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1. Introduction
The process that allows CRs to escape from their sources and be released into the Galaxy is

still largely unknown, mostly because its comprehension relies on details of the acceleration process
and magnetic field evolution. Given the large uncertainties of current theoretical models [1, 2],
here we adopt a phenomenological approach, consisting into a simplified description of the particle
transport in spherical symmetry, capable of catching the particle decoupling from the SNR shock
within a parametric description of the escape time [3]. In particular, a time-dependent solution
for the density distribution of both protons and electrons is obtained. These solutions depend on
the SNR temporal evolution, which is discussed in Sec. 2, and on the diffusive regime operating
at the time when the particles start to escape the shock, whose details are provided in Sec. 3.
Consequently, we derive the spectral energy density of the secondary gamma rays produced at the
interaction between the accelerated protons and the target gas, as well as synchrotron and inverse
Compton (IC) photons radiated by the electrons, in order to explore the possibility of constraining
the regime of operation of particle escape by means of multi-wavelength observations. We apply
the model to the broadband emission of the Cygnus Loop SNR in Sec. 4, highlighting the key role
of gamma-ray data for constraining the particle escape. Conclusions are derived in Sec. 5.

2. The SNR dynamical evolution and the particle maximum energy
An SNR results from the interaction of ambient gas with stellar material ejected by a supernova

(SN). The evolution of the interaction among the interstellar medium (ISM) gas and the ejecta can
be characterized in terms of several distinct stages. While in the ejecta-dominated (ED) phase,
the shock is almost in free-expansion, since the mass of the supernova (SN) ejecta 𝑀ej dominates
over the swept-up mass, later on the Sedov-Taylor (ST) phase onsets, and the expansion starts to
become adiabatic, while radiative losses are still not significant. The transition time between these
two stages is the so-called Sedov time, that for explosions occurring in a uniform environment of
mass density 𝜌0 reads as:

𝑡Sed ' 1.6 × 103 yr
(
𝐸SN

1051 erg

)−1/2 ( 𝑀ej

10𝑀�

)5/6 (
𝜌0

1𝑚p/cm3

)−1/3
, (1)

where 𝑚p is the proton mass, and 𝐸SN is the kinetic energy released at the SN explosion. We refer
to the analytical parametrization of [4] for the description of the temporal evolution of the shock
radius 𝑅sh and speed 𝑢sh during the ED and ST stages, as well as along the transition.
The particle acceleration is believed to be highly efficient during the initial stages of the remnant
evolution. A maximum value of the particle momentum 𝑝max, though not naturally embedded in
the Diffusive Shock Acceleration (DSA) theory, is expected to exist in order to limit the spectral
energy density of accelerated particles. However, a self-consistent description of the maximum
energy achievable in the acceleration mechanism in a non-stationary framework requires the correct
modeling of the evolution of the magnetic turbulence, which is supposed to be self-generated by the
same accelerated particles, and possibly damped through frictional effects and wave cascade. Since
such a complete description does not exist yet, we here use a quite general recipe, often adopted
in the literature, which assumes that the maximum momentum increases with time during the ED
phase, when the shock is actively accelerating particles, and then it decreases during the ST phase
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according to a power law in time [see e.g. 5], namely:

𝑝max,0(𝑡) =
{
𝑝M (𝑡/𝑡Sed) if 𝑡 6 𝑡Sed

𝑝M (𝑡/𝑡Sed)−𝛿 if 𝑡 > 𝑡Sed ,
(2)

where 𝑝M represents the absolute maximum momentum, achieved at 𝑡 = 𝑡Sed. Note that 𝛿 is a free
parameter of the model, bounded to be positive, whose value strongly depends on the temporal
evolution of the magnetic turbulence [3]. By inverting Eq. (2), we can also define the escape time
for particles of given momentum 𝑝:

𝑡esc(𝑝) = 𝑡Sed (𝑝/𝑝M)−1/𝛿 , (3)

corresponding to the time when these particles cannot be confined anymore by the turbulence and
start escaping from the shock. It is also useful to define the escape radius as 𝑅esc(𝑝) = 𝑅sh (𝑡esc(𝑝)).
The onset of the escape process in the acceleration scenario introduces a unique feature in the
evolution of the particle distribution, that will behave differently before and after 𝑡esc(𝑝). In fact, at
times smaller than 𝑡esc(𝑝), particles closely follow the shock evolution as they are strictly tightened
to the turbulence. On the other hand, at later times, when the turbulence starts to fade out, particles
behave disconnected by the shock, and freely diffuse in the space. Particles evolving in these two
regimes will be named respectively confined particles and non-confined (or escaping) particles.

