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1. Introduction

The yield of high-energy muons in air showers induced by cosmic rays interacting near the
top of the atmosphere is relevant for understanding event rates and properties of muon bundles in
underground detectors. The following formula, originally proposed by Elbert [1], has been used to
estimate the average multiplicity 〈#`〉 of muons above a certain energy �`:

〈#` (> �`, �0, �, \)〉 ≈ � ×  

�` cos \

(
�0
� �`

)U1 (
1 −

� �`

�0

)U2

, (1)

where �0, �, and \ are respectively the energy, mass number, and zenith of the primary cosmic ray
nucleus. The normalization constant  and exponents U1 and U2 are to be derived from simulations.
The scaling with ��`/�0 follows from the superposition approximation, which assumes that an
incident nucleus of mass � and energy �0 can be treated as � independent nucleons of energy
�0/�.

The Elbert formula does not describe the fact that muon production depends on the density
(or temperature) of the atmosphere through the competition between re-interaction and decay of
the parent mesons. In summer, when the atmosphere is warmer and less dense, more mesons will
decay to muons rather than interact, and the number of high-energy muons in the shower will be
larger. In this work, we present a generalization of the Elbert formula describing the production
of muons above some energy threshold as a function of slant depth in the atmosphere, based
on a parameterization of simulations, and including factors taking into account the atmospheric
temperature (Section 2). This parameterization allows one to estimate not only the multiplicity of
muon bundles in air showers but also its transverse size and the seasonal variations of both these
properties, which we illustrate for the case of IceCube [2] in Section 3.

Other applications include the calculation of event rates of single- and multiple-muon events
in underground detectors, where one integrates over the spectrum of primary nucleons [3], but are
not discussed here.

2. Muon production profiles

The production ofmuons above a certain energy threshold, differential in slant depth throughout
the atmosphere along the shower axis, is referred to as the longitudinal production profile. The idea
is to perform a large number of air-shower simulations and to obtain the average muon production
profile for primary cosmic rays with energy �0, mass number �, zenith angle \, and for muons with
energy above �`. We have used CORSIKA v7.7100 [4] using Sibyll 2.3c [5] as the high-energy
interactionmodel, and an atmospheric profile describing the average South Pole atmosphere in April
between 2007 and 2011 [6]. To the average profiles obtained from simulation, we fit a function of
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the following form, which we explain below,〈
d#
d-
(> �`, -, ), �0, �, \)

〉
=

#<0G × exp ((-<0G − -)/_) ×
(
-0 − -

-0 − -<0G

) (-<0G−-0)/_
× -<0G − -
_(- − -0)

×
0.92 × Ac_cnc

5 �` cos(\)- ×
1

1 + Ac_c nc
5 �` cos(\)-

+ 0.08 × A _ n 

5 �` cos(\)- ×
1

1 + A _ n 
5 �` cos(\)-


×

(
1 −

��`

�0

)5.99
,

(2)

where ) is the temperature at a slant depth - .

The first line on the right-hand side is the derivative of the Gaisser-Hillas (G-H) function [7],
which we interpret as the rate of production of charged mesons per d- (g/cm2). The parameters
of number of particles at shower maximum (#max), depth of shower maximum (-max), depth of
first interaction (-0), and interaction length (_) are the free parameters during the fit and, as they
are applied here to the charged mesons in the hadronic cascade, their numerical values are quite
different from those of the original G-H function.

In the second line of Eq. (2), we multiply by the probability for mesons to decay to a muon
relative to the total rate of decay and re-interaction. We consider two channels for muon production,
namely decay of charged pions and kaons c±/ ± → ` + a`, with branching ratios of 100% and
63.5% respectively. The decay fraction for charged pions with interaction length _c and decay
length 3c is

1/3c
1/3c + 1/_c

. (3)

The decay length is given by [8]
1
3c

=
nc

�c cos \-
, (4)

where �c is the energy of the pion and nc the pion critical energy given by

nc =
<c2

2

2gc

')

"6
≈ 115 GeV × )

