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We present a calculation of the scalar, vector and tensor pion and kaon form factors using one
ensemble of two degenerate light, a strange and a charm quark (Nf=2+1+1) of maximally twisted
mass fermions with clover improvement. The quark masses are chosen so that they produce a pion
mass of about 265 MeV, and a kaon mass of 530 MeV. The lattice spacing of the ensemble is 0.093
fm and the lattice has a spatial extent of 3 fm. We use a rest frame, as well as a boosted frame to
obtain the form factors for a wider and denser set of four-vector momentum transfer squared, 𝑄 2 .
To assess and eliminate excited-states contamination, we analyze several values of the source-sink
time separation within the range of 1.12 2.23 fm (1.12 - 1.67 fm) for the rest (bosted) frame.
The 𝑄 2 dependence of the form factors is parametrized using a monopole fit, which leads to the
extraction of the corresponding radius, and the tensor anomalous magnetic moment for the tensor
form factor. The results for these parametrizations are compared for the pion and kaon to assess
the level of the SU(3) flavor symmetry breaking.
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1. Introduction

2. Theory and Lattice Setup
We obtain the form factors for a particular flavor 𝑓 from the matrix elements of ultra-local
operators
𝑓
⟨𝑀 ( 𝑝 ′)|OΓ |𝑀 ( 𝑝)⟩ ,
(1)
𝑓
𝑓
𝑓
¯ 𝜇 𝜓,
where the operator structure OΓ for 0-spin mesons is the scalar, O𝑆 = 𝜓¯ 1̂𝜓, vector, O𝑉 = 𝜓𝛾
𝑓
¯ 𝜇𝜈 𝜓 with 𝜎 𝜇𝜈 = 1 [𝛾 𝜇 , 𝛾 𝜈 ]. We extract the 4-vector momentum transfer,
and tensor, O𝑇 = 𝜓𝜎
2
𝑡 ≡ −𝑄 2 , dependence of the form factor from the off-forward matrix element, where the momentum
transfer between the initial (𝑝) and final (𝑝 ′) state is 𝑄 = 𝑝 ′ − 𝑝. The decomposition of each matrix
element for the general frame in Euclidean space is [3]

1
𝑓
𝑀𝑓
⟨𝑀 ( 𝑝 ′)|O𝑆 |𝑀 ( 𝑝)⟩ = √︁
𝐴𝑆10
,
′
4𝐸 ( 𝑝)𝐸 ( 𝑝 )

(2)

2 𝑃𝜇
𝑓
𝑀𝑓
⟨𝑀 ( 𝑝 ′)|O𝑉 𝜇 |𝑀 ( 𝑝)⟩ = −𝑖 √︁
𝐴10
,
4𝐸 ( 𝑝)𝐸 ( 𝑝 ′)
⟨𝑀 ( 𝑝 ′)|O𝑇 𝜇𝜈 |𝑀 ( 𝑝)⟩ = 𝑖
𝑓

(3)

(𝑃 𝜇 Δ𝜈 − 𝑃 𝜈 Δ 𝜇 ) 𝑀 𝑓
𝐵𝑇10 .
√︁
𝑚 𝑀 4𝐸 ( 𝑝)𝐸 ( 𝑝 ′)

(4)

𝑃 𝜇 is the average momentum, 𝑃 ≡ ( 𝑝 ′ + 𝑝)/2, and Δ is the momentum difference,√︃
Δ ≡ 𝑝 ′ − 𝑝. The

mass of meson 𝑀 is indicated by 𝑚 𝑀 , and its energy at momentum 𝑝® is 𝐸 ( 𝑝)= 𝑚 2𝑀 + 𝑝® 2 . We
𝑀, 𝑓

