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We perform a lattice study of the phase transition in the SU(2) Georgi-Glashow model in three
dimensions, where the gauge symmetry is broken to U(1) by the Higgs mechanism and a photon-
like state appears. Due to condensation of monopoles the photon acquires a mass, which depends
on the number density of the monopoles. We show that the monopole density can be renormalised
on the lattice using gradient flow. Our preliminary results suggest that Polyakov’s semiclassical
relation between the photon mass and the renormalised monopole density is valid also at the
nonperturbative level.
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1. Introduction

Georgi-Glashow gauge theories, where scalar fields transform in the adjoint representation of
the gauge group, have a long history of study in particle physics, notably as a grand unified theory
when the gauge group is, for example, SU(5) [1]. It also serves as a toy model of nonperturbative
physics. In the simple case of a single adjoint scalar and an SU(2) gauge group, the system
admits ’t Hooft-Polyakov monopole solutions [2, 3] and provides a valuable testing ground for
their behaviour. In this simple case, the Higgs mechanism breaks the SU(2) gauge field to a U(1)
corresponding to a massless photon. However, monopole condensation gives rise to a small nonzero
photon mass [4].

Scalar fields transforming in the adjoint representation of SU(2) are also of interest in theories
of physics beyond the Standard Model (BSM). In particular, they allow a more complicated pattern
of symmetry breaking phase transitions in the early universe than the minimal Standard Model
of the Higgs doublet [5]. Understanding how monopole-like excitations may play a role in BSM
phenomenology is crucial, as we go beyond perturbation theory and take the first steps in probing
these models with lattice simulations [6].

In this proceedings we explore the phase transition in the SU(2) Georgi-Glashow model in
three Euclidean dimensions, which is the high temperature limit of the full (3 + 1)-dimensional
theory [7]. This theory also serves as an effective description of hot SU(2) gauge theory in the
deconfined phase [8].

Because of monopole condensation, the Higgs regime admits no massless modes and is in fact
analytically connected to the confining regime [8, 9]. Semiclassically, the photon mass squared
"2

W is expected to be proportional to the monopole gas number density = [4]. We explore this
relationship numerically at the nonperturbative level.

While measuring the nonzero photon mass "W is relatively straightforward, the monopole
number density = is a UV-divergent quantity because of short-lived monopole-antimonopole pairs
on the lattice. We show that the monopole number density can be renormalised with the gradient
flow [10], so that it has a well-behaved continuum limit. Our results support the hypothesis that the
semiclassical relation "2

W ∝ = is valid for the renormalised =.

1.1 The model in continuum

As outlined above, for our purposes the Georgi-Glashow model consists of SU(2) gauge fields
and a Higgs field q in the adjoint representation. By dimensional reduction, its infrared behavior at
high temperature is well described by a 3D theory with temperature dependent parameters:

( =

∫
d3G

{
1
2

Tr �8 9�8 9 + Tr [�8 , q]2 + <2
3())Tr q2 + _3()) (Tr q2)2

}
. (1)

The same 3D action arises as the high-temperature limit of two-color QCD, and of beyond the
Standard Model theories involving electroweak triplet scalars. The phase structure depends on two
dimensionless ratios,

G =
_3

62
3

and H =
<2

3

64
3
, (2)

where 63 is the gauge coupling in 3D.
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The monopoles give a mass to the photon-like excitation. Semiclassically [4]

"2
W ∼ =

c62
3
, = ∼

<
7/2
,

63
exp

[
− 4c<,

62
3

5 (_3/62
3)
]
, (3)

where = is a renormalised monopole number density that counts only widely separated monopoles,
and 5 (I) an O(1) function.

1.2 Lattice formulation

Writing the SU(2) links as *8 , our lattice action reads

( = V
∑
G,8< 9

(
1 − 1

2
Tr*8 9 (G)

)
+ 20

∑
G,8

(
Tr q(G)2 − Tr q(G)*8 (G)q(G + 8)*†

8
(G)

)
+ 03

∑
G

(
<2

!Tr q2 + _3(Tr q2)2
)
, (4)

where *8 9 is the plaquette and V = 4
062

3
. For small 0 the mass parameter is related to the continuum

one by <2
!
= <2

3 + X<2, where the counterterm is given in [11]. Letting Π+ = 1
2 (1 + q/

√
q2), a

U(1) link variable can be projected out as

D8 (G) = Π+(G)*8 (G)Π+(G + ŷ). (5)

The associated U(1) field-strength tensor is

U8 9 (G) =
2

6301/2 arg Tr D8 (G)D 9 (G + ŷ)D†
8
(G + ẑ)D†

9
(G). (6)

This in turn provides a meaningful definition of the magnetic field �8 on the lattice [12],

�8 (G) = n8 9:U 9: (G). (7)

The magnetic monopole number density is

= =
1
+

630
1/2

4c

∑
G,8

����8 (G + ŷ) − �8 (G)
���. (8)

However, it is ultraviolet divergent due to short-lived monopole-antimonopole pairs. We renormalise
it with gradient flow of the fields. If we parametrise the links as *8 (G) = exp

[
8\2

8
(G)f2/2

]
, the

gradient flow for this model in terms of dimensionless flow time g is

m*8 (G)
mg

= −862
30

f2

2
m(

m\2
8
(G)*8 (G) (9)

mq2 (G)
mg

= −0−1 m(

mq2 (G) . (10)

The gradient flow transforms fields towards saddle point configurations of the action, removing
ultraviolet fluctuations through smoothing [10]. The smoothing radius b in 3D is related to the flow
time by b =

√
6g0.
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Figure 1: Higgs field expectation value for various lattice spacings, converted to continuum MS.

