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We investigate the temperature and density dependence of the color flux tube structure of dense
two-color QCD with 𝑁 𝑓 = 2 Wilson fermions by using a lattice simulation. From Refs. [1] and
[2], we have already clarified the rich phase structure in the low temperature region, including the
hadronic and superfluid phases. In this study we measure the quark-antiquark potential and color
flux tube profiles in such a low temperature region and find that even in the high density superfluid
phase, the color electric field is squeezed into a flux tube as in the low density hadronic phase.
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1. Introduction

2. Numerical setup
2.1 Lattice action
1×1
Here, we utilize the Iwasaki gauge action, which is composed of the plaquette term with 𝑊 𝜇𝜈
1×2 ,
and the rectangular term with 𝑊 𝜇𝜈
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where 𝛽 = 4/𝑔02 in the two-color theory, and 𝑔0 denotes the bare gauge coupling constant. The
coefficients 𝑐 0 and 𝑐 1 are set to 𝑐 1 = −0.331 and 𝑐 0 = 1 − 8𝑐 1 .
As for a lattice fermion action, we use the two-flavor Wilson fermion action. Here, we add the
quark number operator in the QCD fermion action and we also introduce the diquark source term
to study the low temperature and high density regime. The diqaurk source term, which explicitly
breaks U(1) baryon symmetry, is required to avoid the numerical instability. The total fermion
action is represented by
¯ 𝑇 (𝐶𝛾5 )𝜏2 𝜓1 .
𝑆 𝐹 = 𝜓¯ 1 Δ(𝜇)𝜓1 + 𝜓¯ 2 Δ(𝜇)𝜓2 − 𝐽 𝜓¯ 1 (𝐶𝛾5 )𝜏2 𝜓¯ 2𝑇 + 𝐽𝜓
2
2

(2)
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It is widely believed that QCD at low temperature and high density exhibits superconductivity.
Such superconductivity could appear inside neutron stars. However, to elucidate QCD in such
an extreme situation from first-principles calculations is a hard task because of the infamous sign
problem.
In Ref. [2], authors of these proceedings have studied the phase diagram of two-color QCD
even in such a low temperature and high density regime, which is basically consistent with several
works by other collaborations [3–6]. In these works, to avoid the sign problem, two-color QCD is
considered, and also to solve the numerical instability (onset problem), the diquark source term is
introduced in the finite-density QCD action. It is found that the expectation value of the diquark
condensate takes nonzero values in the high density regime, which is a clear signal of superfluidity.
In these proceedings, we investigate the string tension, which tells us the confinement property,
and the color flux tube profiles between a quark and anti-quark pair. As for the confinement, we have
studied the Polyakov loop and the topological charge in the previous studies [1, 2], and have found
that the confinement remains even in the superfluid phase. However, the other work [5] has shown
that the string tension decreases with increasing density and the deconfinement phase transition
occurs at sufficiently high density. As for the color flux tube profiles, we examine the density
dependence of color electric fields and estimate the Ginzburg-Landau (GL) parameter, which is a
characteristic parameter of the dual superconductivity, from the color electric fields.
The organization of this report is as follows: In Section 2 we briefly explain the numerical
setup in this work. In Section 3, the numerical results for the density dependence of the static
potential and the color flux tube profiles between a quark and anti-quark pair. Finally our findings
are summarised in Section 4.
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Here, the indices 1, 2 denote the flavor label, and 𝜇 is the quark chemical potential. The additional
parameters 𝐽 and 𝐽¯ correspond to the anti-diquark and diquark source parameters, respectively. For
simplicity, we put 𝐽 = 𝐽¯ and assume that it takes a real value. The Wilson-Dirac operator including
the number operator, Δ(𝜇), is defined by
Δ(𝜇) 𝑥,𝑦 = 𝛿 𝑥,𝑦 − 𝜅

3 h
∑︁

†
(1 − 𝛾𝑖 )𝑈 𝑥,𝑖 𝛿 𝑥+𝑖ˆ,𝑦 + (1 + 𝛾𝑖 )𝑈 𝑦,𝑖
𝛿 𝑥−𝑖ˆ,𝑦

i

𝑖=1

i
†
− 𝜅 𝑒 +𝜇 (1 − 𝛾4 )𝑈 𝑥,4 𝛿 𝑥+4̂,𝑦 + 𝑒 −𝜇 (1 + 𝛾4 )𝑈 𝑦,4
𝛿 𝑥−4̂,𝑦 ,
h

(3)

2.2 Simulation parameters
We perform the simulations with 𝛽 = 0.800 and 𝜅 = 0.159 on a 324 lattice. These parameters
give the pseudoscalar to vector meson mass ratio 𝑚 PS /𝑚 V = 0.8232 and the temperature 𝑇 =
0.19𝑇𝑐 [1, 2]. Here, 𝑇𝑐 denotes the psuedo-critical temperature determined by the peak of the chiral
susceptibility. The number of configurations for each set of 𝜇 and 𝐽 is 200 in this work.
𝜇
𝑗
Phase