𝑓

𝑀 ,
omit the index 𝑀 from the energy to simplify the notation. Here we use the notation 𝐹𝑆
≡ 𝐴𝑆10
𝑀, 𝑓
𝑀 𝑓 , 𝐹 𝑀, 𝑓 ≡ 𝐵 𝑀 𝑓 .
𝐹𝑉 ≡ 𝐴10
𝑇
𝑇10
We use an ensemble of twisted-mass clover fermions and Iwasaki improved gluons with pion
mass 265 MeV and 𝑎 = 0.09471(39) fm. The ensemble contains the two light mass-degenerate
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Quantum chromodynamics (QCD), the theory of the strong interaction, requires a nonperturbative approach at the hadronic energy. The various form factors that can be extracted
through the QCD factorization of the cross-section of physical processes give access to properties
describing the structure of hadrons. The scalar form factors, for instance, can be used to explore the
interplay of the emergent hadronic mass (EHM), a mechanism used to describing the large mass
of hadrons [1, 2], and the Higgs boson interaction, which increases the masses of the Goldstone
bosons. The vector form factors provide insight to electromagnetic properties, and the tensor form
factors are useful for beyond the standard model studies. The importance of the pion and kaon
to understanding the long-range dynamics of QCD is well-established [3] through an extensive
experimental investigations of the pion since the 1970s.
In this work we calculate of the scalar, vector, and tensor form factors of the pion and kaon. We
consider only the connected contributions, as we expect that disconnected contributions are small,
at least for the vector and tensor form factors, for larger than physical pion mass. We present the
𝑄 2 dependence of the form factors and derived quantities, such as the radii and tensor anomalous
magnetic moment.
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𝑅Γ𝑀 (𝑡 𝑠 , 𝑡; p′, q = p′ − p) =

𝐶Γ𝑀 (𝑡 𝑠 , 𝑡; p′, q)

√︄

𝐶 𝑀 (𝑡; p′2 )

𝐶 𝑀 (𝑡 𝑠 − 𝑡; p2 )𝐶 𝑀 (𝑡; p′2 )𝐶 𝑀 (; 𝑡 𝑠 p′2 )
,
𝐶 𝑀 (𝑡 𝑠 − 𝑡; p′2 )𝐶 𝑀 (𝑡; p2 )𝐶 𝑀 (𝑡 𝑠 ; p2 )

(5)

which cancels the time dependence in the exponentials, as well as the overlaps between the interpolating field and the meson state. As the ratio in Eq. (5) is written for a general frame, we use
2
𝐶 𝑀 (𝑡; p2 ) = 𝑐 0 𝑒 −𝐸0 (p )𝑡 for the two-point
functions, where 𝑐 0 is calculated from the two-state fit on
√︁
2
the two-point functions, and 𝐸 0 = 𝑚 + p2 is calculated from the plateau fit on the effective mass.
At insertion times far enough from the source and sink positions, the ratio becomes independent of
insertion time,
Δ𝐸 (𝑡𝑠 − 𝑡) ≫ 1

𝑅Γ𝑀 (𝑡 𝑠 , 𝑡; p′, q) −−−−−−−−−−−−→ ΠΓ𝑀 (𝑡 𝑠 ; p′, q) .
𝐸𝑡 ≫ 1

(6)

We use two methods to calculate ΠΓ𝑀 : (a) by fitting the plateau region of the data to a constant
value; (b) by performing a two-state fit on the three-point functions. Combining these methods, we
can study and eliminate excited-states contamination. Representative results are shown in the next
section.

