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1. Introduction

Understanding the origin of cosmic rays (CR) is one of the most important topics in astrophysics
today. Telescope Array (TA) and Auger experiments report anisotropies in the arrival direction
of ultra-high-energy cosmic rays (UHECRs) [1, 2]. The anisotropies are important because the
arrival direction of UHECR and their sources may be expected to correlate. In particular, the Auger
collaboration reported a correlation between UHECR events and the flux model of assumed sources
and suggested a contribution of starburst galaxies (SBGs) to the anisotropy of UHECRs [3, 4].
However, in their study, the effect of coherent deflections by the galactic magnetic field (GMF) is
not taken into account. Due to the dependence of deflections by GMF on the rigidity (𝑅 = 𝐸/𝑍𝑒)
of the particle, we need to take into account the continuous spectrum of rigidity of each UHECR.
In this study, we estimate the systematic effects caused by GMF in reported likelihood analysis in
[3, 4]. As prospects for the TAx4 experiment and joint analysis of Auger and TA collaborations,
we develop the new technique of likelihood analysis method with the convolution of the rigidity
spectrum.

2. Method

In order to constrain the major source population of UHECRs, previous studies [3, 4] conducted
a maximum-likelihood analysis. The maximum-likelihood analysis estimates two parameters, an
anisotropic fraction 𝑓ani and a separation angular scale 𝜃. The anisotropic fraction 𝑓ani shows the
fraction of all UHECR events due to the sources and the separation angular scale 𝜃 indicates the
angular separation between an event and its source.

2.1 Maximum-likelihood Analysis and Model CR Flux Pattern without coherent deflection
by GMF

We conduct the same maximum-likelihood analysis as in [3, 4]. Test statistics (𝑇𝑆) is written
as

𝑇𝑆 = 2 ln(𝐿 (𝐹norm)/𝐿 (𝐹iso)), (1)

where 𝐿 (𝐹) indicates a likelihood

𝐿 (𝐹) =
∏
CR

𝐹 (nCR) ∗ 𝜔(nCR)∫
4𝜋 𝐹 (n) ∗ 𝜔(n)𝑑Ω

. (2)

where 𝐹, 𝜔(nCR) and nCR are a normalized model CR flux pattern, the exposure of each experiment
and observed arrival directions of UHECRs, respectively. The normalized model CR flux pattern
𝐹norm can be written as convolution of a model CR flux pattern due to sources 𝐹org and isotropic
flux pattern 𝐹iso,

𝐹norm(nCR, 𝑓ani, 𝜃) = 𝑓ani ∗ 𝐹
′
org(nCR, 𝜃) + (1 − 𝑓ani) ∗ 𝐹iso, (3)

𝐹
′
org(nCR, 𝜃) =

𝐹org(nCR, 𝜃)∫
4𝜋 𝐹org𝑑Ω

and 𝐹iso = 1/4𝜋. (4)
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Figure 1: The original CR flux pattern from SBGs 𝐹org (n, 𝜃 = 13 deg) in equatorial coordinates (same as
[3, 4]).

Note that the exposure of each experiment 𝜔(nCR) varies with latitude of the experiment 𝛿 [5],

𝜔(𝛿) ∝ cos(𝑎0)cos(𝛿)sin(𝛼m) + 𝛼msin(𝑎0)sin(𝛿) (5)

𝛼m =


0 (𝜉 > 1)
𝜋 (𝜉 < −1)
cos−1(𝜉) (−1 < 𝜉 < 1)

(6)

𝜉 =
cos(𝜃m) − sin(𝑎0)sin(𝛿)

cos(𝑎0)cos(𝛿) . (7)

Refs. [3, 4] adopt CR flux pattern from SBGs 𝐹org(n, 𝜃) as sum of von Mises - Fisher function of
each source,

𝐹org(n, 𝜃) =
∑

𝑖 𝑓𝑖 exp(n𝑖 · n/𝜃2)∫
4𝜋

∑
𝑖 𝑓𝑖 exp(n𝑖 · n/𝜃2)𝑑Ω

. (8)

We refer to Table 1 in the previous analysis [3] for the values of 𝑓𝑖 and n𝑖 . An example of
an original CR flux pattern 𝐹org(n, 𝜃 = 13 deg) is shown in Figure 1. With assumption of the
parameters ( 𝑓ani, 𝜃), we estimate the best-fit parameters which maximizes the 𝑇𝑆 in Equation 1.
From the previous report by Auger Collaboration [3], the best-fit parameters by SBGs are estimated
to be ( 𝑓ani, 𝜃) = (9.7%, 12.9 deg).

