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The Atiyah-Singer index theorem on a closed manifold is well understood and appreciated in
physics. On the other hand, the Atiyah-Patodi-Singer index, which is an extension to a manifold
with boundary, is physicist-unfriendly, in that it is formulated with a nonlocal boundary condition.
Recently we proved that the same index as APS is obtained from the domain-wall fermion Dirac
operator. Our theorem indicates that the index can be expressed without any nonlocal conditions,
in such a physicist-friendly way that application to the lattice gauge theory is straightforward. The
domain-wall fermion provides a natural mathematical foundation for understanding the bulk-edge
correspondence of the anomaly inflow.
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1. Introduction
The Atiyah-Singer (AS) index theorem [1] on a closed manifold without boundary X,
∫
1
Ind(D) =
d 4 xµνρσ tr[F µν F ρσ ],
32π 2 X

(1)

is less known. Here the second term is called the eta invariant, which is given by a regularized
difference between the number of positive and negative eigenvalues of the boundary Dirac operator
iDY . This is not surprising since we have been not very interested in manifolds with boundary in
physics until very recently.
Recently the theorem became important in condensed matter physics, as it was pointed out in
[3] that the APS index is a key to understand bulk-edge correspondence [4] of symmetry protected
topological insulator, which is a gapped material in the bulk but a good conductivity is seen on
the edge. The carrier of the charge, the so-called edge mode, is described as a massless 2 + 1dimensional Dirac fermion, whose partition function suffers from an anomaly of the time-reversal
symmetry. This anomaly is not a problem in the total system since it is precisely canceled by the
bulk fermion determinant. Each piece of the APS index in Eq. (2) corresponds to each phase of the
fermion determinants. Namely, the APS theorem is a mathematical guarantee that the time reversal
symmetry is protected in the total system. However, the left-hand side of the theorem defined by a
massless Dirac operator with nonlocal boundary condition is physicist-unfriendly.
The difficulty is in the fact that if we impose local and Lorentz symmetric boundary condition,
the reflected particle at the boundary flips its momentum but keeps the angular momentum unchanged. This means that the chirality is not conserved and the ± chirality sectors do not decouple
anymore: n± and the index do not make sense.
The Atiyah-Patodi-Singer boundary condition [2] gives up the locality and rotational symmetry
to respect the chirality. In the vicinity of the boundary, the Dirac operator has a form
D = γ4 (∂4 + H) ,

(3)

where we take x4 in the normal direction to the boundary, the A4 = 0 gauge is chosen, and
Í
H = γ4 i γi Di is a Hermitian operator. The APS boundary condition is given by this H operator,
such that its positive eigenmode’s components are forced to zero at the boundary: (H + |H|)ψ = 0.
This is a non-local boundary condition requiring information of eigenfunction extended on the
whole boundary manifold. Note that H commutes with γ5 and chirality is conserved. Then we can
define the index by the chiral zero-modes.
2
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is well-known and appreciated in physics. The number of chiral zero modes n± with the ± chirality
of the Dirac operator D defines the index Ind(D) = n+ − n− , which is related to the winding number
or topological charge of the gauge fields. The index is essential in understanding the tunneling
effect among different vacuua in quantum-chromo dynamics (QCD). This text-book-level formula
can be confirmed by only one-loop computations, and therefore, physicist-friendly.
However, the Atiyah-Patodi-Singer (APS) index theorem [2], which is an extension of the AS
theorem to a manifold X with boundary Y ,
∫
1
η(iDY )
Ind(DAPS ) =
d 4 xµνρσ tr[F µν F ρσ ]−
,
(2)
2
2
32π X
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2. Massive Dirac operator index without boundary
The key point of this work is if we can reformulate the index of the Dirac operator in terms of
massive fermions, where either notion of chiral or zero mode is lost. Let us start with an easier case
without boundary.
We consider a Dirac fermion with a negative mass, compared to that of the regulator. Here
we choose the Pauli-Villars regularization. For simplicity, we couple the SU(N) gauge fields to the
fermion on an even-dimensional flat Euclidean space. The fermion determinant is expressed as
det(D − m)
.
det(D + M)

(4)

In the large mass limit, or simply taking the physical mass m and Pauli-Villars mass M the
same, let us perform an axial U(1) rotation with angle π to flip the sign of the mass. Apparently the
fermion looks decoupling from the theory, but taking the anomaly [18, 19] into account, we have a
shift in the θ term by π and the sign is controlled by the Atiyah-Singer index IAS (D):

©
ª
∫

®
det(D − M)
det(D+M)
1

®
4
=
× exp −iπ
d
xFF
® = (−1)−IAS (D) .