3. Results on Form Factor
Due to space limitations, we only show selected results on the kaon form factors. The complete
set of results can be found in Ref. [7]. In Fig. 1 we show a comparison between the rest and boosted
frame for the vector form factor, and in Fig. 2 for the up and strange contributions to the scalar and
tensor ones. We only include 𝑡 𝑠 /𝑎 = 12, 14, 16, 18 for better visibility, as well, the two-state fits.
We find that the results for the vector become fully compatible between the two frames at 𝑡 𝑠 values
where excited-state are eliminated. There is some tension in the slope between the two frames
for the up-quark scalar and tensor form factors, with the rest-frame results being a bit lower. The
strange-quark scalar and tensor form factors are compatible for the two frames.
3
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quarks as well as the strange and charm quarks in the sea (𝑁 𝑓 = 2 + 1 + 1). Additionally, the volume
(𝐿 3 × 𝑇) is 323 × 64, 𝐿𝑚 𝜋 = 4, and 𝐿 = 3.0 fm. These gauge configurations have been produced
by the Extended Twisted Mass Collaboration (ETMC) [4].
We extract matrix elements in both the rest and boosted frames. For the latter, we choose a
momentum transfer of the form p′ = 2𝜋n′/𝐿 with n′ = (±1, ±1, ±1). This choice is such that one
can extract matrix elements with up to three covariant operators [5], avoiding any mixing under
renormalization. The fact that we have eight combinations of the momentum boost increases the
computational cost by a factor of eight. We note that, the lattice data these combinations can be
averaged in the forward limit, as we have done for ⟨𝑥⟩ - ⟨𝑥 3 ⟩ [5, 6]. However, this does not apply for
the form factors because the various p′ do not correspond to the same value of 𝑄 2 in the boosted
frame.
The statistics for the rest frame is the same for all values of the source-sink time separations
(𝑡 𝑠 /𝑎 = 12, 14, 16, 18, 20, 24) and equal to 1,952. For the boosted frame we have a statistics of
46,848 for 𝑡 𝑠 /𝑎 = 12, and 101,504 for 𝑡 𝑠 /𝑎 = 14, 16, 18. More details can be found in Ref. [7].
We extract the meson matrix moments using the optimized ratio
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Figure 2: Comparison of the scalar and tensor form factor of the kaon between the rest and boosted frame.
The notation is the same as Fig. 1. Statistical errors are included, but are too small to be visible.

4. Parametrization of Form Factors
We parameterize the 𝑄 2 dependence of the form factors using the monopole ansatz depicted
by the Vector Meson Dominance (VMD) model [8],
𝐹Γ (𝑄 2 ) =

𝐹Γ (0)
1+

𝑄2

,

⟨𝑟 2 ⟩Γ = −

M Γ2

6 𝜕𝐹Γ (𝑄 2 )
𝐹Γ (0) 𝜕𝑄 2

=
𝑄 2 =0

6
.
𝑀Γ2

(7)

𝐹Γ (0) is the forward limit of the form factor, and M Γ is the monopole mass. For the scalar and
vector form factors, we also employ a one-parameter fit by fixing 𝐹Γ (0) to the value obtained from
our lattice data. The radius, ⟨𝑟 2 ⟩Γ , is an interesting quantity that is defined as the slope of the form
factor at 𝑄 2 = 0 and can be obtained from M Γ as shown above.
For the parameterization, we utilize the results from the two-state fits to ensure that excitedstates are eliminated. We apply the fit of Eq. (7) to the results of the rest frame, the boosted frame,
and a combination of both frames. For the pion, we test the 𝑄 2 values up to 0.55, 1, and 2.5 GeV2 .
For the kaon, we test 𝑄 2 up to 1 and 3 GeV2 . In the case of both mesons, we choose the values of
𝐹Γ and 𝑀Γ from the combined fit and the entire 𝑄 2 range.
4
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1.25

Figure 1: Comparison of the vector form
factor of the kaon between the rest (open
symbols) and boosted frame (filled symbols). The two-state fit as applied on these
data is shown with purple stars. Blue, red,
green, and magenta points correspond to
𝑡 𝑠 /𝑎 = 12, 14, 16, 18. Statistical errors are
included, but are too small to be visible.
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In Fig. 3 we plot 𝐹Γ (𝑄 2 ) using the two-state fit data in the rest and boosted frames for the pion.
We compare these against the fitted form factors for the cases described above. There is a small
difference between the fits of the rest and boosted data sets and the two-state fit data for the case
𝑠
= 0.55 GeV2 . The fits of the combined data sets fall between those of the individual rest
of 𝑄 max
and boosted fits, as is expected. We also find agreement between the bands of 𝐹𝑆 and 𝐹𝑉 and the
corresponding value at 𝑄 2 = 0. The discrepancy for the case of 𝜅𝑇 discussed is due to the change
in the slope for different data sets.
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Figure 3: From top to bottom:
The scalar, vector and tensor form
factors of the pion using two-state
fit in the rest (blue points) and
boosted (red points) frame. The
two-parameter fitted form factors
are shown with bands for the cases
of the rest frame R (blue), boosted
frame B (red), and combined data
R&B (green). The length of the
band indicates the at 𝑄 2max interval
used for the fit. Statistical errors are
included, but are too small to be visible.
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For the kaon, we plot the two-state fit data compared to fitted form factors for the vector in
Fig. 4 and the scalar and tensor in Fig. 5 as done for the pion above. We find the fitted 𝐹Γ (0)
to be independent of the fit range and the included data sets. There is some tension between the
𝑢
estimates of 𝑀𝑆𝐾 extracted from the rest frame and that of the boosted and combined frames.
Similar behavior is observed in the tensor plot for the up-quark.
As stated above, we choose the full 𝑄 2 range and the combined frame for the fit parameters
of each meson. However, for the radii calculations for the pion, we give results by constraining
the fit up to 𝑄 2 = 0.55 GeV2 . We also do not use the entire range for the kaon, constraining the
fit up to 𝑄 2 = 1 GeV2 . We report differences between radii extracted from differently constrained
fits as systematic error. Table 1 contains the fit parameters for the selected data sets, as well as the
5
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Figure 4: Parametrization of the vector form factor for the kaon. The notation is the same as Fig. 3.
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Figure 5: Parametrization of the scalar and tensor form factor for the up (left) and strange (right) quark
components of the kaon. The notation is the same as Fig. 3.

