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1. Introduction

The study of cosmic ray muons in detectors deep underground dates back many decades.
The latest comprehensive analyses of underground measurements were performed 20 years ago by
Klimushin, Bugaev, and Sokalski [1], and 15 years ago by Mei and Hime (MH) [2].

For practical applications, the muon intensity at a certain depth underground is often calculated
using a parametric model, termed a Depth-Intensity Relation (DIR). Groom, et al. [3] give the
following DIR for depth ranges between 1 and 10 km.w.e.:

� (ℎ) = �14 (−ℎ/_1) + �24 (−ℎ/_2) , (1)

where ℎ is the vertical depth of the lab, and �1, �2, _1, and_2 are determined by fitting to experimental
data. One issue with this method is that such phenomenological fits may contain bias induced by
systematic uncertainties of the data. Alternatively, theoretical calculations, like those presented in
[1], avoid this issue, but often lack a rigorous treatment of theoretical uncertainties.

Furthermore, muon intensities are often given in the literature in terms of vertical-equivalent
intensities, calculated by multiplying the data by cos(\), where \ is the zenith angle. However, the
muon flux at the surface only approximately scales with 1/cos(\), and the deviation between the
vertical-equivalent intensity and the true vertical intensity (that for \ = 0) becomes significantly
large as \ increases.

The motivation behind this work is to perform a new state-of-the-art calculation using two
modern, open source, high-precision codes for the transport of cosmic rays through the atmosphere
to deep underground. The aim is to achieve estimates of the underground muon flux, including
its uncertainties, and to trigger more careful thought towards what the vertical-equivalent muon
intensity is. Moreover, our results show that important constraints for the physics of hadronic
interactions and cosmic ray fluxes at multi-TeV projectile energies can be obtained from high-
precision underground muon data. A precise knowledge of muon-induced background processes is
relevant for dark matter and neutrino detectors.

2. Computational Method

The calculation of the underground muon fluxes is divided into two parts: the first covers the
journey of the muon from the atmosphere to the surface of the Earth, and is done using MCEq [4],
and the second covers its journey from the surface of the Earth to the underground lab, and is done
using PROPOSAL [5].

MCEq is a one-dimensional fast cascade equation solver for the muon flux at the surface, ΦB,
as a function of muon energy at the surface, � B, and zenith angle, \. The code takes into account
the primary cosmic ray spectrum, the atmosphere, and the angular distributions. It can be used
with various models for the primary cosmic ray flux and the hadronic interactions. The hadronic
interaction models used for the results presented here are ddm, a recently-developed data-driven
interaction model [6], and Sibyll-2.3d, an event generator model [4]. The cosmic ray flux model
is the Global Spline Fit [7].

PROPOSAL is a full Monte Carlo program that simulates the transport of leptons through
long ranges of matter quickly and with high precision. The code takes into account discrete and
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Figure 1: Surface-to-underground transfer matrix against surface energy and underground energy, for a
depth of ℎ = 1 km.w.e., simulated with PROPOSAL for 105 muons per surface energy-zenith angle bin.

continuous energy losses as well as the stopping and decaying of muons. It is used to calculate
transfer matrices, as shown in Fig. 1, which give the probability that a muon of a given energy and
zenith angle at the surface will survive the journey underground and end up with an energy �D .

2.1 Calculation of Underground Fluxes

The underground muon flux, ΦD , is calculated by convolving the surface muon flux matrix
from MCEq with the transfer matrix from PROPOSAL. For laboratories under flat earth, this is
given by

ΦD (�D9 , -: , \:) =
∑
8

ΦB (� B8 , \:)%(� B8 , �D9 , -:)
(
Δ� B

8

Δ�D
9

)
, (2)

where - is slant depth, and % is survival probability, which comes from the elements of the transfer
matrix. The ratio of bin widths, (Δ� B

8
/Δ�D

9
), is to account for the fact that muons starting in the

same energy bin at the surface can end up in different energy bins underground, as muons do not
always lose the same amount of energy while travelling through the rock.

For labs under mountains, the calculation is slightly more complicated; the amount of rock a
muon has to travel through is dependent, in this case, on both the zenith angle and the azimuthal
angle, and so the geometry of the mountain has to be taken into account in the calculations. To do
this, topographic maps of the mountains in terms of - (\, q) data are obtained from the labs (where
q is azimuthal angle), such as the one for Gran Sasso in Fig. 2 (left). The data is placed into bins
of - and cos(\), and is normalised, leading to a matrix of weights, F̂(-, cos(\)), shown in Fig. 2
(right). These weights are equivalent to the integration over the azimuthal angle for a given bin in
\ and - , removing q as a variable from the calculations, since, at the relevant energies, the surface
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Figure 2: Left: The - (\, q) data from the Gran Sasso topographic map, showing the profile of the mountain.
Right: The normalised histogram in bins of - and cos(\), giving the weight matrix.

fluxes are symmetric in q. The weights are then multiplied into the convolution in Eq. (2) to give
the underground flux for labs under mountains.