®
det(D + M) det(D + M)
32π 2

|
{z
}®
=IAS (D)
«
¬

(5)

Even though we consider this massive fermion case, which does not have chiral symmetry or zero
modes, the index still appears. Our proposal is then to use the massive Dirac operator to define the
index. We use anomaly rather than symmetry.
Specifically, multiplying iγ5 to the numerator and denominator in the determinant to make
the operator anti-Hermitian, the determinant can be expressed by the products of pure imaginary
1 In Refs.[9, 10], it was shown that the non-local feature of the APS boundary condition has no problem when it is
Wick-rotated to a “state” at a time-slice.

3
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This outcome is mathematically beautiful but physicist-unfriendly, since locality (or causality)
is much more important than chirality for physicists, otherwise, we may allow information to
propagate faster than speed of light. In physics, we should not accept the non-local APS boundary
condition no matter how mathematically beautiful it is 1. Instead, we need to give up the chirality
and consider left-right mixing of massive fermion. The question is if we can make a fermionic
integer even within massive systems. Our answer is “Yes we can”.
Here is our reference list. We proposed a new formulation of the APS index using the domainwall fermion [5–7] in 2017 [11] with Onogi and Yamaguchi. One year later, three mathematicians
Furuta, Matuo and Yamashita joined and we succeeded in a mathematical proof that our proposal
is mathematically correct [12]. The reformulation is so physicist-friendly that application to lattice
gauge theory is straightforward [13]. In this conference, we had two parallel talks on an application
to a curved domain-wall fermion by Aoki [14] and that to the mod-two APS index [15, 16] by
Matsuki. We also refer the readers to our review paper [17] on the whole project.
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eigenvalues of massive operators:
"
!#
Î
Õ
det(D − M) det iγ5 (D − M)
iπ Õ
λ−M iλ−M
=
=Î
= exp
sgnλ−M −
sgnλ+M . (6)
det(D + M) det iγ5 (D + M)
2 λ
λ+M iλ+M
λ
−M

+M

Now we have shown the equality
1
1
IAS (D) = η(γ5 (D − M))reg. = − [η(γ5 (D − M)) − η(γ5 (D + M))] .
2
2

(7)

3. New formulation of the index with boundary
Next we consider the nontrivial case with boundary. Before going into the details, let us discuss
what a more physical set-up should be. In physics, any boundary has its “outside”. Topological
insulator is nontrivial because its outside is surrounded by normal insulators. It is more natural
to regard the surface of material as a wall between domains of different physical profiles, rather
than a boundary of a manifold. This domain-wall should keep the angular momentum in its normal
direction, rather than helicity of the reflecting particles. Namely, we should consider a massive
fermion system. The boundary condition should not be put by hand but should be automatically
chosen by nature. The edge-localized modes should play a key role. Is there any candidate? Yes,
we have the domain-wall fermion [5–7].
Let us consider a four-dimensional closed manifold, which is extended from the original
boundary, and a massive Dirac fermion operator on it,
D + εM,

(8)

where the sign function takes ε = −1 in our target domain (say x4 > 0), and ε = +1, otherwise2.
Here we do not assume any boundary condition on the domain-wall, expecting it dynamically given.
Unlike the standard domain-wall fermion employed in lattice QCD simulations, our domain-wall
fermion lives in four dimensions and the surface modes are localized in the three dimensional wall.
Our proposal for the new expression of the index is a natural extension of the Atiyah-Singer
index in the previous section. We find that the η invariant of the domain-wall Dirac operator with
kink structure, coincides with the APS index,
1
1
IAPS (D) = η(γ5 (D + εM))reg. = [η(γ5 (D + εM)) − η(γ5 (D + M))] .
2
2

(9)

This equality can be shown by Fujikawa method, which consists of three steps. 1) choosing
regularization: we employ the Pauli-Villars subtraction, 2) choosing the complete set to evaluate the
trace: we take the eigenmode set of free domain-wall Dirac operator squared, and 3) perturbative
evaluation. See [11] for the details of the computation. Here we give two remarks about the
evaluation.
2 In [8], more general position-dependent mass is discussed.
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On the right-hand side, chiral symmetry is no more essential but it is not written by the zero modes
only but also by the non-zero modes.
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First, the eigenmodes of the free domain-wall fermion, or the solutions to


{γ5 (Dfree + Mε(x4 ))}2 φ = −∂µ2 + M 2 −2Mγ4 δ(x4 ) φ = λ2 φ

(10)

ω/edge

are given by a direct product φ = ϕ±,e/o (x4 ) ⊗ eip ·x , where p denotes the momentum vector in the
three dimensions. The bulk wave functions in the x4 direction
ω
ϕ±,o
(x4 ) =

eiωx4 − e−iωx4
,
√
2π

ω
ϕ±,e
(x4 ) =

(iω ± M)eiω |x4 | + (iω ∓ M)e−iω |x4 |
,
p
2π(ω2 + M 2 )