𝑢

radii. Our results for ⟨𝑟 2 ⟩𝑆𝜋 are compatible with the ones obtained in Ref. [9] from the connected
contributions on an 𝑁 𝑓 = 2 O (𝑎)-improved Wilson fermions ensemble at a pion mass of 280 MeV.
Similar values are also obtained from a 310 MeV pion mass ensemble of 𝑁 𝑓 = 2 + 1 overlap
fermions [10]. A sizeable logarithmic behavior in the pion mass is found in chiral perturbation
theory [11, 12] which causes a rise in the radii. Therefore, at this stage, we do not attempt any
comparison with the PDG value of ⟨𝑟 2 ⟩𝑉𝜋 , as the ensemble we used is not at the physical value of
the pion mass. Additionally, we observe that the extraction of the tensor radius is more sensitive to
the fit range. We note that our results for ⟨𝑟 2 ⟩𝑉𝐾 are compatible with the ones of Ref. [10] obtained
from an 𝑁 𝑓 = 2 + 1 ensemble of overlap fermions producing a pion mass of 310 MeV.
6
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𝜋𝑢

𝐹𝑆 (0)

𝐹𝑉 (0)

1.165(6) (4)

1.017(6) (6)

𝜅𝑇

𝑀𝑆

𝑀𝑉

⟨𝑟 2 ⟩𝑆

𝑀𝑇

𝐾 𝑢 1.093(8)(10) 1.016(5) (11) 0.844(9)(61) 1.291(15) (40) 0.822(5) (19) 0.724(5) (59)
𝐾𝑠

⟨𝑟 2 ⟩𝑉

⟨𝑟 2 ⟩𝑇

0.376(5)(6) 1.221(36) (60) 0.832(8) (14) 0.800(12) (29) 0.232(22) (54) 0.291(6) (36) 0.461(44) (121)

1.158(7) (8) 1.017(4) (11) 0.717(5)(17) 1.552(17) (46) 1.000(6) (22) 0.930(6) (37)

0.149(3) (10) 0.289(3) (13)

0.382(4) (45)

0.103(2) (6)

0.250(3) (20)

0.289(3) (13)

Table 1: The fit parameters for the pion and kaon form factors. The monopole masses are given in GeV and
the radii in fm2 . The number in the first parentheses is the statistical uncertainty. The number in the second
parentheses is the systematic error related to the fit range, and it is the the difference with the values using
𝑄 2max = 1 GeV2 for the pion and 𝑄 2max = 3 GeV2 for the kaon.