3. Particle propagation in SNRs
The CR transport equation regulates the particle motion in the velocity and magnetic fields

of the shock region and around. In the following Sec. 3.1 we will solve the transport equation for
protons, which are subject to advection, diffusion and adiabatic losses, under the assumption that
the internal structure of the moving plasma is such that its velocity profile is given by [6]

𝑢(𝑡, 𝑟) =
(
1 − 1

𝜎

)
𝑢sh(𝑡)
𝑅sh(𝑡)

𝑟 , (4)

𝜎 being the compression ratio at the shock (𝜎 = 4 for strong shocks). Under this approximation,
an analytical solution can be found for both the confined and the non-confined density function of
protons during the ST evolutionary stage. In turn, the propagation of electrons is also affected by
energy losses, as revealed by numerous observations of radiation spanning from radio to X rays in
several SNRs [7], thus requiring the switch towards a numerical treatment for the solution of their
transport equation, as discussed in Sec. 3.2.

Concerning that the efficiency in converting the shock bulk kinetic energy into relativistic
particles, bCR, we assume that is constant in time, following [8]. The distribution function of CR
accelerated at the shock is determined by DSA and it is predicted to be a featureless power law in
momentum with slope 𝛼. In a simplified form, we write the particle spectrum at the shock as

𝑓0(𝑡, 𝑝) =
3 bCR𝑢

2
sh(𝑡)𝜌0

4𝜋 𝑐(𝑚p𝑐)4Λ(𝑝max,0(𝑡))

(
𝑝

𝑚p𝑐

)−𝛼
Θ
[
𝑝max,0(𝑡) − 𝑝

]
, (5)

where 𝑐 is the speed of light. The spectral slope 𝛼 is also a free parameter of the model. It is worth to
recall, however, that DSA predicts 𝛼 to be equal or very close to 4. Note that the function Λ(𝑝max,0)
is required to normalize the spectrum such that the CR pressure at the shock is 𝑃CR = bCR𝜌0𝑢

2
sh.
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3.1 Protons

The proton distribution function obeys the following equation:

𝜕 𝑓

𝜕𝑡
+ 𝑢 𝜕 𝑓

𝜕𝑟
=

1
𝑟2

𝜕

𝜕𝑟

[
𝑟2𝐷

𝜕 𝑓

𝜕𝑟

]
+ 1
𝑟2
𝜕 (𝑟2𝑢)
𝜕𝑟

𝑝

3
𝜕 𝑓

𝜕𝑝
, (6)

where the effective spatial diffusion coefficient experienced by particles is indicated with 𝐷 (𝑡, 𝑟, 𝑝).
The simplified transport equation for the confined particle density function 𝑓conf reads as:

𝜕 𝑓conf
𝜕𝑡

+ 𝑢 𝜕 𝑓conf
𝜕𝑟

=
1
𝑟2
𝜕 (𝑟2𝑢)
𝜕𝑟

𝑝

3
𝜕 𝑓conf
𝜕𝑝

. (7)

where we assume that diffusion inside the SNR is strongly suppressed, such that advection dominates
the particle transport for 𝑡 < 𝑡esc(𝑝). In order to describe the particle evolution at early times after
the escape, namely for 𝑡 > 𝑡esc(𝑝), an approximate solution is obtained by assuming that particles
decouple from the SNR and their evolution is governed by pure diffusion. The particle density
evolution is hence described by the same Eq. (6) but dropping the terms including 𝑢, which gives:

𝜕 𝑓esc
𝜕𝑡

=
1
𝑟2

𝜕

𝜕𝑟

[
𝑟2𝐷 (𝑝) 𝜕 𝑓esc

𝜕𝑟

]
, (8)

where from now on we will address 𝑓esc(𝑡, 𝑟, 𝑝) as the distribution of non-confined particles. Note
that the diffusion coefficient is here assumed spatially homogeneous and stationary, as to allow an
analytic solution. Unless specified differently, we will consider it Kolmogorov-like, namely

𝐷 (𝑝) ≡ 𝜒𝐷Gal(𝑝) = 𝜒1028
( 𝑝𝑐

10 GeV

)1/3
cm2 s−1 , (9)

where the parameter 𝜒 quantifies the difference with respect to the average Galactic diffusion
coefficient. Since the particles will start escaping after they have been confined by the turbulence,
this equation will be solved with an initial condition given by the distribution function of confined
particles at 𝑡 = 𝑡esc(𝑝). We refer to [3] for details on the methods and the analytic solutions of
the particle density in the two different propagation regimes, obtained for acceleration spectra with
either 𝛼 = 4 or 𝛼 = 4 + 1/3 (see Eq. (5)).