2.1.1 Underground Intensity

The undergroundmuon intensity, �D , is obtained by integrating the underground flux calculated
in Eq. (2) over underground energy:

�D (-, \) =
∫ ∞

�Cℎ

ΦD (�D , -, \)d�D , (3)

where �Cℎ is the threshold energy that a muon needs in order to survive the journey underground
to the lab, here set to zero, or a detection threshold of an experiment. In the literature, the vertical-
equivalent underground intensity, �D4@ , is usually then calculated by multiplying the underground
intensity from Eq. (3) by cos(\):

�D4@ (-) = �D (-, \) cos(\). (4)

However, because the surface flux does not perfectly scale with 1/cos(\), this approximation
breaks down at larger zenith angles, in particular near-horizontal angles. Eq. (4) is insufficient
for calculating intensities at anything but small zenith angles < 30◦. Therefore, the true vertical
underground intensity, �DCA , calculated using \ = 0,

�DCA (-) = �D (-, \ = 0)

=

∫ ∞

�Cℎ

∑
8

ΦB (� B8 , \: = 0)%(� B8 , �D9 , -:)
(
Δ� B

8

Δ�D
9

)
d�D ,

(5)

is more appropriate. While this aspect is widely discussed in the literature, some experiments still
use the 1/cos(\) approximation for their results. In addition to this simplified view, it would be
very valuable to see double differential measurements in - and true zenith angle, \.
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2.1.2 Total Underground Flux

The total underground muon flux is calculated by integrating the intensity from Eq. (3) over
all angles:

ΦDtot(ℎ) = 2c
∫ 1

0
�D

(
- =

ℎ

cos(\) , \
)

d cos(\), (6)

where ℎ is the vertical depth underground, given by ℎ = - cos(\), and the 2c accounts for the
integration over the azimuthal angle. For labs under mountains, the 2c is not needed, because the
dependence on the azimuthal angle is taken into account in the weights.

MH [2] proposed the definition of a “vertical equivalent depth” as the depth a lab would be at
for the calculated flux if the lab were under a flat overburden. Using a fitted DIR, they calculate
the total flux for labs under mountains, and then find the depths on the DIR that would correspond
to the same flux under flat overburdens. We follow a similar approach: first, we compute our DIR
by calculating the total muon flux for flat earth for a range of depths. The total flux for a lab under
a mountain is then calculated using Eq. (6) (without the multiplication by 2c). The equivalent
vertical depth of the lab is then the depth on our computed DIR that corresponds to that flux.

3. Results

3.1 True Vertical Underground Intensity

Our calculation of the true vertical underground muon intensity, using Eq. (5), for the two
hadronic interaction models Sibyll-2.3d and ddm is given in Fig. 3. There is excellent agreement
between our results and the experimental data over the entire depth range. The new ddm [6] is better
at describing the data at shallow slant depths, roughly corresponding to surface energies at several
100 GeV. Sibyll-2.3d is better for deeper slant depths that sample surface energies from TeV to
tens of TeV. Visually, the data aligns well with the MH fit; however, the slopes of individual data
sets follow the trends of our calculations. It is beyond the scope of this contribution to discuss the
impact of experimental systematic uncertainties. Remarkably, the error bars on some data points
are smaller than those on the theory. This implies that, using this method, hadronic and cosmic ray
uncertainties can be constrained.

3.2 Total Underground Flux

The total underground muon flux is calculated according to Eq. (6). As shown in Fig. 4,
our result reproduces flat overburden labs (full circles) very well. For the case of labs located
under mountains, the result of the calculation is the flux value. The vertical equivalent depth ℎ
for these labs is found iteratively and is a second result. This value of ℎ does not correspond to
the average depth that can be derived from the topographic map. The meaning behind ℎ is that
it allows for a straightforward comparison of the expected muon-induced background rate for labs
with very complex overburdens to those having a known vertical depth (such as SNOLAB). The
MH fit is reproduced well, but the values in ℎ by construction lie on the curve (as in our case).
Some significant differences occur for our calculations for Gran Sasso (green) and Kamioka (red;
map from [11]). This is very likely related to different sources of topographic maps, since our flux
values reproduce the data using the maps for Fréjus (from [12]) and Jinping.
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Figure 3: Top: True vertical underground muon intensity against slant depth for both Sibyll-2.3d and ddm.
Beyond 12 km.w.e., the intensity becomes dominated by neutrino-induced muons. Bottom: The ratio to
ddm of the experimental data and the predictions made with Sibyll-2.3d with uncertainties computed using
the “Bartol” method [8], and with a parametric fit from MH with uncertainties derived from fitting Eq. (1)
to data. All experimental data is referenced in [9]. Note that some error bars do not include systematic
uncertainties.

3.3 Seasonal Variations

MCEqmakes use the static atmospheric model NRLMSISE-00 [16] to simulate the variation of
the muon flux across the seasons. The amplitude of the seasonal variations observed underground
is affected by the depth of the lab, since deeper labs sample higher-energy muons. It is also affected
by the location on Earth, as labs closer to the equator experience less change in their atmospheres
across the seasons, and so the amplitudes of the variation, seen in Fig. 5, are less. The predictions
using the simplified model coincide remarkably well with the measurements, despite not taking
into account the actual atmospheric conditions that are subject to global warming or other extreme
conditions. Overall, the seasonal variation contributes between 0.5% and 2% to the systematic
errors in the results in Fig. 3 and Fig. 4, depending on the lab.
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Figure 4: Total underground muon flux vs equivalent vertical depth. The black curve is our calculation for
flat overburdens, and the points with black outlines are the results for labs under mountains, which have had
ℎ adjusted to lie on the black curve. Experimental data is referenced in [2] and [10].
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Figure 5: The amplitude of the seasonal variation of the underground flux seen by different labs, with
experimental data points from [13–15].

4. Conclusion

By combining the modern codes MCEq and PROPOSAL, a program has been written to
calculate cosmic ray muons fluxes deep underground. The program is fast, precise, and flexible,
and the results match experimental data well. It can be used to calculate underground muon fluxes
for dark matter and neutrino detectors in labs under either flat overburdens or mountains, and the
seasonal variation of the flux can be simulated. Lastly, the results can be used to set constraints on
uncertainties for hadronic interactions and cosmic ray fluxes.
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