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We study SU(2) gauge field theory with # 5 = 24 quarks. The theory is asymptotically non-free
and, at vanishing quark mass, governed by a Gaussian fixed point at long distances. On the other
hand, at non-zero quark mass the quarks are expected to decouple at long distances and the system
behaves like confining pure gauge SU(2) theory. We study the mass spectrum of the theory as
the quark mass is varied and obtain scaling laws for meson masses and string tension. We also
measure the evolution of the coupling constant at non-zero quark mass with gradient flow method.
We observe unambiguously the decoupling of the quarks with the associated change of evolution
of the coupling constant.
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SU(2) gauge theory with # 5 = 24 quarks at non-zero mass Ahmed Salami

1. Introduction

The behaviour of SU(#) gauge field theories as the energy scale is varied is largely dictated by
their matter content. Due to their applications in beyond Standard Model scenarios, asymptotically
free theories with an infrared fixed point [1–4] have recently attracted attention. On the lattice the
properties of this type of theories have been studied for SU(2) gauge theory with matter fields in
the fundamental [5–9] or adjoint [10–18] representation.

Much less is known about theories which are not asymptotically free. In this case the coupling
constant does not vanish at high energy, but typically diverges at a Landau pole. For SU(#) gauge
theory with fundamental representation Dirac fermions this happens when the number of fermions
# 5 is larger than 11#/2. While these theories are not directly relevant for the Standard Model,
they pose a challenge for our understanding of the gauge field dynamics and the applicability of
lattice computation methods.

In this work we study SU(2) gauge field theory with # 5 = 24 massive quarks. In an earlier
work we studied the evolution of the coupling at vanishing quark mass [19], with results which
agreed with expectations: the coupling vanished at long distances (Gaussian IRFP), and the short
distance behaviour was compatible with the Landau pole. However, a non-vanishing quark mass
introduces an additional scale to the system: while the UV properties remain to a large extent
unaffected, the IR physics changes dramatically: quarks are expected to decouple at energy scales
less than the quark mass, and the behaviour of the theory approaches that of the confining pure
gauge SU(2) theory. The coupling now grows in the infrared instead of vanishing. This behaviour
will have implications for the particle spectrum of the theory as the quark mass is varied.

Here we report on a study of the excitation spectrum of the theory as functions of the quark
mass, and the evolution of the coupling constant at non-vanishing quark mass. We derive a scaling
law, relating the hadron and glueball masses, as well as the string tension, to the quark mass, and
obtain unambiguous evidence of the decoupling of the quarks and the reversal of the coupling
constant evolution. These results have been reported in refs. [20, 21].

2. Lattice formulation

We useWilson-clover lattice action with hypercubically truncated stout smearing (HEX smear-
ing) [22]. The Sheikholeslami-Wohlert clover coefficient is 2(, = 1, as is often used for HEX
smeared fermions [17]. Simulations are carried out using a hybrid Monte Carlo (HMC) algorithm
with leapfrog integrator and chronological initial values for the fermion matrix inversion [23]. The
HMC trajectories have unit-length and the number of leapfrog steps is tuned to yield acceptance
rates above 80%.

The bare lattice gauge coupling is parametrized with V! = 4/62
0,lat, and we use values V! ∈

{0.25, 0.001,−0.25 }. BecauseWilson fermions induce a positive shift in effective V! [24, 25], very
small and even negative values of V! are needed to compensate for this effect with large number of
fermions. Lattice sizes are + = #3

B × #C , where #B and #C refer to the number of lattice sites in
spatial and temporal direction. These cover values #C ∈ {32, 40, 48 } and #B ∈ {#C/2, 3 #C/4, #C }.
The physical quark mass <@ is measured using the lattice PCAC relation [26].
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The lattice gauge coupling is defined using the gradient flow with the “continuous V-function”
approach [27], where the gradient flow of the gauge action determines the scale where the coupling
is evaluated. This is in contrast with the standard step scaling, where the scale is set by the lattice
size [28]. On a lattice of size !4 the coupling is defined as a function of the flow length scale
_! =

√
8 g, where g is the flow time, by [29]:

62
GF(_! , !) =

2 c2 _4
!
〈� (_!)〉

3
(
#2 − 1

)
(1 + X(_!/!))

