray models. The
method further allows for the detection of additional, but not yet detected components, like the
prompt component of the atmospheric muon and neutrino flux.

The paper is organized as follows: Section 2 investigates the dependency of Emin on the
weighting factor, as well as on the underlying cosmic ray model. In Sec. 3 the extraction of
physics parameters is studied, whereas Sec. 4 discusses possible detection methods for small scale
components. Section 5 concludes the paper with a discussion and a summary.

2. Positions of the minima

Fig. 2 depicts the positions of the mininma Emin of energy weighted lepton fluxes Em dΦ
dE as

a function of m for muon neutrinos (Fig. 2a), electron neutrinos (Fig. 2b) and atmospheric muons
(Fig. 2c). The data were obtained using MCEq [11] for the cosmic ray models by Hoerandel [12],
Gaisser [13] and Fedynitch at al. [15]. An uncertainty of 10% on Emin was assumed for all three
models. The contribution of astrophysical neutrinos was modelled as a power law (see Eq. 1), using
the best fit parameters reported in [9].

One finds that Emin decreases with increasing m for all three cosmic ray models as well as for all
three leptons considered. One further finds that Emin additionally depends on the underlying cosmic
ray model. Evaluating Emin as a function of m therefore provides the possibility to distinguish
between different cosmic ray models. Such a study would, however, require an increased resolution
of the spectra in the region of interest (104 to 106 GeV), which can possibly be provided by the use
of machine learning based deconvolution algorithms [16].

3. Extraction of Physics Parameters

Minima of energy weighted lepton spectra can further be used for the measurement of physics
parameters, like the ratio of the normalisations of a component of interest and the conventional
component (Φ0,int/Φ0,conv). The component of interest could be the astrophysical component for
electron and muon neutrinos or the prompt component for atmospheric muons.

Modelling the fluxes as a sum of two power laws (the contribution of the prompt component is
neglected for the neutrino case) and differentiating by the energy one obtains:

dΦ′(E)
dE

= Φ0,conv(m + γconv)Em+γconv−1 + Φ0,int(m + γint)Em+γint−1, (2)

3



P
o
S
(
I
C
R
C
2
0
2
1
)
1
0
9
5

Detection of Small Scale Components Tim Ruhe

(a) (b)

(c)

Figure 2: Position of the minima Emin of the energy weighted lepton fluxes Em dΦ
dE as a function of m,

depicted for muon neutrinos (a), electron neutrinos (b) and atmospheric muons (c).

where
Φ
′(E) = Em dΦ

dE
. (3)

Demanding
dΦ′(E)

dE
!
= 0 (4)

and solving for Φ0,int/Φ0,conv yields:

Φ0,int

Φ0,conv
= Eγconv−γint

(γconv + m)
−(γint + m)

. (5)

Φ0,int/Φ0,conv thus becomes a function of Emin and γint. Accordingly, Fig. 3 depictsΦ0,int/Φ0,conv

as a function of γastro for νµ and νe and as function of γprompt for atmospheric muons. Again,
the plots were obtained using MCEq [11] for the cosmic ray models by Hoerandel and Gaisser,
utilising SYBILL-2.3c as a hadronic interaction model. The contribution of astrophysical neutrinos
was modelled as a power law, using the best fit parameters reported in [9]. An uncertainty of 50%
was assumed on Emin, which approximately corresponds to the energy resolution reported in [2].
Φ0,conv and γconv were obtained by a power law fit to the simulated fluxes. The fit was restricted to
the energies between 104 and 106 GeV.
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(a) (b)

(c)

Figure 3: Ratios of Φ0,astro (a and b) and Φ0,prompt (c) to Φ0,conv as a function of γastro and γprompt,
respectively.