0.00
0.00
Hadronic

0.10
0.00
Hadronic

0.25
0.00
Hadronic

0.27
0.02
Hadronic

0.30
0.02
Border

0.35
0.02
BEC

0.40
0.02
BEC

0.50
0.02
BCS

0.70
0.02
BCS

Table 1: The adopted values of the chemical potential 𝜇 and the diquark source 𝑗 = 𝐽/𝜅 in the lattice unit
and their corresponding phases

The adopted values of chemical potential 𝜇 and the diquark source 𝑗 = 𝐽/𝜅 in lattice unit are
summarised in Table 1. According to the previous work, we have found that there are hadronic,
Bose-Einstein condensed (BEC) and BCS phases at low temperature. Here, in the BEC and BCS
phases, the expectation value of the diquark condensate (⟨𝑞𝑞⟩), which is the order parameter of
superfluidity, is non-zero in contrast to the hadronic phase where ⟨𝑞𝑞⟩ = 0. Furthermore, the
perturbative picture is reasonable in the BCS phase, where the quark number density is almost
consistent with the ideal-gas analysis. For all the values of 𝜇 adopted here, the expectation value
of the Polyakov loop is almost zero, which indicates that the system is confined even at the highest
density.

3. Numerical results
3.1 The quark-antiquark potentials
We begin by observing the static potential between a quark and anti-quark pair to see if
confinement-deconfinement phase transition occurs in a regime of low temperature and high density.
The static potential 𝑉 (𝑟) can be calculated from the Wilson loop 𝑊 (𝑟, 𝑡) with spatial separation 𝑟
and temporal extent 𝑡 as
𝑎𝑉 (𝑟) = lim log
𝑡→∞

⟨𝑊 (𝑟, 𝑡)⟩
,
⟨𝑊 (𝑟, 𝑡 + 1)⟩
3

(4)
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where 𝜅 is the hopping parameter.
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where 𝑎 denotes the lattice spacing. To improve the signal-to-noise ratio, the APE smearing [7] and
the hypercubic blocking [8] are applied to the spatial links and the temporal links, respectively.
The 𝜇-dependence of the static potentials is shown in the left panel in Fig. 1. Although the
static potentials have a weak 𝜇-dependence, the data of 𝑎𝑉 (𝑟) at large 𝑟 depict a linear behaviour
for all the values of 𝜇. Thus, the confinement potential emerges even at the highest density, which
is consistent with the behavior of the Polyakov loop.
We also estimate the 𝜇-dependence of the string tension by fitting these potentials using the
Cornell type function,
𝑉 (𝑟) = 𝜎𝑟 +

𝑐
+ 𝑉0 ,
𝑟

(5)

where 𝜎, 𝑐 and 𝑉0 denote the string tension, the Coulombic coefficient, and a constant, respectively.
The obtained string tension as a function of 𝑎𝜇 is represented in the right panel in Fig. 1. The result
for the string tension is almost constant in the hadronic phase (𝜇 < 0.3), while it decreases around
𝜇 = 0.30 but still has a non-zero value even at the highest 𝜇. This indicates that two-color QCD at
𝑇 = 0.19𝑇𝑐 is confined in both BEC and BCS phases.
3.2 Flux tube profiles
Next, let us depict the flux tube profiles between a quark and an anti-quark to investigate the
vacuum structure. To see the flux tube profiles, we consider the connected correlator 𝜌𝑊 between
the Wilson loop 𝑊 and the plaquette 𝑈 𝑃 = 𝑈 𝜇𝜈 as done in Refs. [9, 10]:
𝜌𝑊 =

1 ⟨Tr(𝑈 𝑃 )Tr(𝑊)⟩
⟨Tr(𝑊 𝐿𝑈 𝑃 𝐿 † )⟩
−
,
⟨Tr(𝑊)⟩
𝑁𝑐
⟨Tr(𝑊)⟩

(6)

where 𝑁 𝑐 is the number of colors and 𝐿 is the Schwinger line (see the left panel in Fig. 2
for a pictorial representation). In the continuum limit, the connected correlator (6) reduces to
𝜌𝑊 → 𝑎 2 𝑔0 ⟨𝐹𝜇𝜈 ⟩𝑞 𝑞¯ , where the subscript 𝑞 𝑞¯ is used to denote that a static quark and anti-quark pair
is present in the background. The APE smearing [7] and the hypercubic blocking [8] are applied in
the same way as the calculation of the static potentials.
4
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Figure 1: (Left) The 𝜇-dependence of the static potentials. The lattice size is 324 . (Right) The 𝜇-dependence
of the string tensions (𝜎).
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We use the cylindrical coordinate (𝑟, 𝜙, 𝑧) to parametrize the quark and anti-quark system as
shown in the right panel in Fig. 2. The spatial distribution of color electric fields which is defined

by the plaquette 𝑈𝑡𝑖 with the Wilson loop 𝑊 (3, 3) at 𝜇 = 0.00 (hadronic phase) and 𝜇 = 0.50 (BCS
phase) are shown in Fig. 3. Figure 4 shows the spatial distribution of color electric fileds 𝐸 𝑧 and
thier 𝜇-dependence. From Fig. 3 and Fig. 4, we can see the radial and the azimuthal components
of color electric fields are almost zero and only the 𝑧-components 𝐸 𝑧 have non-zero values. These
results indicate that the color electric fields between a quark and an anti-quark are squeezed into
tube-like structure in the range of 𝜇 = 0.00 to 𝜇 = 0.70.

