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high temperatures with chiral fermions. The exact chiral symmetry enables us to separate the
contribution from the axial U(1) breaking from others among the susceptibilities in the scalar and
pseudoscalar channels. Our result in two-flavor QCD indicates that the chiral susceptibility, which
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axial U(1) breaking at temperatures T ≥ 165 MeV.
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1. Introduction

It is widely believed that in the early universe around 10 µs after the Big-Bang, at a temperature
around 150 MeV, there has been a phase transition where the quarks and gluons in the plasma got
confined. It is also believed that the SU(2)L × SU(2)R chiral symmetry was spontaneously broken
at the same temperature. The signal of the so-called chiral phase transition should be detected
by the expectation value of the quark condensate, which is zero at temperatures higher than the
critical value Tc, while it becomes non-zero at lower temperatures. Simulating lattice QCD, the
temperature and quark mass dependences of the chiral condensate or its susceptibility have been
intensively studied [1–9].

In this work, we focus on a fact that the chiral condensate breaks not only SU(2)L ×SU(2)R but
also the axial U(1) symmetry (or U(1)A in short). Since the U(1)A symmetry is explicitly broken by
anomaly, which is true in any energy scale or temperature, one may consider that the temperature
and quark mass dependences of the U(1)A anomaly should be milder than that of SU(2)L × SU(2)R
and there should be little effect on the phase transition from it.

In the early days of QCD, however, they tried to explain the spontaneous chiral symmetry
breaking by the enhancement of the U(1)A anomaly through the instanton effects. For example, in
Ref. [10], Callan, Dashen and Gross proposed a scenario in which the chiral condensate is triggered
by the four fermion interaction induced by instantons (see also [11]). If this scenario as well as its
inverse are true, the SU(2)L × SU(2)R symmetry is recovered at the critical temperature Tc as a
consequence of disappearance of the U(1)A anomaly and instantons. It should also be noted that
the disappearance of the U(1)A anomaly would affect the universal property of the chiral phase
transiton [12].

It has been a challenge to examine the above two scenarios in QCD. On the analytic side,
the semi-classical treatment of the QCD instantons is not good enough to describe the low energy
dynamics of QCD. On the numerical side, in the conventional fermion formulation in lattice QCD,
both of the SU(2)L × SU(2)R and U(1)A are explicitly broken, and therefore, it is difficult to
disentangle the signals of their breaking/restoration and their lattice artifacts. Moreover, in our
previous studies [13–15], we found that in the physical quantities related to the U(1)A the lattice
artifact is enhanced at high temperatures, which makes the issue hard even with Möbius domain-wall
fermions.

In this work, we study the chiral susceptibility in two-flavor QCD with overlap fermions [16].
The exact chiral symmetry with the Ginsparg-Wilson relation, enables us to separate the U(1)A
(in particular topological) effect from others in a theoretically clean way. Our analysis shows that
the signal of chiral susceptibility is dominated by the U(1)A breaking effect rather than that of
SU(2)L × SU(2)R at high temperatures. This result supports the scenario proposed in [10, 11]. The
analysis at T ≥ 190 MeV was already reported in our paper [17]. In this report, we add preliminary
data at T = 165 MeV, which is near the pseudo critical temperature at the physical quark masses.
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2. Chiral susceptibility and the U(1)A breaking contribution

The Nf -flavor QCD partition function of the quark mass m and temperature T is given by a
path integral

Z(m,T) =
∫

[dA] det(D(A) + m)N f e−SG (A,T ), (1)

over the gluon field A, where the Dirac operator on quarks is denoted by D(A) and the gluon action
at temperature T is by SG(A,T). The chiral condensate and susceptibilty are given by its first and
second derivatives,

Σ(m,T) =
1

NfV
∂

∂m
ln Z(m,T) and χ(m,T) =

1
NfV

∂2

∂m2 ln Z(m,T), (2)

respectively. Here and in the following, we set Nf = 2 and neglect the strange and heavier quarks.
A schematic picture for their T and m dependences are shown in Fig. 1. As presented in

the top-left panel, the chiral condensate at m = 0 vanishes at a critical temperature Tc, while the
T dependence gives a milder crossover for the massive quarks1. Then the chiral extrapolation at
fixed temperatures should behave like the colored curves in the top-right panel. For T < Tc the
condensate converges to nonzero values, while it shows a sharp drop near the chiral limit when
T > Tc. The drops of the chiral condensate should be reflected as peaks of the chiral susceptibility,
as shown in the bottom-right panel. This peak is the sharpest and highest at T = Tc and becomes
broader and lower, gradually moving to the right as m increases.