4. Detection of Small Scale Components

Assuming a contribution of only two components (conventional and astrophysical) to the lepton
fluxes and using the same approach as in Sec. 3, one obtains:

Φ0,conv(m + γconv)Ew+γconv−1 = Φ0,astro(m + γastro)Ew+γastro−1, (6)

which can be re-written as:

F(w) :=
−Φ0,conv(m + γconv)
Φ0,astro(m + γastro)

Eγastro−γconv = 1 (7)

Considering Eq. 7 one finds that the presence of an additional component will cause F(m) to deviate
from one. The size of the deviation, however, depends on the normalisation of the additional
component. This is illustrated in Fig. 4a, which depicts F(m) as a function of m. To obtain
this figure, all components were modelled as power laws and the parameters of the astrophysical
neutrino flux were chosen according to the values reported in [9]. For the prompt component a
spectral index of γprompt = −2.7 was used and Φ0,prompt was expressed in units of Φ0,astro. The
conventional component was modelled as dΦconv

dE = Φ0,conv×
(

Eν

100 TeV

)γconv
, withΦ0,conv = 1.×10−18

5
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(a) (b)

(c)

Figure 4: The derived quantity F as a function of the magnitude m, showing the impact of the prompt
component (a), as well as the impact of uncertainties in the normalisation (b) and the spectral index (c) of
the astrophysical component.

and γconv = −3.7. One finds that a horizontal line is observed for a vanishing prompt component,
whereas increasing deviations from said line were observed for increasing values of Φ0,prompt.

As the parameters of the astrophysical flux are subject to systematic uncertainties, the impact
of these uncertainties was exemplarily studied forΦ0,astro, while assuming negligible uncertainties
on γastro. The outcome of these studies is depicted in Fig. 4b. The depicted graphs correspond
to various combinations of assumed and true normalisations. Looking at Fig. 4b one finds that
differences in the true and assumed normalisations only affect the bias of F. The shape of the
distribution (a horizontal line) remains unaffected.

Furthermore, the impact of uncertainties in γastro was investigated, while assuming negligible
uncertainties on the normalisation. The outcome of these investigations is shown in Fig. 4c.
Considering Fig. 4c one finds that in addition to the bias of F, the shape of the graph is affected
by the uncertainties. Compatring Figs. 4c and 4a one also finds that the shapes of graphs with
a difference between the true and the assumed spectral index might not be distinguishable from
graphs with a non-vanishing prompt component, in case γastro is assumed to be smaller than its
true value. The graphs may, however, be well distinguishable in the opposite case.

6



P
o
S
(
I
C
R
C
2
0
2
1
)
1
0
9
5

Detection of Small Scale Components Tim Ruhe

5. Summary and Discussion

In these proceedings we presented an analysis approach based on functional data analysis and
the positions Emin of the minima of energy weighted lepton spectra Em dΦ

dE . The presented approach
leverages the fact that Emin depends on m, as well as on the underlying cosmic ray model, which
allows for a more accurate discrimination between cosmic ray models, compared to the spectra
alone.

We further showed, how Emin can be used for the extraction of physics quantities, like the
ratio Φ0,int/Φ0,conv of the normalisations of a component of interest Φint and the conventional
component Φconv. We showed that Φ0,int/Φ0,conv becomes a function of the spectral index γint
of said component. This dependency allows for the extraction of physics parameters, which can
otherwise not be accessed from the spectra. The extracted quantities further provide the possibility
for a quantitative comparison between spectral measurements and other analyses, e.g. likelihood
fits, which can otherwise only be compared on a qualitative level.

As a third study we showed, that the positions of the minima can also be used for the detection
of additional components via a quantity F(m) (see Eq. 7). F(m) equals one, for all m in case no
more than two components constitute the overall lepton flux, when both components are modelled as
power laws. F(m) is significantly altered in case additional components contribute to the spectrum.
Although, the shape of F is robust against uncertainties in the normalisations of the two assumed
fluxes, it is affected by the uncertainties in the spectral indices to a certain extent. Upcomig MCEq-
based studies on F, are expected to provide deeper insight into the applicability of this method in
physics measurements, especially on the achievable accuracy given the current uncertainties on the
spectral index and the normalisation of the astrophysical neutrino flux.

In summary, we showed two studies, which indicate that considering the positions of theminima
of energy-weighted lepton spectra will be beneficial for the extraction of physics parameters, as
well as for the discrimination between models. We further discussed an analsysis method, which
will allow for the detection of small scale components in power-law spectra, which would remain
undetected in case the minima of the spectra for different weighting factors are not considered in
addition to the spectra themselves.
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