. (1)

Here 〈� (_!)〉 is the expectation value of the (clover) energy of the gradient flow evolved gauge
field at flow scale _! , and X(2) is a finite volume correction. The flow is governed by the Lüscher-
Weisz action [30]. The normalization in Eq. (1) is such that 62

GF matches the MS running coupling
at one-loop level. In commonly used renormalization schemes the first two loops are universal
(including the gradient flow scheme on a lattice with Dirichlet boundary conditions [31]). However,
on a periodic lattice gauge field zero modes render the two-loop term non-universal [29].

3. Mass spectrum

We can estimate the expected behaviour of the hadron and confinement scales as the quark
mass <@ vanishes by considering the solution of the 1-loop V-function:

62(`, # 5 ) =
1

2V (# 5 )
0 log(`/Λ)

. (2)

Let us take # 5 = 24. Now Λ = ΛUV approximates the UV Landau pole, ` < ΛUV and V (24)
0 ≈

−0.0549. Thus, when the energy scale `→ 0 the coupling constant 62 vanishes, and the system is
free in the infrared.

If the quarks are massive the situation changes: when ` � <@, the quarks decouple and the
system effectively becomes confining pure gauge SU(2) theory. The string tension is non-vanishing,
and the mass spectrum includes glueballs, quark-antiquark mesons and two-quark baryons.

The energy scale of the confinement of SU(2) gauge theory sets the mass scale of glueballs
and string tension. We can estimate the confinement scale with the 1-loop running of the coupling
in # 5 = 24 and # 5 = 0 theories, and setting the couplings equal at ` = <@:

62(` = <@, # 5 = 24) = 62(` = <@, # 5 = 0) . (3)

Let us call the Λ-parameter of the # 5 = 0 theory ΛIR. It is analogous to “ΛQCD” of the pure gauge
theory and is a proxy for the confinement energy scale. Solving for ΛIR in terms of the quark mass
and the UV scale ΛUV we obtain

ΛIR
ΛUV

=

(
<@

ΛUV

)1−V (24)
0 /V (0)0

≈
(
<@

ΛUV

)2.18
. (4)

Thus, the confinement scale, and hence the glueball masses and the square root of the string tension,
are proportional to <2.18

@ at small quark masses. While the approximation (4) is based on 1-loop
running and an abrupt mass threshold, it becomes exact in the limit <@/ΛUV → 0 because the
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Figure 1: Left: The expected hadron mass scale 2<@ and the approximations of the confinement scale,
Eq. (4) and evolution of Eq. (5). Right: The pseudoscalar mass <c and the square root of string tension f1/2

as functions of <@ . The data is measured from lattices of size 484.

coupling near ` = <@ will be small, and the small coupling region dominates the evolution of the
scale.

On the other hand, because<@/ΛIR grows as<@ decreases, the 2-quark hadrons are effectively
“heavy quark” systems with masses <Hadron ≈ 2<@.

A more accurate estimation of the confinement scale can be obtained with the massive V- and
W -functions:

362

3 log(_) = −V(6
2, _ <) , 3 log(<)

3 log(_) = W(6
2, _ <) . (5)

Here _ is the length scale where coupling and mass are evaluated. We use the background field
momentum subtraction (BF-MOM) scheme at 2 loops [32, 33], and evolve the equations by setting
<@ at the initial scale _ = 1/(2<@,0) and evolve the equations to UV and IR. The resulting
ΛIR/ΛUV is shown in Fig. 1 as a function of <@,0/ΛUV. We observe that this result agrees with
the approximation (4) at small <@, but deviates from it substantially at larger <@ when the mass
threshold effects and higher order corrections affect the result significantly.

In Fig. 2 we show themasses of pseudoscalar (c) and vector (d) meson, measured from different
volumes and using three different bare inverse lattice couplings V! . The hadron masses are very
close to the 2<@ -line at all V! and c and d are in practice degenerate. There is a clear finite volume
effect at small <@, but the behaviour of the data makes it very plausible that the <Hadron ≈ 2<@

behaviour remains valid in the limit <@ → 0 in infinite volume.
In order to characterise the confinement scale, we attempted to measure the string tension and

scalar and tensor glueball masses with standard methods. However, the confinement scale turns out
to be very small, and we could not obtain meaningful results for the glueball masses and only an
upper limit for the string tension f (for details, see ref. [17]). On the right panel of Fig. 1 we show
the measurements of 0 <c and 0