Figure 3: The spatial distributions of color electric fields with 𝑊 (3, 3) at 𝜇 = 0.00 (left) and 𝜇 = 0.50
(right). The solid line represents the fitted line by Eq. (7).

Assuming the dual superconductor picture of the QCD vacuum [11, 12], we fit the results for
𝐸 𝑧 to the Clem form [13, 14] as
1

𝜙 𝐾0 [(𝑟 2 /𝜆2 + 𝛼2 ) 2 ]
𝐸 𝑧 (𝑟) =
,
𝐾1 [𝛼]
2𝜋𝜆2 𝛼
t
√ v
𝐾 2 (𝛼)
1
𝜆
𝜆
2
= , 𝜅= =
1 − 02
,
𝛼 𝜉𝑣
𝜉
𝛼
𝐾1 (𝛼)
5

(7)
(8)

PoS(LATTICE2021)063

Figure 2: (Left) The connected correlator given in Eq. (6) between the Wilson loop 𝑊 and the plaquette 𝑈 𝑃
with the Schwinger line 𝐿. (Right) The color electric fields in cylindrical coordinate system. 𝑑 denotes the
distance between a quark and an anti-quark.
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where 𝜙, 𝜆 and 𝛼 are fit parameters and 𝐾0 , 𝐾1 are the modified Bessel functions of the second
kind. By fitting Eq. (7) to the data of 𝐸 𝑧 , we can estimate the penetration length 𝜆, the variational
core-radius 𝜉 𝑣 and the coherence length 𝜉. The ratio of the penetration length and the coherence
length 𝜅 = 𝜆/𝜉 is called the Ginzburg-Landau (GL) parameter, whose value discriminates between
√
√
type I superconductors (𝜅 < 1/ 2) and type II superconductors (𝜅 > 1/ 2) [15].

Figure 5: (Left) The 𝜇-dependence of the penetration length 𝜆. (Right) The 𝜇-dependence of the coherence
length 𝜉.

The left and right panels in Fig. 5 present the 𝜇-dependence of the penetration length 𝜆 and of
the coherence length 𝜉, respectively. The penetration length appears to be larger near the border
between the hadronic phase and the BEC phase, i.e., 0.30 ≤ 𝜇 ≤ 0.40, but the systematic error due
to the small size of the Wilson loop should be considered for a final conclusion. On the other hand, 𝜆
is significantly smaller in the high density region (𝜇 = 0.70). The coherence length seems constant
within error bars for all the values of 𝜇, although the error bars are large. The 𝜇-dependence of
the GL parameter 𝜅 estimated by the obtained results for the penetration and coherence lengths is
6
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Figure 4: The spatial distribution of the color electric fields 𝐸 𝑧 and their 𝜇-dependence with 𝑊 (3, 3).
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shown in Fig. 6. 𝜅 also seems constant within error bars for all the values of 𝜇, although the error
√
bars are large due to the large error of 𝜉. Since the values of the GL parameter are less than 1/ 2, it
is suggested that the vacuum of two-color QCD is a type I dual superconductor like ordinary metal
superconductors.

4. Summary
In this work, we investigate the density dependence of the static potentials and the color electric
fields between a quark and anti-quark pair for 𝑁 𝑓 = 2 two-color QCD with Wilson fermions at
𝑇 = 0.19𝑇𝑐 . It is found that the static potentials exhibit a linear behavior at large distance, in a
manner depending only weakly on 𝜇. The result for the string tension varies around 𝜇 = 0.30 and
has a non-zero value even at the highest 𝜇. The penetration length estimated by fitting to the color
electric fields (𝐸 𝑧 ) has a peak around the critical point from the hadronic phase to the BEC phase,
and is significantly small at high density. The coherence length and the GL parameter are almost
constant within error bars at all 𝜇. Although it is needed to increase the number of statistics and
√
to evaluate the systematic errors, the values of the GL parameter estimated are less than 1/ 2. It
is suggested that the vacuum of two-color QCD is a type I dual superconductor. At 𝑇 = 0.19𝑇𝑐 ,
even at the highest density, the flux tube squeezing remains, and the static potential has nonzero
string tension. These results indicate that the system of 𝑁 𝑓 = 2 two-color QCD at 𝑇 = 0.19𝑇𝑐 is
in a confined phase in the range of 𝜇 ≤ 0.70 and are consistent with the previous results for the
Polyakov loop and topological susceptibility [1, 2].
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Figure 6: The 𝜇-dependence of the Ginzburug-Landau parameter 𝜅 = 𝜆/𝜉.
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