220 K
, (5)

with 2 the speed of light in vacuum,<c and gc the pion mass and lifetime, R the molar gas constant,
M the molar mass of the atmosphere, and 6 the gravitional constant. On average, the muon that
results from pion decay has an energy �` = Ac × �c with Ac ≈ 0.79. For kaons, the critical energy
is larger by a factor of 7.45 because of its larger mass and shorter decay length, and the muon
energy in this case is defined by A ≈ 0.52. The factors of 0.92 and 0.08 preceding the pion and
kaon terms are the relative fractions of momentum carried by charged pions and kaons after taking
into account the branching ratios. The momentum fraction carried by charged pions and kaons in
p-air interactions is given by Fig. 5.2 of Ref. [8] as 0.29 and 0.040 respectively. Combined with
the branching ratios, this gives 0.29/(1 × 0.29 + 0.635 × 0.04) = 0.92 for charged pions and 0.08
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Figure 1: Ratio between the mean energy of muons above the threshold and the muon threshold energy
�`. Markers are derived from vertical proton and iron shower simulations. Our approximation of 5 used in
Eq. (2) is given by the black line.
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Figure 2: Normalized muon production profiles for vertical showers with �` > 300 GeV. The markers show
the average profiles obtained from simulations, the lines are the fits of Eq. (2) to the simulation results.

for charged kaons. To take into account the fact that the mean energy of muons is larger than the
threshold muon energy itself, we replace �` by 5 �`, where the factor 5 gives the ratio between the
mean energy of muons above the threshold energy and the threshold energy �`. Its behaviour can
be derived from simulations and is shown in Fig. 1 for the muon energy range we consider. It has a
piecewise behaviour parametrized by the black line, with the parameters included in Table 1.

The third line of Eq. (2) is the threshold factor from the Elbert formula Eq. (1), with an exponent
fitted to our simulations. It describes the suppression in muon multiplicity when the energy per
nucleon is close to the minimum muon energy.

Examples of the formula of Eq. (2) fit to production profiles derived from CORSIKA simula-
tions are shown in Fig. 2 for �` > 300 GeV. We have repeated this procedure for muon threshold
energies of 300, 400, 500, 700, and 1000 GeV and a large range of primary energies. The optimized
values of #max, -max, _, and -0 for vertical proton showers are shown in Fig. 3. We observe
that their behaviour depends in leading order on �0/��`, and parametrize it with the following

4



P
o
S
(
I
C
R
C
2
0
2
1
)
4
3
4

Parameterization of muon production profiles Stef Verpoest

0

2

4
lo

g 1
0 N

m
ax

300 GeV
400 GeV
500 GeV

700 GeV
1000 GeV

200

300

400

 (g
/cm

2 )

0 2 4 6
log10 E0 / AE

20

10

0

X 0
 (g

/cm
2 )

0 2 4 6
log10 E0 / AE

400

600

800

1000

X m
ax

 (g
/cm

2 )

Figure 3: Optimal values of the fit parameters #<0G , -<0G , _, and -0 of Eq. 2, as obtained from fits to
vertical proton showers for various minimum muon energies �` over a large range of primary energies. The
black lines are fits to these results with the functions of Eq. (6), resulting in the parameters given in Table 1.

functions,

#max = 28 × � ×
(
�0
��`

) ?8
-max, _, -0 = 08 + 18 × log10

(
�0
��`

)
,

(6)

where 28 , ?8 , 08 , and 18 are defined for each function separately and have two regimes with a break at
'1 =

�0
��`

= 10@ and parameters (08 , 18) with 8 = 1 below the break and 8 = 2 above. The resulting
parameters are listed in Table 1. A simple Python implementation of this parameterization is made
available on Github1. Note that the scaling with �0/��` is not perfect; a remaining dependence
on �` can be observed in Fig. 3. It is therefore recommended to optimize the simulations and fits
to the energy regime relevant for the application or detector that is studied.

3. Seasonal variations of muon bundle properties

As an example of the application of the parameterization of Section 2, we will examine the case
where muon bundles are observed in an underground detector and the primary cosmic ray energy
is determined independently by a surface detector. We will use values relevant for air showers
detected coincident between the surface array IceTop [9], located at the South Pole, which detects
air showers with primary energies between 1 PeV and 1 EeV at an atmospheric depth of roughly
700 g/cm2, and IceCube[2], which sits vertically below IceTop buried under 1.5 km of ice and
allows for the detection of muons above approximately 400 GeV. The calculations are performed
using atmospheric data for the South Pole obtained from the AIRS satellite [10], which provides the
temperature at different, unevenly spaced, atmospheric pressure levels between 1 hPa and 700 hPa.
These pressures are converted to atmospheric depth and interpolated to a regular grid.

1https://github.com/verpoest/muon-profile-parameterization
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Table 1: Parameter values for Eq. (6) for 300 GeV . �` . 1 TeV.