Since the fermion determinant is formally given by a product of eigemvalues of the Dirac
operator, det(D(A) +m) =

∏
λ(iλ(A) +m), the chiral condensate can be expressed by a summation

over the eigenvalues,

Σ(m,T) = 1
V

〈∑
λ

1
iλ(A)+m

〉
. (3)

The chiral susceptibility χ(m,T) = χcon.(m,T)+χdis.(m,T) consists of the connected part χcon.(m,T),
which is a derivative of the chiral condensate with respect to the valence quark mass, and the dis-
connected part χdis.(m,T), which is with respect to the sea quark mass. These observables are given
by the eigenvalues only, and insensitive to the profile of the eigenfunctions.

From the Ward-Takahashi identity (WTI) of the SU(2)L×SU(2)R symmetry and the anomalous
WTI of the U(1)A, we can relate the chiral susceptibility to scalar and pseudoscalar susceptibilities,∑

x 〈Si(x)Si(0)〉 and
∑

x 〈Pi(x)Pi(0)〉, where the superscript i = a for the triplet and i = 0 for the
singlet, as well as the topological susceptibility χtop.(m,T) [18–20]. We can also show that only the
connected part contains a constant quadratic UV divergence, which is the same as the one contained
in Σ(m,T)/m. Therefore, we define the subtracted condensate by

Σsub.(m,T)
m

≡

[
Σ(m,T)

m
−

〈|Q(A)|〉
m2V

]
−

[
Σ(mref,T)

mref
−

〈|Q(A)|〉 |m=mref

m2
refV

]
, (4)

1 In Fig. 1 the second or higher order phase transition is assumed. Even when the transition is the first order, the finite
volume effect on the lattice would smooth the transition and the qualitative behavior of χ(m,T) would not change very
much.
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Figure 1: Schematic picture of the chiral condensate (top panels) and susceitpibility (bottom). The temper-
ature T dependence (left panels) and and that on the quark mass m (right) at fixed temperatures marked by
colored symbols are shown.

with a reference mass mref . Here possible chiral zero mode’s effect is also subtracted by introducing
the term with the topological charge Q(A), which is irrelevant to the UV divergence.

Specifically the subtracted connected chiral susceptibility is decomposed as

χcon.
sub. (m,T) = −∆U(1)(m,T) +

〈|Q(A)|〉
m2V︸                          ︷︷                          ︸

U(1)A breaking

+
Σsub.(m,T)

m︸       ︷︷       ︸
mixed

, (5)

and the disconnected susceptibility is

χdis.(m,T) =
Nf

m2 χtop.(m,T)︸           ︷︷           ︸
U(1)A breaking

+ ∆
(1)
SU(2)(m,T) − ∆

(2)
SU(2)(m,T)︸                              ︷︷                              ︸

SU(2)L × SU(2)R breaking

, (6)

where ∆U(1)(m,T) is the so-called U(1)A susceptibility:

∆U(1)(m,T) ≡
∑
x

〈Pa(x)Pa(0) − Sa(x)Sa(0)〉, (7)
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and ∆(1)
SU(2)(m,T) and ∆(2)

SU(2)(m,T) measure SU(2)L × SU(2)R breakings,

∆
(1)
SU(2)(m,T) ≡

∑
x

〈S0(x)S0(0) − Pa(x)Pa(0)〉, (8)

∆
(2)
SU(2)(m,T) ≡

∑
x

〈Sa(x)Sa(0) − P0(x)P0(0)〉. (9)

Now our goal is to quantify how much the U(1)A breaking contributions

χcon.
A (m,T) = −∆U(1)(m,T) +

〈|Q(A)|〉
m2V

and χdis.
A (m,T) =

Nf

m2 χtop.(m,T) (10)

dominate the signals.
So far we have used the continuum notation for the observables. The lattice formulas are given

using the eigenvalue λm of the massive overlap Dirac operator Hm = γ5[(1 − m)Dov + m]:

∆U(1)(m,T) =
1

V(1 − m2)2

〈∑
λm

2m2(1 − λ2
m)

2

λ4
m

〉
, (11)

Σ(m,T) =
1

V(1 − m2)

〈∑
λm

m(1 − λ2
m)

λ2
m

〉
, (12)

χdis.(m,T) =
Nf

V


1

(1 − m2)2

〈(∑
λm

m(1 − λ2
m)

λ2
m

) 2〉
− |Σ(m,T)|2V2

 . (13)

We emphasize that the exact chiral symmetry through the Ginsparg-Wilson relation is essential in
this spectral decomposition and the theoretically clean and unambiguous separation of the U(1)A
breaking effect.