3.2 Electrons

In order to evaluate the impact on the electron spectrum of energy losses as a function of time,
we need to estimate the magnetic field strength at the shock, and its evolution in the remnant interior
while it is expanding. The value of the magnetic field at the shock is the result of both amplification,
that we here account for parametrically as due to proton-self amplification, and compression at
the shock of the circumstellar magnetic field. The former is connected to the maximum energy of
protons, as given by Eq. (2). Assuming that 𝑝max,0(𝑡) is determined by the age-limited condition
𝑡acc = 𝑡SNR, we can derive the magnetic field using the acceleration time 𝑡acc ' 8𝐷1(𝑝)/𝑢2

sh where
the upstream diffusion coefficient is 𝐷1(𝑝) = 𝐷𝐵/F , 𝐷𝐵 being the Bohm diffusion coefficient
and F the magnetic logarithmic power spectrum. Note that we will use the subscript 1 (2) for the
quantities calculated in the upstream (downstream). Because of Eq. (2), we get

F (𝑡) = 8 𝑝M𝑐

3 𝑒𝐵0 𝑐 𝑡Sed


( 𝑢sh
𝑐

)−2
𝑡 < 𝑡Sed( 𝑢sh

𝑐

)−2
(

𝑡
𝑡Sed

)−𝛿−1
𝑡 ≥ 𝑡Sed ,

(10)
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where 𝐵0 is the upstream ordered magnetic field. Assuming the empirical formula F −1 = (𝐵0/𝛿𝐵)+
(𝐵0/𝛿𝐵)2, the turbulent component of the upstream magnetic field is then

𝛿𝐵1(𝑡) =
𝐵0
2

(
F (𝑡) +

√︁
4F (𝑡) + F 2(𝑡)

)
, (11)

such that the total magnetic field strength in the shock upstream is then 𝐵1,tot(𝑡) =
(
𝐵2

0 + 𝛿𝐵
2
1 (𝑡)

)1/2.
Crossing the shock towards downstream, the magnetic field is further compressed by a factor
𝑟B =

√
11 for a randomly oriented field. As a result, the downstream total field at the shock position

is equal to 𝐵2,tot(𝑡) = 𝑟B𝐵1,tot(𝑡). In addition to field compression, the evolution of the downstream
field is further affected by adiabatic losses. In the assumption of an isotropic magnetic field, the
ordered component gets diluted with position within the shock radius and time as [13]

𝐵2
2 (𝑟, 𝑡) =

𝐵2
0

3

[(
𝑅sh(𝑡)
𝑟

)4
+ 2𝜎2𝐿6(𝑡 ′, 𝑡)

(
𝑅sh(𝑡)
𝑟

)2
]
, (12)

where 𝑡 ′(𝑡, 𝑟) indicates the time when the plasma located at time 𝑡 in position 𝑟 was shocked
[3]. Neglecting damping effects, a similar expression can be written for the downstream turbulent
component, substituting in the LHS 𝐵2 with 𝛿𝐵2 and in the RHS 𝐵0 with 𝛿𝐵1. The factor 𝐿 (𝑡 ′, 𝑡)
in Eq. (12) accounts for adiabatic losses that the magnetic field undergoes in the time interval 𝑡 − 𝑡 ′:

𝐿 (𝑡 ′, 𝑡) =
[
𝜌2(𝑡, 𝑟)

𝜌2(𝑡 ′(𝑡, 𝑟))

]1/3
=⇒ 𝐿 (𝑡 ′, 𝑡) =

[
𝑅sh(𝑡 ′)
𝑅sh(𝑡)

]3/4
(13)

where 𝜌2(𝑡 ′, 𝑟) is the density of the downstream (shoked) plasma element right at the time it was
shocked, i.e. 𝑡 ′(𝑡, 𝑟). The factor 𝐿 (𝑡 ′, 𝑡) ≤ 1. Note that particles are subject to the same losses. To
compute the adiabatic factor in the last equality, we made use of its dependence on the shock radius.