(11)

with the eigenvalue λ2 = p 2 . These modes are chiral and massless.
The second remark is that we did not give any boundary condition by hand but the following
non-trivial boundary condition
ω/edge

[∂4 ∓ Mε] ϕ±,e

(x4 )|x4 =0 = 0,

ω
ϕ±,o
(x4 = 0) = 0,

(13)

is automatically satisfied due to the domain-wall. More importantly, this boundary condition
preserves the angular momentum in the x4 direction but does not keep helicity. Nature chooses the
rotational symmetry, rather than chirality.
Now we can compute the η invariant in a simple perturbative expansion. From the bulk mode
part, we obtain the curvature term but with the sign flipping:
∫
1
1 Õ bulk †
1
η(HDW )bulk =
(φ ) sgn(HDW )φbulk =
d 4 x(x4 )µνρσ trc F µν F ρσ (x) + O(1/M),
2
2 bulk
64π 2
(14)
where we have denoted HDW = γ5 (D + εM). From the edge modes, we obtain the η invariant of
the three-dimensional massless Dirac operator on the domain-wall,
1
1 Õ edge †
1
η(HDW )edge =
φ (x) sgn(HDW )φedge (x) = − η(iD3D )|x4 =0 .
(15)
2
2 edge
2
Together with the Pauli-Villars contribution with HPV = γ5 (D + M),
∫
1
1
− η(HPV ) =
d 4 x µνρσ trc F µν F ρσ (x) + O(1/M),
2
64π 2

(16)

we finally obtain,
1
1
η(γ5 (D + εM))reg. =
2
32π 2

∫
x4 >0

d 4 xµνρσ tr[F µν F ρσ ]−

η(iD3D )
,
2

(17)

which is equal to the APS index. The above evaluation of the bulk and edge modes separately
makes the roles of them in the anomaly inflow manifest: the time-reversal (T) symmetry breaking
of the edge (15) (the η invariant is odd in T) is precisely canceled by that of the bulk modes (14)
1
r eg.
when they are exponentiated in the fermion partition function: Zedge Zbulk ∝ (−1)− 2 η(γ5 (D+ε M)) .
5
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have the eigenvalues λ2 = p 2 + ω2 + M 2 and the ± eigenvalue of γ4 indicated by the subscripts ±.
Another subscript e/o denotes the even/odd parity under the reflection x4 → −x4 . In the complete
set, we have the edge localized solutions with
√
edge
ϕ−,e (x4 ) = Me−M |x4 |,
(12)
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4. Mathematical justification

where the mass term is given negative in a positive region of x4 and x5 and positive otherwise:



 −M for x4 > 0 & x5 > 0

m(x4, x5 ) =
0
for x4 = 0 & x5 = 0


 M2
otherwise


(19)

Here the gauge fields are copied in the x5 direction and we set A5 = 0. Then we evaluate the index
of this Dirac operator in two different ways. With the so-called localization technique [20, 21],
which focuses on the edge-localized modes on the domain-wall, we can show that the index is equal
to the original APS index, together with an equality between the index and that with an half-infinite
cylinder. The index can be also computed by counting the zero-crossings of the eigenvalues of the
Dirac operator in the 4 dimensions, which leads to our new proposal, the η invariant of domain-wall
Dirac operators. The equality (9) always holds since the left and right-hand sides are just two
different evaluations of the same quantity.

5. APS index on a lattice
Finally let us discuss the lattice version of the APS index.
In the standard lattice gauge theory on a square hyper-cubic and periodic lattices, it is wellÍ
known that the overlap fermion action [22] S = x q̄(x)Dov q(x) is invariant under a modified chiral
transformation [23, 24]:
q → eiαγ5 (1−aDov ) q,

q̄ → q̄eiαγ5 .

(20)

But the fermion measure transforms as
Dq q̄ → exp [2iαTr(γ5 + γ5 (1 − aDov ))/2] Dq q̄,
6

(21)
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In the previous section, we have perturbatively shown on a flat Euclidean space that the η
invariant of the domain-wall Dirac operator equals to the APS index of a domain with negative
mass, where the APS boundary condition is imposed on the location of the domain-wall, in spite of
the fact that we did not impose any boundary condition in the former set up. As the two formulations
are given on different manifolds, the reader may wonder if the equivalence is just a coincidence.
Since the problem is nontrivial not only in physics but also in mathematics, our collaboration
invited three mathematicians and the interdisciplinary collaboration went successful in giving a
general proof for the equivalence. In [12] we gave a proof that for any APS index of a Dirac
operator on a manifold X+ with boundary Y , there exists a massive domain-wall fermion Dirac
operator on a closed manifold X extended from X+ , and its η invariant equals to the original index.
Here we just give a sketch of the proof. We introduce an extra dimension to consider X × R,
and the following Dirac operator on it,
!
0
∂5 + γ5 (D4D + m(x4, x5 ))
5D
D =
,
(18)
−∂5 + γ5 (D4D + m(x4, x5 ))
0