3. Lattice simulations

We simulate Nf = 2 lattice QCD with a lattice spacing a = 0.075 fm. We employ the
Symanzik gauge action and Möbius domain-wall fermion [21] with the residual mass mres ∼ 1 MeV
for the configuration generations. Since the physical observables related to the U(1)A anomaly at
high temperatures are sensitive to the lattice artifacts, we reweight the configuration by the overlap
fermion determinant. The quark mass covers 3–30 MeV, where the lowest value is below the
physical point ∼ 4 MeV. The simulated temperatures2 are 165, 195, 220, 260, and 330 MeV, which
is tuned by the temporal size of the lattice Lt =8–16. At T = 220 MeV, we simulate 4 different
volume size lattices with L = 1.8–3.6 fm to estimate the finite size systematics.

In the spectral decomposition of the chiral susceptibility, we need to truncate the summation
over the eigenvalues. In this work, we cutoff the summation at 30–40-th lowest modes, which
corresponds to 150–300 MeV. For T ≤ 260 MeV, we find a good saturation and consistency with
direct inversion of Möbius domain-wall Dirac operator, but at T =330 MeV, the convergence is
marginal and we use the direct inversion.

2 The results at T ∼ 165 MeV are preliminary.

5



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
0
5
0

What is chiral susceptibility probing? H. Fukaya

In Fig. 2, the (subtracted) connected susceptibility at T = 220 MeV is plotted as a function of
the quark mass in the left panel and that for the disconnected part at the same temperature is shown
in the right panel. Compared to the total contribution in open mazenta squares, the axial U(1)
anomaly part in black filled squares are dominant. To be specific, the connected part is dominated
by axial U(1) susceptibility and disconnected one is governed by the topological susceptibiliy. The
data are obtained on 3 different volume lattices and they are all consistent.

The dominance by the U(1) breaking is seen at 5 simulated temperatures above Tc, which
is presented in Fig. 3. Here the data at 165 MeV are still preliminary, while others are given in
Ref. [17]. Here the colored open symbols are our data for the chiral susceptibility while the black
filled ones are the axial U(1) breaking part. In fact, ∼ 90% of signals comes from the axial U(1)
breaking. It is interesting to note that the behavior of the peaks, which is highest at T = 165 MeV
and getting lower, shifting to the higher quark mass point with T , is consistent with a naive picture
presented in the introduction. We also remark that the chiral limit of the axial U(1) breaking is
strongly suppressed.
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Figure 2: The connected (left panel) and disconnected (right) susceptibilities at T = 220 MeV are plotted
as a function of the quark mass. Compared to the total contribution in open mazenta squares, the axial U(1)
anomaly part in black filled squares are dominant. No sizable volume effect is seen.
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Figure 3: The connected (left panel) and disconnected (right) susceptibilities are plotted as a function of
the quark mass at 5 different temperatures. Compared to the total contribution in open colored symbols, the
axial U(1) anomaly part in black filled are dominant.

4. Summary

The chiral condensate and susceptibility are related to both of SU(2)L × SU(2)R and U(1)A. In
the spectral decomposition of the Dirac operator with exact chiral symmetry on the lattice, we can
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separate the purely U(1)A breaking effect. We have found that the chiral susceptibility is dominated
by the U(1)A breaking contribution at T & Tc. Specifically, the connected part is described by the
axial U(1) susceptibility, while the disconnected part is dominated by the topological susceptibility
(divided by m2). Our result indicates that the chiral susceptibility is probing the m andT dependences
of the U(1)A breaking, rather than that of SU(2)L × SU(2)R. The axial U(1) anomaly may play
more important role in the QCD phase diagram than expected.
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