8 28 ?8 @

#max 1 0.124 1.012 2.677
2 0.244 0.902
8 08 (g/cm2) 18 (g/cm2) @

-max 1 366.2 139.5 3.117
2 642.2 51.0

_ 1 266.0 42.1 2.074
2 398.8 -21.9

-0 1 -2.9 -2.6 4.025
2 -15.8 0.6

5 1 1 0.53 2.72
2 2.45 -
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Figure 4: Left: Integral production profiles for 10 PeV proton and iron showers for three days in 2017 at the
South Pole where the expected muon multiplicity is approximately minimal, maximal and average. Right:
Variation of the expected multiplicity throughout the year for vertical 10 PeV showers from five primary mass
groups.

Using the temperature profiles together with the parameterization, we obtain muon production
profiles which can be integrated to find the expected muon multiplicity. Fig. 4 shows the expected
multiplicity of muons above 400 GeV in 10 PeV vertical showers throughout the year 2017, as well
as the integral profiles for three days corresponding roughly to the days with minimal, average, and
maximal multiplicity. It can be seen that the multiplicity is maximal in the austral summer, when
temperatures are highest. The calculation predicts a seasonal variation of about 6% around the
mean. This may be an important uncertainty to consider in cosmic-ray composition analyses based
on muon bundle measurements [11].

Because the parameterization describes the muon production as function of slant depth in the
atmosphere, it is also possible to extract information about the altitude of production and to estimate
the transverse size of a muon bundle. A muon with energy �` produced at an altitude ℎ with a
transverse momentum ?) will have a transverse distance from the shower axis given by
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Figure 5: Left: Differential muon production versus altitude for three different days at the South Pole,
measured relative to the surface above IceCube, in vertical 10 PeV showers. Right: Seasonal variation of the
estimated transverse size of the muon bundle (altitude effect only) for five mass groups.

A) =
?)

�`
× ℎ

cos \
, (7)

where \ is the zenith angle of the primary. At a vertical depth -E the atmospheric pressure is
% = 6-E and the density is given by d = −d-E/dℎ. Assuming the ideal gas law, one can calculate
the altitude corresponding to vertical depth -E as

ℎ(-E ) =
')

"6
ln
-0
-E
, (8)

where -0 is the vertical depth at ℎ = 0. Using this, we will perform a simple estimate of the expected
bundle size, assuming amean value of transversemomentum for themuons of 〈?) 〉 ≈ 350 MeV [12].
As zero-point ℎ = 0 for the altitude we use the surface above the IceCube detector, located at an
elevation of 2835 m with an atmospheric depth -0 ≈ 700 g/cm2. The left panel of Fig. 5 shows
the differential muon production as function of altitude for vertical proton and iron showers at three
different days corresponding again roughly to the yearly average and two extremal days. It is clear
that muons are produced higher in the atmosphere for heavier nuclei. For a given primary mass,
production happens at higher altitude in the summer compared to colder days because of the thermal
expansion of the atmosphere. An estimate of the expected bundle size 〈A) 〉 is obtained by taking
the weighted average of the transverse distance for a muon with 〈?) 〉 at a depth - using Eq. (7),
multiplying it with the production profile and integrating over depth. The result is shown in the
right panel of Fig. 5, where we see that the muon bundle has the largest spread in the warmest
months, corresponding to the higher production altitude. The magnitude of the seasonal variations
is roughly 10% around the average value.

Note that we report the multiplicity and transverse size of the muon bundle at the surface above
the IceCube detector. The estimate of the transverse size is also limited to the geometrical effect. A
full estimate of the muon bundle properties in the detector needs to take into account propagation
through the overburden, where multiple scattering of the muons will further increase the spread of
the muons [13]. Also separation of muons by bending in the geomagnetic field before they reach
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the surface can be important, especially for inclined showers [14].

4. Summary

We have presented a parameterization of muon production profiles in cosmic-ray air showers
based on fits to air-shower simulations. The production profile for a certain primary cosmic ray and
a muon energy threshold can be obtained for realistic atmospheres to estimate the muon multiplicity
and the transverse size of the muon bundle caused by the geometrical separation related to the muon
production altitude. Because the temperature dependence of the decay probability of parent mesons
is included in Eq. (2), the seasonal variations of these quantities can be determined. An estimate
performed at fixed primary energy relevant for the case of IceCube shows that the multiplicity
and the transverse size are maximal when the atmosphere is at its warmest, consistent with the
increased decay rate and higher muon production altitude resulting from the thermal expansion of
the atmosphere, and vice-versa when the atmosphere is colder. Because the parameterization does
not scale perfectly with the ratio of the muon energy and primary nucleon energy, it should be
optimized for detectors with different conditions, e.g. the overburden.

Further applications of the parameterization exist but are not included here. One example is the
calculation of rates of events of single and multiple muons in underground detectors, as discussed
in Ref. [3].
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