A physicist-friendly reformulation of the Atiyah-Patodi-Singer index (on a lattice)

Hidenori Fukaya

which reproduces the axial U(1) anomaly. Moreover, the AS index can be defined as


aDov
IAS (Dov ) = Trγ5 1 −
,
2

(22)

Dov =

1 ©
HW ª®
1
+
γ
q
5
®,
a
2
HW
«
¬

(23)

where HW = γ5 (DW − 1/a) is the Hermitian Wilson Dirac operator. Even if we managed to impose
a lattice version of the APS boundary condition, the Ginsparg-Wilson relation or the definition of
the index would no longer been guaranteed.
In fact, an alternative direction is hidden in the index of the overlap Dirac operator. If we
substitute the explicit form (23) into the definition of the index (22), we end up with the η invariant
of a negatively very massive Wilson Dirac operator,
1
HW
1
IAS (Dov ) = − Tr q
= − η(γ5 (DW − 1/a)).
2
2
2
HW

(24)

Interestingly, the lattice index “knew” 1) the AS index can be written by the η invariant of a massive
Dirac operator3, and 2) chiral symmetry is not important: the Wilson Dirac operator is enough to
define it4.
The situation can be summarized in two tables. With the conventional massless Dirac operator,
we need a significant effort to formulate the index theorems. For the APS index we need the
unphysical boundary condition. For the lattice Atiyah-Singer index, we need the overlap fermion.
The lattice APS is even not known yet. However, the η invariant with massive Dirac operator on
a closed manifold gives a united treatment of index theorems which is easy to handle. The APS
in continuum theory is given by a kink structure in the mass term and the lattice AS is given by
Wilson Dirac operator. Now we can easily speculate that the lattice APS index must be given by
the eta-invariant of the Wilson Dirac operator with a domain-wall mass − 12 η(γ5 (DW − εM)).
In [13], we have perturbatively shown on a four-dimensional Euclidean flat lattice that
1
− 2 η(γ5 (DW − εM)) in the classical continuum limit is
∫
1
1
1
1
− η(γ5 (DW − εM)) =
d 4 x µνρσ trFµν Fρσ − η(iD3D )|x4 =0 + η(iD3D )|x4 =L4 ,
2
2
2
2
32π 0<x4 <L4
(25)
3 This fact was known, for example, in [26, 27] but its mathematical importance was not discussed, as far as we know.
4 The issue was recently revisited by some of mathematicians [28, 29].
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and it can reach the continuum value even at a finite lattice spacing [25], when the gauge link
variables are smooth enough.
But how to formulate the APS index has not been known. In continuum theory, the APS
boundary condition is imposed by separating the normal and tangent parts of the Dirac operator to
the boundary and requiring the positive components of the tangent Dirac operator of fermion fields
to vanish at the boundary. On the lattice, however, such a separation is difficult as is clear from the
explicit form of the overlap Dirac operator,
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Table 1: The standard formulation of the index with massless Dirac operator

AS
APS

continuum
2
2
Trγ5 e D /M
2
2
Trγ5 e D /M w/ APS b.c.

lattice
Trγ5 (1 − aDov /2)
not known.

Table 2: The η invariant of massive Dirac operator

lattice
− 12 η(γ5 (DW − M))
− 12 η(γ5 (DW − εM))

which coincides with the APS index on T 3 × I with I = [0, L4 ]. Here we have put two domain-walls
at x4 = a/2 and x4 = L4 − a/2 and set M = 1/a. Since the left-hand side of (25) is always an
integer, we expect that this definition is non-perturbatively valid.

6. Summary
In this work, we have shown that the massive domain-wall fermion is physicist-friendly: the
APS index can be formulated (even on a lattice) without any unphysical boundary conditions.
Moreover, it is mathematically rich: the η invariant of the massive Dirac operator on a closed
manifold unifies the index theorems.
The author thanks M. Furuta, N. Kawai, S. Matsuo, Y. Matsuki, M. Mori, K. Nakayama,
T. Onogi, S. Yamaguchi and M. Yamashita for the fascinating collaborations. This work was
supported in part by JSPS KAKENHI Grant Number JP18H01216 and JP18H04484.
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