√
f, and compare with the expected scaling on the left panel. The

meson masses obey the scaling well, and the string tension is also It should be noted that on the left
the quark masses are up to order ΛUV, the Landau pole. This domain cannot be reached in lattice
simulations, and thus the lattice data corresponds to the left hand corner of the scaling plot. We
have arbitrarily related 0ΛUV = 24 here.
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Figure 2: The pseudoscalar meson mass <c (left) and the vector meson mass <d (right) as functions of
the quark mass <@ for V! = −0.25, 0.001, 0.25. The colours (black,purple,green) are used to distinguish
between different values of V and symbols (circle,triangle,diamond) are used to distinguish the different
system sizes.
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Figure 3: Left: The 2-loop perturbative evolution of the couplings 62 as functions of the length scale _,
obtained by integrating Eqs. (5) with varying initial value at 2<0_ = 1. To illustrate the asymptotic behaviour,
pure gauge (# 5 = 0) and massless # 5 = 24 evolution have been matched with the massive evolution. The
small circles denote points where the coupling evolves when scale is changed by an order of magnitude.
Right: The gradient flow data (black, blue and red error bands) as functions of 2<@ _! AB , where <@ is the
PCAC quark mass and AB = 1/3, superimposed on the perturbative curves.

4. Running coupling

We obtain the 2-loop perturbative evolution of the coupling with the renormalization group
equations (5). The initial conditions are set by giving a set of values for 62(_ = 1/(2<0)). The
resulting curves are shown in Fig. 3. It is evident that the coupling grows both at IR and UV ends,
and that it asymptotically matches the pure gauge (IR) and massless # 5 = 24 (UV) behaviour.

The coupling is measured with the “continuous V-function” gradient flow method as described
in section 2. The gradient flow coupling measurement is done with lattices of size+ = !4, ! = 480,
with smaller volumes used for finite size analysis.
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Figure 4: The measured gradient flow running couplings (green bands), obtained on a + = (480)4 lattice at
V ∈ {0.25, 0.001 } at three quark masses <@ , to which two-loop running coupling is fitted (solid black line).
The gradient flow length scale _! is shown in interval _!/0 ∈ [4.8, 24]. In comparison, the matched pure
gauge SU(2) (blue dotted line) and # 5 = 24 <@ = 0 (red dashed line) couplings are also shown.

Fig. 4 includes examples of 62
GF(_!) at tree different values of <@ for V! ∈ 0.25, 0.01. The

switch from the “heavy quark” (left column) to the “light quark” behaviour (right column) is evident
also on the lattice. We compare the results with the 2-loop perturbation theory by fitting 62

0 and
_0<0 to match 62

GF. In effect, the fit procedure achieves the relative multiplicative renormalization
between _<0 in BF-MOM scheme and _!<@ as measured from the lattice.

It turns out that the relative renormalization of _< between lattice and BF-MOM schemas is
roughly constant in our range of masses. Indeed, in Fig. 4 we plot all measurements of 62

GF against
2<@_!/3, overlaid with the perturbative 62 from Fig. 3. Besides the factor of 1/3 there are no fitted
parameters. The lattice data follows the 2-loop perturbative curves remarkably well, independent
of the value of V! . There are cases where simulation results with different V! and <@ fall on curves
which are very close to each other. Since different values of V! correspond to different lattice
spacings, this demonstrates that the results scale when lattice spacing is varied. In contrast to the
asymptotically free lattice QCD, the lattice spacing becomes smaller when V! is decreased, and
the theory does not have a continuum limit because of the UV Landau pole. For details we refer to
ref. [21].
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5. Conclusions

SU(2) gauge theory with # 5 = 24 quarks provides an interesting test case for studying
decoupling of quarks. At energy scales ` � < the coupling grows with the energy, reaching the
UV Landau pole, whereas at ` � < the system behaves as pure gauge SU(2) theory where coupling
decreases when energy grows. We demonstrate clear non-perturbative evidence of this behaviour
and the quark decoupling at energy scale ` ∼ <. These features have consequences for the physical
excitation spectrum as the quark mass is varied, and we have presented scaling laws describing the
hadron mass and the confinement scale behaviour as functions of the quark mass. These results
provide a consistent non-perturbative description of the behaviour of the theory from IR to UV
scales.
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