2.2 Backtracking Technique

In order to account for the coherent deflection by GMF, we used a backtracking technique
which propagates antiparticles from the earth. We use the cosmic ray propagation code CRPropa3
[6]. We adapt Jansson & Farrar 2012 (JF12) model [7, 8] as GMF model.
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Figure 2: The the model CR flux pattern on the earth 𝐹earth (nearth, 𝜃 = 13 deg, 𝑅) from SBGs in the case
𝑅 = 1 to 1000 EV in equatorial coordinates.

2.3 Modification of CR Flux Pattern

We define the original CR flux pattern as 𝐹org(norg, 𝜃), where norg show the direction at 20 kpc
from the galactic center (GC). We convert the directions on earth nearth to those at 20 kpc from the
GC norg as

norg = 𝐴BT(nearth, 𝑅). (9)

We calculate the model CR flux pattern on the earth 𝐹earth as

𝐹earth(nearth, 𝜃, 𝑅) = 𝐹org(norg, 𝜃) = 𝐹org(𝐴BT(nearth, 𝑅), 𝜃), (10)

based on the Liouville’s theorem. We calculate the CR flux pattern on the earth from log10(𝑅/EV) =
0.0 to log10(𝑅/EV) = 3.0 with 0.1 slices. We show examples of model CR flux pattern on the earth
𝐹earth in Figure 2.

2.4 Mock UHECR datasets

2.4.1 Mock UHECR datasets without coherent deflection by GMF

Based on the original model CR flux pattern in Section 2.1, we generate 1000 datasets each of
which contains 4000 mock UHECR events.

2.4.2 Mock UHECR datasets with coherent deflection by GMF

Based on the modified flux pattern in Section 2.3, we generate 1000 datasets each of which
contains 4000 mock UHECR events (all-sky data). We adopt a pure-proton composition (𝑍 = 1)
and a broken-power law spectrum in the spectral index with 𝛾 = −2.69 and 𝛾 = −4.63 broken at
𝑒𝑅 = 𝐸 = 1019.81 eV [9]. As an energy threshold 𝐸min we use 𝐸min = 40 EeV which correspond to
𝐸min = 39 EeV in previous analysis [3].
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Due to the discrete values of rigidity 𝑅 in the calculation of 𝐹earth, we interpolate the flux value
as

𝐹earth(nearth, 𝑅) = (1 − 𝛼) ∗ 𝐹earth(nearth, 𝑅
𝑖) + 𝛼 ∗ 𝐹earth(nearth, 𝑅

𝑖+1), (11)

where 𝑅𝑖 is a discrete value of a rigidity of flux patterns (log10 𝑅
𝑖 = 0.0, 0.1, ..., 3.0 for 𝑖 =

0, 1, ..., 30) and

𝛼 =
log10 𝑅 − log10 𝑅

𝑖

log10 𝑅
𝑖+1 − log10 𝑅

𝑖
(𝑅𝑖 < 𝑅 < 𝑅𝑖+1). (12)

2.4.3 Selection of mock UHECR events based on the coverage of experiments

For comparison with analysis for observed UHECR events [3, 4], we consider the coverage of
TA and Auger experiment based on Equations 5 in Section 2.1. We adopt a latitude of an experiment
𝑎0 = 39.3 (−35.2) and a maximum zenith angle 𝜃m = 55 (60) for TA (Auger) experiment. Out of
4000 mock UHECR events in each dataset, approximately 1000 mock events are selected by the
coverage of TA and Auger experiments. We define the datasets selected by the FoV of TA (Auger)
experiment as north-sky (south-sky) datasets.