The instantaneous electron spectrum at the shock, 𝑓e,0(𝑝), is assumed proportional to the proton
spectrum, 𝑓0(𝑝). Nonetheless, its cutoff is located at the maximum energy which is determined by
the condition 𝑡acc = min[𝑡SNR, 𝜏loss], namely acceleration time either limited by SNR age of by loss
time. In the loss dominated case, a super-exponential cutoff is present [9, 10]. In particular, when
energy losses are proportional to 𝐸2, like in the case of synchrotron and inverse Compton processes,
the cutoff is ∝ exp [−(𝑝/𝑝max,𝑒)2], holding in the loss-dominated scenario. A good approximation
to the spectrum of electrons is provided by:

𝑓𝑒,0(𝑝) = 𝐾ep 𝑓0(𝑝)
[
1 + 0.523

(
𝑝/𝑝max,e

) 9
4
]2
𝑒
−
(

𝑝

𝑝max,e

)2

. (14)

The factor 𝐾ep accounts for the different normalization between electrons and protons, which is
likely related to the different mechanisms responsible for lepton and hadron injection [11]. In turn,
the electron maximum energy, as limited by energy losses, can be estimated starting from the energy
loss rate due to synchrotron plus IC scattering, which is(

d𝐸
d𝑡

)
syn+IC

= −𝜎T𝑐

6𝜋

(
𝐸

𝑚e𝑐2

)2 (
𝐵2 + 𝐵2

eq

)
, (15)

where 𝜎T is the Thomson cross section and 𝑚e the mass of the electron, while 𝐵2
eq = 8𝜋𝑈rad

is the equivalent magnetic field associated to the interstellar radiation field of energy density

5
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𝑈rad. Imposing the condition 𝑡acc = 𝜏loss (𝜏loss being the total loss timescale calculated from the
synchrotron + IC losses, averaged over the time spent upstream and downstream of the shock) we
get the following expression for the maximum energy:

𝐸max,e(𝑡)
𝑚𝑒𝑐

2 =

√︄
(𝜎 − 1)𝑟B

𝜎
[
𝑟B(1 + 𝜎2

eq) + 𝜎(𝑟2
B + 𝜎2

eq)
] 6𝜋𝑒𝐵0F (𝑡)
𝜎T𝐵

2
1,tot(𝑡)

𝑢sh(𝑡)
𝑐

, (16)

where 𝜎eq = 𝐵eq/𝐵1,tot. Once the electron spectrum at the shock is known (see Eq. (14)), we can
proceed to derive the downstream particle distribution function, by solving the temporal evolution
of the particle energy with loss terms due to adiabatic expansion and radiative processes [12]

d𝐸
d𝑡

=

(
d𝐸
d𝑡

)
syn+IC

+ 𝐸
𝐿

d𝐿
d𝑡
, (17)

where 𝐿 is the adiabatic loss function, given in Eq. (13). Because of energy losses, electrons
produced at time 𝑡 ′ with energy 𝐸 ′ will thus have an energy 𝐸 (𝑡) at a later time 𝑡 given by [13]:

𝐸 (𝑡)
𝐸 ′ =

𝐿 (𝑡 ′, 𝑡)

1 + 𝐴 𝐸 ′
∫ 𝑡

𝑡′
𝐿 (𝑡 ′, 𝜏)

[
𝐵2

2,tot(𝜏) + 𝐵
2
eq

]
d𝜏
, (18)

where 𝐴 = 𝜎T𝑐/(6𝜋𝑚2
e𝑐

4). By imposing number conservation and defining the quantity 𝐼 (𝑡 ′, 𝑡) =
𝐴
∫ 𝑡

𝑡′
𝐿 (𝑡 ′, 𝜏)

[
𝐵2

2,tot(𝜏) + 𝐵
2
eq

]
𝑑𝜏, the electron spectrum at time 𝑡 results to be:

𝑓𝑒,conf (𝐸, 𝑟, 𝑡) = 𝑓𝑒,0

(
𝐸

𝐿 (𝑡 ′, 𝑡) − 𝐼𝐸 , 𝑡
′
)

𝐿4

(𝐿 − 𝐼𝐸)2 . (19)