At small 0, the Higgs mass parameter <2
!

requires a large negative counterterm to preserve
connection with continuum physics [11]. However, the gradient flow removes UV fluctuations, and
effectively reduces the need for the counterterm. Applying the flow to the lattice action (4) with
the counterterm included in <2

!
would drive the Higgs field to larger values as the gradient flow

proceeds. To avoid this, we choose the simplest option and explicitly remove the counterterm for
the gradient flow and use the continuum mass <2

3 = H64
3 instead. This constitutes a choice of the

renormalisation scheme, giving us well-behaved results for the monopole number density.

2. Results

We focus on G = 0.35, for which the confinement-Higgs transition is of the crossover type in
this model [8]. We use the heatbath and over-relaxation algorithms to update the gauge and Higgs
fields respectively, and generate field configurations in the canonical ensemble. An additional
Metropolis step is added to the Higgs updates for ergodicity.

In Fig. 1, we plot the Higgs field expectation value through the crossover, noting that the
renormalised expectation value has a clear continuum limit. The lattice cutoff effects vanish
linearly in 1/V [11]. This allows us to identify the approximate location of the pseudocritical point.

2.1 Renormalised monopole density from gradient flow

As discussed above, we perform gradient flow (see Fig. 2) of the fields on the lattice in order to
measure a renormalised monopole number density and remove ultraviolet monopole-antimonopole
pairs. In Fig. 3, we show the effect of the gradient flow on the number density of monopoles. We
note that the monopoles are screened from each other at long distances, but the lattice needs to be
relatively large to capture this effect [9].

The monopoles become heavier as the Higgs condensate grows, and the monopole density
drops rapidly. In Fig. 4, we plot both the unrenormalised and renormalised number densities of
monopoles for a number of lattice spacings. These results strongly indicate that the renormalised
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(a) b = 0.690 (b) b = 1.550 (c) b = 3.460

Figure 2: Snapshots of the system at different stages of gradient flow, parameterised by the smoothing
radius b in terms of the lattice spacing 0. Isosurfaces of the Higgs field are shown in shades of green, and
(anti)monopoles are shown in red (blue).
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Figure 3: Number density of monopoles = measured as a function of flow time b, at fixed V. At small
volumes, it seems that all the monopoles annihilate efficiently. As the volume is increased, monopoles
experience screening, and one can infer an infinite-volume limit. Note the semilogarithmic scale.

monopole density has a well-defined continuum limit. However, judging from Fig. 3, the lattices
used here are likely too small to fully see the screening of monopoles in the infrared. We do not
expect this limitation to qualitatively affect the 0 → 0 properties of =. A detailed investigation of
finite-volume effects will be presented in an upcoming publication.

2.2 Photon mass

We measure the photon mass using blocked correlators at non-vanishing momentum [8].
Within the accuracy of the measurement the photon is massless deep in the Higgs regime, where
the monopole gas is dilute. This agrees with the earlier lattice study of [13]. The photon mass
squared is approximately proportional to the monopole density, in accordance with semiclassical
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Figure 4: Unrenormalised and renormalised monopole densities at different spacings. The renormalised
results, taken at a cooling time of b = 2.686−2

3 , indicate a well-behaved 0 → 0 limit.
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Figure 5: At left, the photon mass squared as a function of H; the photon becomes almost massless deep in
the Higgs phase as expected. At right, the squared photon mass is compared to the renormalised monopole
density, for fixed volume and lattice spacing.

expectations. Furthermore, this relationship holds in the crossover region where perturbation theory
cannot be relied upon. The proportionality constant depends on how much gradient flow cooling is
applied; in other words, it depends on the renormalisation scale.

Our results for the photon mass and its relationship to the monopole number density are shown
in Fig. 5.

3. Conclusions

We have measured the monopole number density and photon mass in the SU(2) Georgi-
Glashow model. Our results indicate that gradient flow provides a meaningful method of renormal-
ising the monopole number density, giving a result with a well-defined continuum limit.
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In addition, we have used blocked correlators to measure the photon mass through the crossover.
We have established that the semiclassical proportionality between the monopole number density
and the photon mass (3) holds nonperturbatively, and furthermore that it extends to the vicinity of
the crossover transition where the semiclassical arguments are not reliable.

For theories beyond the Standard Model which contain adjoint scalar fields, the condensation
of monopoles naturally plays a role in crossovers and phase transitions. Our results give qualitative
insight into the infrared behaviour of the Higgs regime near the transition point. The presence of
monopoles could indeed have consequences for the strength of the transition as previously suggested
in Ref. [8]. Due to the nonperturbative nature of processes involving monopoles, caution is warranted
when conducting perturbative studies of such models near the transition point, particularly for weak
first-order transitions.
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