The pion and kaon form factors are useful for studying SU(3) flavor symmetry breaking effects,
which have been observed in nature in the charge radii of 𝜋 ± and 𝐾 ± , as well as in 𝜋 0 and 𝐾 0 . We
𝑢
𝑢
𝑢
𝑠
𝑢
𝑠
examine the ratios 𝐹 𝜋 /𝐹 𝐾 , 𝐹 𝜋 /𝐹 𝐾 , and 𝐹 𝐾 /𝐹 𝐾 for the form factors to draw conclusions
on these effects. Here, we only show results for the vector case. Since the value of 𝑄 2 depends
on the mass of the meson, we use the fitted values of the form factors in these ratios. We are also
interested in the effects of excited-state contamination on the ratios, so we use the parameterizations
on individual plateau values as well as the two-state fit.
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Figure 6: The ratio 𝐹𝑉𝜋 /𝐹𝑉𝐾 (top), 𝐹𝑉𝜋 /𝐹𝑉𝐾 (center), and 𝐹𝑉𝐾 /𝐹𝑉𝐾 (bottom) for the vector form factor as
a function of 𝑄 2 using the results obtained from both frames. The results for 𝑡 𝑠 /𝑎 = 14, 18 and the two-state
fit are shown with blue, red and green bands, respectively.

In Fig. 6 we show the ratios described above, and find that the excited-state contamination is
𝑢
𝑢
much more suppressed than the individual form factors. Notably, the ratio 𝐹 𝜋 /𝐹 𝐾 has little 𝑄 2
dependence and is nearly 1. Due to the similarity in the up-quark component of the pion and the
kaon, we find the up-quark contribution to be about 80% of that of the strange-quark for the ratios
𝑢
𝑠
𝑢
𝑠
𝐹 𝜋 /𝐹 𝐾 and 𝐹 𝐾 /𝐹 𝐾 .
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5. SU(3) flavor symmetry breaking
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We present a calculation in lattice QCD of the scalar, vector, and tensor form factors for the
pion and kaon obtained on an 𝑁 𝑓 = 2 + 1 + 1 ensemble of twisted mass fermions with clover
improvement that corresponds to 265 MeV pion mass and 530 MeV kaon mass. We renormalize the
scalar and tensor form factors non-perturbatively and give the results in the MS scheme at a scale
of 2 GeV. The vector form factor does not need renormalization as we use the conserved vector
operator.
We utilize two kinematic setups to obtain the form factor: the rest frame and a momentumboosted frame of 0.72 GeV (p′ = 2𝐿𝜋 (±1, ±1, ±1)). We use a factor of 50 more statistics in the
boosted frame compared to the rest frame in order to control statistical uncertainties. We extract
the form factors up to 𝑄 2 = 2.5 GeV2 for the pion and up to 𝑄 2 = 3GeV2 for the kaon. Due
to frame independence, we are able to combine the data of the rest and boosted frames. We find
excellent agreement between the two frames for the vector form factors of both mesons, as well as
for the strange-quark contributions for the scalar and tensor form factors of the kaon. We find good
agreement in the small-𝑄 2 region for the up-quark part of the pion and kaon scalar and tensor form
factors with deviations in the slope from 0.25 − 0.5 GeV2 for the pion and 0.35 − 1 GeV2 . This
indicates systematic uncertainties, such as cutoff effects.
We give final results for the form factors using the two-state fits and parameterize their 𝑄 2
dependence using a monopole fit. This leads to the scalar, vector, and tensor monopole masses
and the corresponding radii. We also extract the tensor anomalous magnetic moment, 𝜅𝑇 , which
can only be obtained from fits on the tensor form factor data. In the study of the sensitivity of the
extracted parameters on the fit range of 𝑄 2 and the included frames, we find some tension in the
scalar and tensor monopole masses and radii based on the data sets included in the fit. For the
pion radii we use all data up to 𝑄 2 = 0.5 GeV2 and up to 𝑄 2 = 1 GeV for the kaon. We provide a
systematic error by varying the fit range.
We address SU(3) flavor symmetry breaking effects by comparing the parameterized form
factors for the pion and kaon. We find that excited states ar suppressed in these ratios. Additionally,
𝑢
𝑢
𝑢
𝑠
𝑢
𝑠
we find mild 𝑄 2 dependence in the 𝐹 𝜋 /𝐹 𝐾 ratio for all operators. For the 𝐹 𝜋 /𝐹 𝐾 and 𝐹 𝐾 /𝐹 𝐾
cases we find SU(3) flavor symmetry breaking effects up to 20%.
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