4. The Cygnus Loop SNR
The Cygnus Loop is a bright SNR, located at an estimated distance of ∼ 735 pc, whose age is

supposed to amount to ∼ 2×104 yr. It presents a complex morphology, which deviates largely from
its classification of typical middle-aged shell-type SNR. In radio [15], two prominent shells (NGC
6960 and NGC 6992) and a central filament emerge. NGC 6992, likely governed by the interaction
of the SNR blast wave with clouds, is also the brightest sector of the gamma-ray Cygnus Loop
emission observed with Fermi-LAT between 1 and 100 GeV [14]. Our modeling of the non-thermal
radiation from the entire SNR accounts for several mechanisms, including proton collisions on target
gas density (pp interaction), electron IC scattering on background photons (CMB, UV, optical and
IR), and synchrotron emission from electrons in the SNR magnetic field [15], each resulting from
both confined and escaping particles. In addition to these, radiation from the region of the precursor
is also included, producing a flattening of the particle spectra towards the largest energies, where
particles do not suffer adiabatic losses. In the following, we outline how data constrain each single
parameter of the model. In order to match the present values of the shock radius and speed,
𝑀ej = 5𝑀� and 𝐸SN = 7 × 1050 erg are assumed in the following. The radio spectral index 𝑠
fixes the particle spectral slope through the relation 𝛼 = 2𝑠 + 3, hence 𝑠 ' 0.5 =⇒ 𝛼 ' 4, in
good agreement with linear DSA prediction. As the observed gamma-ray spectrum is expected to
arise entirely though pp collisions, its normalization allows us to fix the acceleration efficiency bCR,

6
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Figure 1: Left: Gamma-ray emission predicted from the model compared with Fermi-LAT data [14].
Hadronic (pp) and leptonic (IC) components are shown respectively with blue and yellow lines, their sum
being in red. Right: Synchrotron emission derived from the model compared with radio data from the whole
SNR [15]. Yellow lines show our best model, assuming 𝐵0 = 3 `G, as well as the case with 𝐵0 = 1 `G in
magenta. Dashed and dotted lines refer to the contribution from confined and escaped particles, respectively.
Figure reproduced from [15], under the CC BY license.

once the target density is fixed: for 𝑛0 = 0.4 cm−3, we derive bCR = 7%. On the other hand, the
spectral shape beyond few GeV simultaneously constraints 𝑝M, 𝛿 and 𝜒. Unfortunately, the lacks
data beyond a few 10 GeV results in some degeneracy between those three parameters. Hence,
we make the conservative assumption 𝐷 = 𝐷Gal, which allows us to constrain 𝑝M ' 200 TeV
and 𝛿 ' 3 in order to reproduce the gamma-ray data as shown in Fig. 1(a). It is worth stressing
that the IC emission spectrum from escaping electrons is quite flat and dominates the emission
above ∼ 30 GeV. Even if those electrons have been accelerated in the past, a fraction of them is
still located inside the SNR and its amount depends on the diffusion coefficient like 𝑁 ∝ 𝐷−3/2.
As a consequence, 𝜒 = 1 should be considered as a lower limit, in that 𝜒 � 1 would result in
overshooting the Fermi-LAT upper limits above 10 GeV. An interesting test for our model would
be to look for the TeV emission produced through IC by escaping electrons. The differential flux
at 1 TeV is ∼ 10−12 erg s−1 cm−2, well within the sensitivity range of current imaging atmospheric
Cherenkov telescopes (IACTs). Unfortunately, the Cygnus Loop is very extended, what makes the
observation very challenging for the limited field of view. An attempt was made by the MAGIC
collaboration, resulting only in upper limits (compatible with our predictions). The large IC flux
produced by the escaping electrons in the gamma-ray band results from the large electron density as
inferred from the radio data. In fact, radio data allow to estimate the remaining parameters, 𝐾ep and
𝐵0, which are 0.15 and 3 `G, respectively, for our fiducial model shown in Fig. 1(b). In particular,
the magnetic field is determined by the absence of any spectral break up to the highest frequency
point detected by Planck at 30 GHz. For our fiducial model the breaking frequency is located at
∼ 200 GHz and below such energy the emission behaves like a single power-law.

5. Conclusions
By modeling the radio and gamma-ray emission of the Cygnus Loop in the context of particle

propagation and escape from a middle-aged SNR, we constrained the nowadays maximum particle

7
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energy (for both electrons and protons) at 65 GeV, and the magnetic field strength at the shock at
10 `G. We also constrain the temporal behavior of maximum accelerated energy, suggesting the
existence of magnetic field amplification at the shock. In addition, the model description of the radio
also constrains the electron density, revealing a dominant IC emission from escaping electrons in
the gamma-ray spectrum above ∼ 10 GeV. This result sheds new light on the electron contribution to
the SNR spectral features at high energies. In this respect, future gamma-ray observations with the
next IACT generation, like the Cherenkov Telescope Array (CTA), could be crucial to investigate
the emission produced through IC by escaping electrons at energies ∼ 1 TeV and place observing
constraints on this spectral tendency.
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