3. Results

In Sections 3.1 to 3.2, we apply the maximum-likelihood analysis of Section 2.1 to the mock
UHECR datasets in Section 2.4. In Section 3.1, we apply the maximum-likelihood method to the
mock UHECR datasets without coherent deflection by GMF. The results of the analysis of mock
UHECR datasets with coherent deflection by GMF are shown in Section 3.2. In Section 3.3, we
develop a new maxim-likelihood method which investigates a correlation between the model CR
flux pattern on the earth 𝐹earth described in Section 2.3 and the mock UHECR events with coherent
deflection by GMF constructed in Section 2.4.2.

3.1 Analysis of mock events without GMF

In the same manner as in Section 2.1, we calculate the TS of mock UHECRs of Section 2.4.1.
We estimate the best-fit parameters of each dataset which maximizes the 𝑇𝑆 in Equation 1. We
show an example of the results of likelihood analysis without GMF in Figure 3 (left). Black crosses
in light color in Figure 3 show best-fit parameters for each all-sky dataset and blue circles and red
triangles in light color indicate the best-fit parameters for each north-sky and south-sky dataset,
respectively. We plot the median values of all best-fit parameters for all the 1000 datasets in thick
colors. The median values of best-fit parameters for all-sky, north-sky, and south-sky datasets show
the same distribution centered at the input (correct) parameters.

3.2 Analysis of mock events with the inclusion of GMF

We conduct the likelihood analysis with the mock UHECRs datasets of Section 2.4. We
show an example of likelihood analysis including GMF in Figure 3 (right). We find a systematic
decrease of ( 𝑓ani, 𝜃) and discrepancy between north-sky datasets and all-sky, south-sky datasets.
The systematic decrease in the north-sky is smaller than in the south-sky and all-sky due to the
smaller deflection by GMF in the northern hemisphere.
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Figure 3: Examples of the results of likelihood analysis without GMF (left) and with GMF (right) in case
of ( 𝑓ani, 𝜃) = (10%, 13 deg). Black cross (crosses), blue circle (circles) and red triangle (triangles) in light
(thick) color show the median value of the best-fit parameters of each (all the 1000) all-sky, north-sky and
south-sky datasets, respectively.

3.3 Development of Likelihood Analysis with Rigidity of UHECRs

In order to reduce the systematic effects due to GMF, we develop a new likelihood analysis
with the convolution of the rigidity spectrum. In a calculations of the likelihood (Equation 2) and
𝑇𝑆 (Equation 1), we use the model CR flux pattern on the earth 𝐹earth instead of the original model
CR flux pattern 𝐹org (Equation 3). We rewrite Equation 3 as follows:

𝐹norm(n, 𝑓ani, 𝜃, 𝑅) = 𝑓ani ∗ 𝐹
′

earth(n, 𝜃, 𝑅) + (1 − 𝑓ani) ∗ 𝐹iso, (13)

𝐹
′

earth =
𝐹earth(n, 𝜃, 𝑅)∫

4𝜋 𝐹earth𝑑Ω
(14)

We show the result of likelihood analysis with 𝐹earth in the left panel of Figure 4. The systematic
effect caused by GMF can be reduced.

4. Summary

Telescope Array (TA) and Auger experiments reported anisotropies in the arrival direction of
ultra-high-energy cosmic rays (UHECRs). In particular, Auger Collaboration reported a correlation
between UHECR events and the flux model of assumed sources, and suggested a contribution
of starburst galaxies (SBGs) to the anisotropy of UHECRs. However, in their study, the effect of
coherent deflections by the galactic magnetic field (GMF) is not taken into account. We estimate the
systematic effects caused by GMF in reported likelihood analysis in [3, 4]. We conduct likelihood
analysis for mock UHECR datasets based on the flux pattern processed through GMF model. We
found systematic decrease of ( 𝑓ani, 𝜃) due to GMF. As prospects for the TAx4 experiment and
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Figure 4: Same as the left panel in Figure 3, but that of likelihood analysis with 𝐹earth in case of ( 𝑓ani, 𝜃) =
(10%, 13 deg) for 100 datasets.

joint analysis of Auger and TA collaborations, we develop the likelihood analysis method with the
convolution of the rigidity spectrum.
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